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ON SOME NEW FRACTIONAL HERMITE-HADAMARD
TYPE INEQUALITIES FOR CONVEX AND
CO-ORDINATED CONVEX FUNCTIONS

MUHAMMAD AAMIR ALI, HUSEYIN BUDAK, AND SADIA SAKHI

ABSTRACT. In this study, some new inequalities of Hermite-Hadamard
type for convex and co-ordinated convex functions via Riemann-
Liouville fractional integrals are derived. It is also shown that the
results obtained in this paper are the extension of some earlier ones.

1. Introduction

The Hermite-Hadamard inequality, which is the first fundamental result
for convex mappings with a natural geometrical interpretation and many
applications have drawn attention much interest in elementary mathe-
matics. Several mathematicians have devoted their efforts to generalize,
refine, counterpart and extend it for different classes of functions such
as using convex mappings.

The inequalities discovered by C. Hermite and J. Hadamard for convex
functions are considerable significance in the literature (see, e.g., [16,
p.137], [9]). These inequalities state that if f : I — R is a convex
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function on the interval I of real numbers and a,b € I with a < b, then

(1.1) f (“;b> < bia/abf(x)dxg M

Both inequalities hold in the reversed direction if f is concave. For the
further study of this area, one can consult [1]- [7], [13], [14].

In [10], the authors gave an inequality (1.1) for twice differentiable
functions and they raised the succeeding problem:

do there exist real numbers ¢, () such that

f<a+b> <g< /abf(x)dxsczgw?

2 b—a 2

where f is convex function.

After that, in [11], Farissi gave a favorable answer to the above-given
problem and found the following values of ¢ and @Q:

12 7 (50) <at < o [t < g < L0
where

q¢(w) = Wf<Wb+(22_w)a)+(1_w)f((1+c«})bJ2r(1—W)a)’
Q) = %(f(Wb+(1—w)a)—l—wf(a)—k(l—w)f(b)).

Inspired by this work of Farissi, Chen gave these values of Hermite-
Hadamard inequalities for co-ordinated convex functions as follows:

THEOREM 1. [8] Let f : A = [a,b] x [¢,d] — R be a co-ordinated
convex function, then we have following inequality for all w, u € [0, 1]

(1.3) f<a;b’cgd) Sq(waﬂ)S/ab/cdf(x,y)dydang(w’M)

@O+ f(ad)+f(be)+f(bd)
- 4
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where
q(w,p)
wh+(2—-w)a pd+(2—p)c
= wuf( 5 : 5 )
+w(1—ﬂ)f<Wb+<22_”)a,<1+N)d;(1—u)0)
N
+(1—w)(1_u)f((1+W)b42f(1—w)a’(1+u)d;(1—u)c>
and
Q (w, p)
_ WH w(l—p) (1-—w)p (1-w)(1—p)
T4 (a7c)+Tf(a>d)+Tf(b,C)+ 1 f(b,d)
+f(wb+(1_w)a“ud+(1_ﬂ)c)+Ef(a,ud+(1—/ﬁ)0)

W

4
P opd (= ) e) + B b+ (1 - w)a,0)

—i—l%f(wbjt(l—w)a,d).

The main objective of this paper is to give the fractional variant of
inequalities (1.2) and (1.3).

2. Preliminaries

In this section, we review the definitions of Rieman Liouville fractional
integrals for single and two variables functions.

DEFINITION 1. [12] Let f € L[a, b]. The Riemann-Liouville integrals
Jo f and Jit of order a > 0 with a > 0 are defined by

Jeuf@) = s | @0 i a<e
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and

1

B = / (t— )" f()dt, < b

respectively. Here I'(«v) is Gamma function and J2, f(z) = J)_f(z) =

/().

In [18], Sarikaya et al. gave the following Hermite-Hadamard inequal-
ities concerned with the last fractional integrals.

