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요  약 

대역폭 제한 그래프신호의 신호복원을 위해서 최대의 정보를 제공하기 위한 그래프 상의 노드를 선택하는 샘플링 

집합 선택 알고리즘에 대해 연구한다. 저 복잡도 선택알고리즘을 구현하기 위해 직접적인 비용함수인 신호 복원오차

를 최소화 하는 대신, 신호 복원오차의 최대값을 최소화하는 방법에 대해 집중한다, 이를 위해, 추가적인 복잡도 개선

을 위해 유용한 근사화공식을 적용하여 성능손실을 최소화하면서 복잡도를 개선한 저 복잡도 탐욕알고리즘을 제안

한다. 다양한 그래프신호에 대한 폭넓은 실험을 통해, 기존 저 복잡도 방식과 신호복원성능 및 복잡도를 평가 비교하

여 기존방식대비 신호복원 및 복잡도면에서 모두 성능 개선이 있음을 보였으며, 이는 실시간 응용분야에서 실용적인 

해결방식으로써 경쟁력 있는 대안을 제시한다. 

ABSTRACT 

We study the problem of sampling a subset of nodes of graphs for bandlimited graph signals such that the signal 
values on the sampled nodes provide the most information in order to reconstruct the original graph signal. Instead of 
directly minimizing the reconstruction error, we focus on minimizing the upper bound of the reconstruction error to 
reduce the complexity of the selection process. We further simplify the upper bound by applying useful approximations 
to propose a low-weight greedy selection process that is iteratively conducted to find a suboptimal sampling set. Through 
the extensive experiments for various graphs, we inspect the performance of the proposed algorithm by comparing with 
different sampling set selection methods and show that the proposed technique runs fast while preserving a competitive 
reconstruction performance, yielding a practical solution to real-time applications. 
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Ⅰ. Introduction

Graphs signal processing (GSP) has recently received 
enormous research interests from signal processing 
society since it provides efficient tools to handle high 
dimensional data generated from irregularly structured 
network nodes in emerging applications (e.g., social, 
transportation, neural, energy and sensor networks). 
Specifically, the data samples on nodes are represented 
by graph signals defined on nodes of graphs and signal 
variation is measured by using variation operators which 
can be created based on connectivity of nodes of graphs 
[1, 2]. One crucial task in GSP is to find an optimal 
subset of data samples (equivalently, subset of nodes of 
graphs) with which the original graph signal is reconstructed 
to accomplish certain application objectives [3-8]. Most 
of the subset selection or sampling set selection methods 
focused on minimizing the reconstruction error or 
related metrics [3-6]. Greedy selection strategy has been 
adopted in [3-5] to minimize the worst case of the 
reconstruction error. A non-uniform sampling was 
presented so as to select more samples with higher local 
sparsity level [6]. To expedite selection process for 
practical applications, eigen decomposition-free algorithms 
have been developed to show a fast running time with 
reasonable reconstruction performance [7, 8].

In this work, we seek to find a suboptimal sampling 
set that can be constructed with substantially reduced 
complexity while preserving a competitive signal 
recovery. To this end, we derive a simple metric by 
applying useful approximations for the upper bound of 
the reconstruction error, leading to a low-weight selection 
process. We evaluate the proposed algorithm in 
comparison with different sampling methods by conducting 
experiments for various graphs and show that the 
proposed method operates fast while maintaining a 
competitive reconstruction performance.

This paper is organized as follows. The problem 
formulation is given in Section II and the low-weight 
algorithm along with the simplified metric is presented 
in Section III. Experimental evaluation of the proposed 

algorithm is provided in Section IV and the conclusion 
in Section V.

Ⅱ. Problem Formulation

For a graph G(V,E) with a set of N nodes V={1,...,N} 
and edges E={(i,j,wij)} with weight wij of the edge 
between node i and j, we define an × graph signal 

 ⋯ fN 
T with fi representing a data sample on the 

i-th vertex. Variation operators (e.g., combinatorial graph 
Laplacian, normalized Laplacian) can be introduced to 
describe the connectivity of nodes of graphs [2, 4]. We 
assume an × variation operator L with orthonormal 
eigenvectors u1,...uN and corresponding eigenvalues 
≤⋯≤ . Then the graph signal f can be 

represented by using the eigenvector matrix 
  ⋯  :


  


  (1)

where  is the graph Fourier transform 

(GFT) of f with entries  . In this work, we consider 

the ω-bandlimited graph signal with its GFT entries 
    ≥∀   . Specifically,


  


 

 (2)

where  is an ×  column vector with the entries of 

  indexed by R={1,...,r} and UVR consists of rows and 
columns of U indexed by V and columns by R, 
respectively.

Now, we find a subset of nodes of graphs such that 
the original graph signal is reconstructed from signal 
samples on the nodes in the sampling set S. Especially 
when the graph signal is ω-bandlimited, we can define a 
uniqueness sampling set S if the noise-free bandlimited 
graph signal f can be perfectly recovered from the 
sampled signal fS with signal values  ∈  and 
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construct the uniqueness set by choosing r independent 
row vectors of UVR: for instance, selecting the i-th row of 
UVR is equivalent to selecting the i-th node [4]. 