THEOREM 2. [18] Let f : [a,b] — R be a positive function with
0<a<bandf € Lifa,b]. If f is a convex function on [a,b|, then the
following inequalities for fractional integrals hold:

a+b I'a+1)
e (57) S xa

where o > 0.

fla) + f(b)
S

[Ja f(b) + T fla)] <

EXAMPLE 1. A function f (z) = 2? is a convex function. The above
inequality (2.1) holds for the given f (x).

SOLUTION 1. For v = 3, a =1, and b = 2, we have

F'a+1), . N B
W[JaJrf(b) + Ji f(a)] = 2.36,
f (“;b) — 295
and
fla)+ ) _,
g =25,

Thus, the inequality (2.1) is true.

In [17], Sarikaya offered the following Riemann-Liouville fractional
integrals and associated inequalities of Hermite-Hadamard type:

DEFINITION 2. [17] Let f € L; ([a,b] X [¢,d]) . Then Riemann-Liouville

integrals Jgchr, Jgfdf, Jl?chr and Jl?—”?df of order o, § > 0 with a,¢c > 0
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are defined by
a,f o 1 * Y a1 81
Ja+,c+.f (I’ y) - F (a) F (5) /a /; (l’ t) (y 5) f (t7 5) dtdS,

x>a, y>c,

f -t r d:r;— oml(g—y)Pt s s
W@ = wmr ) | 0T e s

x>a, y<d,

o0 f(x - [ —2)  (y—s)! s) dtds
Jb—,c—‘rf( 73/) F(a)I‘(B)/x /; (t ) (y ) f(t7 )dtd ’

r<b, y>c

and

o8 f(x S S [ — o) (s —y)! s) dtds
Jb—,d—f( 7y) F(a)F(ﬁ)/x /y (t ) ( y) f(t7 )dtd )

r<b, y<d,

respectively. Here I' is a gamma function,

Jo?f,c-l—f (JJ, y) = Jg—,f(—),d—f (QJ, y) = JI?’—O,C-Q—f (I‘,y) = ']1?7—07d—f (xvy) = f (Q?, y) .
THEOREM 3. [17] Let f : A C R*> — R be a co-oedinated convex

function on A := [a,b] X [¢,d] in R? with 0 < a < b, 0 < ¢ < d and

f € Li(A). Then we have following inequalities for double fractional

integrals:

a+b c+d Ca+D)T(B+1) [ 05 B
f( 2 7 2 ) = 4(b—a)*(d—c)’ [‘]““* (b,d) + Jofaf (b;c)

(2:2) I f (0, d) + T, f (a,0)]

fla, )+ f(a,d)+ [ (bc) + f (b,d)
. :

IA

3. Key Results

For brevity, we use the following notations in upcoming new results:
Ay =[a,wb+ (1 —w)a], Ag=wb+ (1 —w)a,bl.

and
A= [CL,b] X [C,d]:A3UA4UA5UA6
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where
Az [a,wb+ (1 —w)a] X [e,ud+ (1 — )],
Ay = [a,wb+ (1 —w)al x [pd+ (1 —p)e,d,
As = [wb+ (1 —w)a,b] x[e,ud+ (1 —p)d],
Ag = [wb+ (1 —w)a,b] x [ud+ (1 —p)c,d].

THEOREM 4. Suppose that f : I — R is a convex function, then
following inequalities hold for all w € [0, 1],

f(a+b)SQ(w)<F<a+1) ()< Q) < LTI D)

2 =2(0b-a) 2
where
() = %[ 2T (@b (1= 0)0) + Jiaamapaf (@)
(1 ) P [ fwh+ (1 -w)a )+J((Zzb+(1—w)a)+f<b):|7
o) = w<f<wb+ (2—w)a >+(1_w>f<(1+w)b—l2—(1—w)a))7
QW) = 5 @b+ (1-w)a)+wf (@) +(1-w)f ()
and a > 0.

Proof. From inequalities in (2.1) over the Ay, we have

f(wb+(22—w)a)

Fla+1) o
3.1) < %0 (b—a)" (o f (whb+ (1= w)a) + I wa_f (a)]
< f(a)+ f(wb+ (1 —w)a)
< 5 .
Again from inequalities in (2.1) over Ay, we find that

(3.2) f((1+‘*’)b‘|2‘(1—w)a>

I'(a+1) N .
. 2(1 —w)*(b—a)" [J(war(lfw)a)Jrf (0) + B f (wb+ (1 —w) a)}

fO)+f(wb+(1—-w)a)
5 .

<
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Multiplying (3.1), (3.2) by w and (1 —w), respectively. After that,
adding the resultant inequalities, we obtain that

I'(a+1)

(3-3) q(w) < 17 (f) < Q(w).

~2(b—a)

Since f is convex function, so we have

(3.4 f(a;b)
_ f(w (wb+(1—2w)a—l—a> 1w (wb+(1—w)a—l—b>)

2

< wf (wb+(1—2w)a+a> +(1_w)f(wb+(1;w)a+b>

< %(f(wb+(1—w)a)+wf(a)+(1—w)f(b))

f(a)+ f(b)

< =
- 2

From (3.3) and (3.4), we conclude the desired inequality. O

REMARK 1. Under the hypothesis of Theorem 4 with o = 1, we
have [11, Theorem 1.1].

COROLLARY 1. Under the same conditions and notations stated in
Theorem 4, we have the following new inequalities

a+b T(a+1) . fla) + f(b)
f( 5 )Swi?o?qugml (f)Swg[lOf’”Q(w)S#-

THEOREM 5. Let f: A — R be a co-ordinated convex function and
f € L(A), then the following inequalities satisty for all w,u € [0,1] :

a+b c+d
()
< gl < Zéjj;))arf_t;; 1% (f) < Q (w. 1)

fla,¢) + f(a,d) + f (byc) + [ (b,d)
- 4

where
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1

1 (1) = ey { e (@04 (= w)a,pd + (1= 1))

I s 1o d @b+ (L= w) a,€) + Tig 1oy o f (apd + (1= ) )

a,B
I 1y s (1o -] (@:0) ]

1 o8
T (1= {Ja+7(ud+(1—u)0)+f Wb+ (1-w)a,d)

—i—Jjﬂfdif (wb+ (1 —w)a,ud+ (1 —p)c) + J(Cz;5+(fw)a)f,(ud+(1fp)c)+f (a,d)

T () (@ pd + (1= p) C)}

1 a8
i (1 —w)* st {J(Wb+(1—w)a)+,c+f (b, pd + (1 = p)c)

0575 (O
I eyt (1oL (0:€) + T f @b+ (1= w)a pd + (1= p) )

a7/3
I ey @b+ (1= w)a, c)}

- w)“‘ll(l — ) {J (e 1—wyar b i e+ (02 )
+J(O:u75+(1—w)a)+,d—f (bypd+ (1 —p)e)+ Jfé_’é(udﬂl_u)c”f (wb+ (1 —w)a,d)
—I—Jff#f (wb+ (1 —w)a,pd~+ (1 —p) c)} ,

and o, > 0.

Proof. From inequalities given in(2.2) for Az, Ay, As, Ag with w #
0,1 and p # 0,1, we get that

(3.5) f(wﬂ(z_“)“?“dﬂz—u)c)



(3.6)

IN

IN

VAN
A
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T(a+1)T(8+1)
~ dwepf (b—a)® (d— )’

X |l f (Wb + (1= w)a, pd + (1= ) o)
0 e f @b+ (1= w)a,0)
e —wya) e (@ pd 4+ (1= pp) )
T (1-)a) -+ (190 (“=C>]

i[f(a,c)+f(a,ud+(1—u>0)+f(wb+(1—W)a,C>

+f(wb+ (1 —w)a,pd+ (1 —p)o)],

wh+(2—w)a (1+pu)d+(1—p)c
(e )

I(a+1)T(B+1)

don (1=l (b—a) (A=)
[Jgf (- (1—pyepd (Wb + (1 —w)a,d)

+ o0 S Wb+ (1 —w)a, pd+ (1= p) )
o (ra) a1y | (@)
+Jwb+( w)a)—,d— f(a Md—i_ (1 _:u) )