Moreover, by using r independent rows selected from 
UVR, we can construct the × matrix USR from which 

we generate the sampled signal fS by  
. Then 

the least square estimate (LSE)  of  is computed by 

using the pseudoinverse 
  of : that is 

 
   

 


 . Thus, the reconstructed 

signal can be obtained from fS:


 

 


 


 

(3)

In this work, it is assumed that the sampled signal is 

corrupted by an iid additive noise ∈ with zero 
mean and unit variance. Then, the reconstruction error 

vector 
  since the noise-free 

bandlimited signal can be perfectly recovered from the 
sampled signal fS with uniqueness set S: in other words, 


 . From this, the average reconstruction 

error is given by

‖‖  

 
 




  (4)

 
 

 (5)

where (4) follows from 
  

 


  and the 

assumption of    and (5) follows since UVR has 
orthonormal columns. Thus, the best sampling set S* 
that minimizes the reconstruction error in (5) can be 
found as follows:

 arg

min 

 
 (6)

In this work, we take a greedy selection strategy and 
seek to select one row (equivalently, one node) at a time 
that minimizes the reconstruction error at each iteration 

given by 
 

 
   ⋯  with  

the row of UVR selected at the i-th iteration and Si the set 
of nodes selected until the i-th iteration. More 
specifically,

 arg


 ∈


min 
 

 (7)


 

  (8)

where 


 and 
 is the best set constructed 

at the i-th iteration. The selection process in (7) and (8) 

is r-times repeated until 
.

Ⅲ. Low-complexity sampling set selection

To simplify the selection process in (7) and (8), we 
aim to minimize the upper bound of the reconstruction 

error: denoting by 




 the row minimizing the 
reconstruction error at the i-th iteration, we have






arg



min 

 


 arg



min∥

 ∥

 (9)

≈ arg



min∥

 ∥


 (10)

 arg



minmax
 

 (11)

 arg



maxmin

  (12)

where (9) follows from the definition of the Frobenius 

matrix norm and (10) from ∥
 ∥


≤ ∥

 ∥


. 

To find min , we can search x with ∥∥ that 

minimizes 
 

: specifically,

min 
 

 
‖‖
min 

 
 (13)

From this,









≈ argmax
‖‖
min 

 
  (14)

We reduce the complexity of searching x by limiting 
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the searching space to ≡∥∥


 ∈
 and 

rewrite (14) by rank-one decomposition of 
 

:

‖‖
min 

 
 


‖‖
min  

  





  (15)

≈
 ∈


min 


 

  









  (16)

≈




 
  




















(17)

where 




is given by






 arg
  ∈


min 


 

  
  (18)

Since the first tem of (17) is irrelevant in finding 


, 
we have






≈ arg


  ∈


max 〈


〉

(19)

≈ arg


  ∈


max ∥


∥∥∥ (20)

 arg


  ∈


max ∥∥ (21)

where (20) follows from the Cauchy–Schwarz 

inequality 〈


〉

≤∥


∥∥∥ and 

(21) from ∥


∥.
Obviously, the proposed algorithm in (21) enables us 

to find 




without the computation of 




in (18), 
providing a low weight selection process which is 
evaluated for various graphs in terms of reconstruction 
performance and complexity by comparing with other 
methods in the following section.

Ⅳ. Simulation results

In the experiments, we examine how various selection 
methods perform for three graphs such as random sensor 

graph (RSG), random regular graph (RRG) with each 
vertex connected to six vertices and random Erdös-Rényi 
graph (RERG) with the edge connecting probability 
p=0.05. We use the graph signal processing toolbox 
(GSPBox) for Matlab [9] to generate graph realizations 
with N=1000, the combinatorial Laplacian as a variation 
operator, and its eigenvectors and eigenvalues. To 
construct sampling sets S with size |S| from 30 to 100, 
we use three different techniques, denoted by random 
sampling method (RSM) which selected randomly |S| 
nodes from N nodes, the efficient sampling method 
(ESM) [4] in which the nodes are selected by a 
column-wise Gaussian elimination of UVR and the 
proposed method given by (21), respectively. To 
generate signals residing on the nodes of graphs, we 
consider random graph signals assumed to follow the 
Gaussian joint distribution:

∝expexp (22)

where  plays a role of the covariance matrix K 
and  takes a small value (=0.01 in this experiment) to 
ensure non-singularity of  . Since graph signals 
are practically non-bandlimited and noise-corrupted, we 
test the three sampling methods for non-bandlimited 
graph signals in the presence of an iid additive noise 

with  .
For each method, we compute the average 

reconstruction error 

∥∥

 in which the average 

is taken over 100 graph signal values at each node for 
each of 50 graph realizations. Note that for the case of 
non-bandlimited signals, the reconstructed signal can be 

similarly obtained by 
  (see (3) for the case of 

bandlimited signals) where 
  is the pseudoinverse of 

the matrix USV with rows of U indexed by S. In fig. 1, the 
reconstruction performance curves with respect to sample 
size are plotted to show its superior reconstruction 
performance to RSM and ESM. Note that for the case of 
RRG, the algorithms optimized to reduce the 
reconstruction error yield the performance similar to the 
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non-optimized one (e.g., RSM) because of the regular 
structure of the graph. Furthermore, the running time in 

second for the sampling methods is tabulated in Table 1. 
As expected, the proposed algorithm runs over three 
times faster than ESM for the graphs tested in the 
experiments, offering a practical solution to the sampling 
set selection problem for real-time network applications.

Table. 1 Comparison of running time: the ratio of average 
running time in second is provided for various graphs: 
RT(ESM) and RT(Prop) denote the average running time 
for ESM and Proposed method, respectively.

RSG RRG RERG

Pr


3.52 3.49 3.38

Ⅴ. Conclusion 

We proposed a low-complexity sampling set selection 
algorithm based on a simplified metric that approximates 
the worst case of the reconstruction error. We inspected 
the performance of the proposed algorithm in comparison 
with previous different methods for noisy random graph 
signal, showing that the proposed method performs well 
in a practical aspect.
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Fig. 1 Performance evaluation of different sampling methods 
for various graphs by varying sample size with signal 
noise level   .
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