[f (a,pd + (1 — p)c) + f (a,d)

+f(wWb+ (—w)a,pd+ (1 —p)e) + f (wb+ (—w) a,d)],

963



964 Muhammad Aamir Ali, Hiiseyin Budak, and Sadia Sakhi

(37) f((1+w)b~|—(1—w)a ud+(2—u)c>

2 ’ 2
Fla+1)I'(B+1)
401 —w)*pb (b—a)*(d—c)”

X [J&f+(lfw)a)+,c+f (b, ud + (1 — p) c)

IN

a’ﬁ
+J(wb+(1—w)a)+,(,ud—l—(l—,u)c)—f (b7 C)

FIE (Wb (1= w)a, pd + (1= ) o)

I ara—p-d @+ (1 —w)a,)]

IN

i[f(wbju(l_w)a,c)+f(wb—|—(1—w)a,ud+(1—u)c)

+f(b,c)+ f(bud+ (1 —p)c)],

(3.8) f((l—i_w)b'g(l_w)a’(1+M)d—2|—(1—,u)c>
Cla+ DI (B+1)
41-w)* (1 =w (b—a)*(d-e)

B
X |:J(wb+(1—w)a)—i—,(ud—&-(l—u)c)-‘,-f (b7 d)

IN

+Jaf+(1fw)a)+,d—f (b, pd + (1 = p) c)
+ f(wb+(1—-w)a,d)

(pd+(1—p)e)+

FIF (@bt (1= w) o pd + (1= i) )]



VAN
]
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[f(wb+ (1 —w)a,pd+ (1 —p)c) + f (wb+ (1 —w)a,d)

+f (b, pd + (1 — i) ¢) + f (b, d)] .

Multiplying (3.5), (3.6), (3.7) and (3.8) by wu, w (1 — p), (1 —w) p and
(1 —w) (1 —p), respectively. After that, adding the resultant inequali-
ties, we found that

(39) wuf(

IN

wh+ (2—w)a ud+(2—u)c)
2 ’ 2

2 ’ 2
I+wb+(1—-w)a ud+(2—u)c>

(1 g (S U (=)

+(1—w)uf( ' e

+(1—w)(1_ﬂ)f((1+W)b7;(1—w)a’(1+u)d;(1—u)c)

q (w, p)
T(a+ 1T (B+1)
4(b—a)*(d—rc)’

{Jefef @b+ (1= w)a,ud + (1= ) o)

X |:wozlluﬁl

a76
+Ja+,(ud+(17#)0)ff (wh+ (1 —w)a,c)
+J8‘;5+(1—w)a)—,c+f <a7 pd + (1 - M) C)

a76
+J(wb+(lfw)a)f,(,ud+(1ﬁu)c)7f (a’ C) }

1
+
wel (1= p)”!

{J:-f(ud—&—(l—y)c)—i-f (wb+ (1 —w)a,d)
+Iola fwb+ (1 —w)a, pd + (1= p) )

+JoB f (a,d)

(Wbt (—w)a)—,(ud+(1—-p)e)+
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+Jwb+ —w) a)—,d—f (a’7 Md + (1 - ,u) C)}

1 o3
+(1 )T {J(wb—i-(l—w)a)_y_’c_i_f (b, pd + (1 — 1) ¢)

a,
+Jwb+ 1-w)a)+,(ud+(1—p)e f(b C)
P (Wbt (1= w)a, pd + (1= p) )
+J Bud+( oS Wb+ (1 —w)a, c)}

1 y
+(1 —w)* 1 - ) {J<wb+<1 —wyayt(uar (et (0:d)

+JO:J€+ 1-w) +,d—f (b7 :ud + (1 — ,M) C)

o s d Wb+ (1—w)a,d)
TR S b (1= w)a,pd + (1= ) )}
“’4“[f(a )+ f(a, pd + (1 — p) ) + f (wb+ (1 —w)a,c)

+f(wb+ (1 —w)a,ud+ (1 —p)c)]

w (1 —p)

T flapd+ (1 —p)c)+ flad)

+f(wWb+ (—w)a,pd+ (1 —p)e) + f (wb+ (—w) a,d)]
+———[f(wb+ (1 —w)a,c)

fwb+ (1 —w)a,pd+ (1 —p)c)
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+f(b,¢) + f (b pd+ (1 — p) )]

LA-0)(1-p)

1 [f (wb+ (1 —w)a,pd+ (1 —p)c)

+f(wb+ (1 —w)a,d)
+f(b7:ud+<1_:u>c)+f(bad)]

o (1= p)

- Tf (av C) + 4 f(av d)
sy
+f(wb—|—(1—w)a,,ud—|—(1—,u)c)

4

+f (a,pd + (1= ) o)

P opd + (0= i) e) + B (@bt (1 - w)a,0)

—l-l?TMf(wb—l—(l—w)a,d)

= Q(wnu)'

Since f is co-ordinated convex function, so we obtain that

(3.10)

f a+b c+d
2 72

f < wwb-l—(;—w)a + (1 N W) (1+w)b—&2-(1—w)a’ )
,uud+ ;—u)c +(1—p) (1+u)d;(1—u)c

o (wb—l—(?Z—w)a’,ud—i—(g—,u)c)

IN

+w(1—u)f(Wb+(2_w)a (1+M)d+(1—u)c>

2 ’ 2
14+w)b+(1-w)a ud—i—(Z—u)c)
2 ’ 2

+a—wnu(

967
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R !

= Q<wv:u)'

14+w)b+(1—-w)a (1+u)d+(1—,u)c>

Moreover, we have

(3.11) Q (w, 1)
< P+ 2 r )

(1 —4w) Mt (b o) (1- W)4(1 - u)f (b.d)

(1- W)4(1 - u)f (a.6) + (1 —4w)uf (a.d)
+”(14_ 1 (b0 + “Er(b.d)
+25 (a,d) + “’(14_ ¢ (a,0)

(1 —4w) e b d) (1— w)4(1 - u)f (b.¢)
+E5F (b.o) + u _4"")“f(a,c)
+Mf(b, g+ 1= ‘”)4<1 — 1§ (a, )

_ flad+flad+ [+ f(bd)
By (3.9), (3.10) and (3.11), we cofclude the required inequality. I

REMARK 2. Under the same assumptions given stated in Theorem 5
with & = 8 = 1, then we have [8, Theorem 2.1].

REMARK 3. Under the same assumptions stated in Theorem 5 with
Ww=pu= % and a = § = 1, then we have result of [15, Theorem 2.6].
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COROLLARY 2. Under the same conditions and notations stated in
Theorem 5, we have following inequalities

a+b c+d o
f< : ) < sup q(w,p) <I*P(f)
2 2 w,nel0,1]

< inf Q(w,p)

w,p€[0,1]

fla, o)+ fla,d) + f (bc) + [ (b, d)
. :

N

4. Conclusion

In this investigation, a new fractional version of Hermite-Hadamard
type inequalities for convex and co-ordinated convex functions is derived.
Some existing and new inequalities are also obtained in the special cases
of the main results. The authors hope that this work may stimulate
further research in different areas of pure and applied sciences.

Acknowledgment

The first author is thankful to the Chinese Scholarship Council for
offering a full scholarship in his Ph.D. studies at Nanjing Normal Uni-
versity, Nanjing, China. The authors would like to express their sincere
thanks to the editor and the anonymous reviewers for their helpful com-
ments and suggestions.

References

[1] M. A. Ali, H. Budak, M. Abbas, M. Z. Sarikaya, and A. Kashuri, Hermite-
Hadamard Type Inequalities for h-convexr Functions via Generalized Fractional
Integrals. JOURNAL OF MATHEMATICAL EXTENSION, 14 (1) (2019).

[2] M. A. Ali, H. Budak, Z. Zhang, and H. Yildrim, Some new Simpson’s type
inequalities for co-ordinated convex functions in quantum calculus, Mathematical
Methods in the Applied Sciences, https://doi.org/10.1002/mma.7048.

[3] M. A. Ali, H. Budak, M. Abbas, and Y.-M. Chu, Quantum Hermite-Hadamard
type inequalities for functions whose second qb-derivatives absolute value are
convex, Advances in Difference Equation, In press, 2020.

[4] H. Budak, Some trapezoid and midpoint type inequalities for newly defined quan-
tum integrals, Proyecciones Journal of Mathematics, in press.



970

[5]

[11]
[12]

[13]

[16]

[17]

[18]

Muhammad Aamir Ali, Hiiseyin Budak, and Sadia Sakhi

H. Budak, S. Erden, and M. A. Ali, Simpson and Newton type inequalities for
convez functions via newly defined quantum integrals, Mathematical Methods in
the Applied Sciences (2020).

H. Budak, M. A. Ali, and M. Tarhanaci, Some New Quantum Hermite—
Hadamard-Like Inequalities for Coordinated Convexr Functions, Journal of Op-
timization Theory and Applications (2020): 1-12.

H. Budak, M. A. Ali, and T. Tung, Quantum Ostrowski type integral inequalities
for functions of two variables, Mathematical Methods in the Applied Sciences,
In press, 2020.

F. Chen, A note on the Hermite-Hadamard inequality for convex functions on
the co-ordinates, Journal of Mathematical Inequalities 8 (4) (2014), 915-923.
S. S. Dragomir and C. E. M. Pearce, Selected Topics on Hermite-Hadamard
Inequalities and Applications, RGMIA Monographs, Victoria University, 2000.
A. E. Farissi, Z. Latreuch and B. Belaidi, Hadamard- Type Inequalities for Twice
Differentiable Functions, RGMIA Research Report collection, 12, 1 (2009), Art.
6.

A. E. Farissi, Simple proof and refinements of Hermite-Hadamard inequality,
Journal of Mathematical Inequalities. 4 (3) (2010), 365-369.

R. Gorenflo, F. Mainardi, Fractional Calculus, Integral and Differential Equa-
tions of Fractional Order, Springer Verlag, Wien, 1997, 223-276.

A. Kashuri, M. A. Ali, M. Abbas, and H. Budak, New inequalities for gener-
alized m-convex functions via generalized fractional integral operators and their
applications, International Journal of Nonlinear Analysis and Applications 10
(2) (2019), 275-299.

A. Kashuri, M. A. Ali, M. Abbas, H. Budak, and M. Z. Sarikaya, Fractional
integral inequalities for gemeralized convexity, Thilisi Mathematical Journal 13
(3) (2020), 63-83.

M. E. Ozdemir, S. Yildiz and A. O. Akdemir, On some new Hadamard-type
inequalities for co-ordinated quasi-convex functions, Hacettepe Journal of Math-
ematics and Statistics 41 (5) (2012), 697-707.

J.E. Pecarié¢, F. Proschan and Y.L. Tong, Convexr Functions, Partial Orderings
and Statistical Applications, Academic Press, Boston, 1992.

M. Z. Sarikaya, On the Hermite- Hadamard-type inequalities for co-ordinated con-
vez functions via fractional integrals, Integral Transforms and Special Functions
25 (2) (2014), 134-147.

M. Z. Sarikaya, E. Set, H. Yildiz and N. Basak, Hermite-Hadamard’s inequalities
for fractional integrals and related inequalities, Mathematical and Computer
Modelling 57 (2013), 2403-2407.



On some new fractional Hermite-Hadamard type inequalities

Muhammad Aamir Ali

Jiangsu Key Laboratory for NSLSCS
School of Mathematical Sciences,

Nanjing Normal University, Nanjing, China.
E-mail: mahr .muhammad.aamir@gmail.com

Hiseyin Budak

Department of Mathematics
Faculty of Science and Arts, Diizce
University, Dizce-TURKEY
E-mail: hsyn.budak@gmail.com

Sadia Sakhi

Department of Mathematics

Institute of Southern Punjab, Multan, Pakistan
E-mail: sadiasakhil11@gmail.com

971



