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MIXED QUASI VARIATIONAL INEQUALITIES

INVOLVING FOUR NONLINEAR OPERATORS

Amjad Pervez, Awais Gul Khan∗,
Muhammad Aslam Noor, and Khalida Inayat Noor

Abstract. In this paper we introduce and consider a new class of
variational inequalities with four operators. This class is called the
extended general mixed quasi variational inequality. We show that
the extended general mixed quasi variational inequality is equiva-
lent to the fixed point problem. We use this alternative equivalent
formulation to discuss the existence of a solution of extended gen-
eral mixed quasi variational inequality and also develop several iter-
ative methods for solving extended general mixed quasi variational
inequality and its variant forms. We consider the convergence anal-
ysis of the proposed iterative methods under appropriate conditions.
We also introduce a new class of resolvent equation, which is called
the extended general implicit resolvent equation and establish an
equivalent relation between the extended general implicit resolvent
equation and the extended general mixed quasi variational inequal-
ity. Some special cases are also discussed.

1. Introduction

Variational inequalities were introduced and studied by Stampacchia
[20]. He proved that the minimum of the energy (virtual work) func-
tion associated with the potential problems can be characterized by a
class of inequalities. This class of inequalities is called the variational
inequality. This result has played a significant and crucial part in the
studies of a wide class of problems which arise in applied sciences and
engineering. This theory provides us with a simple, natural, general
and unified framework for studying a wide class of unrelated linear and
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nonlinear problems arising in: elasticity, fluid flow through porous me-
dia, economics, transportation, oceanography, optimization, operations
research, regional and applied sciences [1-21] and references therein.

It is well known that the convexity plays an important role in the
study of variational inequality and its variant forms. The optimality
of a differentiable convex function on a convex set can be characterized
by the variational inequality. In recent years, the concept of convexity
has been generalized in many dimensions, see [7] and references therein.
Youness [21] introduced a concept of nonconvex sets and nonconvex func-
tions. For the properties and more detail of the nonconvex functions,
see [7, 13]. Noor [17] has considered and studied the nonconvex function
relative to two arbitrary functions. It has been shown [17] that the mini-
mum of a differentiable nonconvex function involving three functions can
be characterized by a class of variational inequalities, which is called the
extended general variational inequality. It has also been shown that
many classes of variational inequalities are the special cases of extended
general variational inequality. It has been proved that the extended gen-
eral variational inequalities are equivalent to the fixed point problems.
This alternative fixed point formulation is used to study the existence of
a solution of extended general variational inequality as well as to develop
some iterative methods. Noor [16] has also studied the existence of a
solution of extended general variational inequality via auxiliary principle
technique. Liu and Cao [10] proposed a recurrent neural network based
on the projection operator for solving the extended general variational
inequality.

In this paper we introduced and studied a new class of variational
inequalities, which is called the extended general mixed quasi varia-
tional inequalities. Due to the presence of the nonlinear bifunction,
the projection method and its variant forms including the Wiener-Hopf
equations technique cannot be extended to suggest iterative methods for
solving mixed quasi variational inequalities. To overcome these draw-
backs, some iterative methods have been suggested for special cases of
the mixed quasi variational inequalities. For example, if the bifunction
is proper, convex and lower semicontinuous function with respect to the
first argument, then one can show that the mixed quasi variational in-
equalities are equivalent to the fixed-point problems and the implicit
resolvent equations using the resolvent operator technique. This alter-
native formulation has played a significant part in the developing various
resolvent-type methods for solving mixed quasi variational inequalities.
This equivalent formulation is used to suggest and analyze some iterative
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methods, the convergence of these methods requires that the operator
is both strongly monotone and Lipschitz continuous. Results proved in
this paper may be starting point for a wide range of further new and
novel applications.

2. Formulation and Basic Results

Let K be a closed and convex set in a real Hilbert space H, whose
norm and inner product are denoted by ‖·‖ and 〈·, ·〉 , respectively. Let
T, g, h : H → H be nonlinear operators. Let ϕ (·, ·) : H×H → R∪{+∞}
be a continuous bifunction.

Consider a problem of finding u ∈ H such that

(1) 〈ρTu+ h (u)− g (u) , g (v)− h (u)〉
+ ρϕ (g (v) , h (u))− ρϕ (h (u) , h (u)) ≥ 0, ∀v ∈ H,

where ρ > 0 is a constant. The problem (1) is called the extended gen-
eral mixed quasi variational inequality.

We now discuss some special cases of the problem (1).

I. If h = g, then the problem (1) reduces to

(2) 〈Tu, g (v)− g (u)〉+ϕ (g (v) , g (u))−ϕ (g (u) , g (u)) ≥ 0, ∀v ∈ H,
is called the general mixed quasi variational inequality. Noor and
Noor [15] have been suggested and analyzed several iterative meth-
ods for solving general mixed quasivariational inequalities by using
the technique of updating the solution and the auxiliary princi-
ple. It has been shown that the convergence of these methods
requires either the pseudomonotonicity or the partially relaxed
strong monotonicity of the operator.

II. If g = h = I, I is the identity operator, then the problem (1)
reduces to

(3) 〈Tu, v − u〉+ ϕ (v, u)− ϕ (u, u) ≥ 0, ∀v ∈ H,
is called the mixed quasi variational inequality. It has been shown
that a large class of obstacle, unilateral, contact, free, moving, and
equilibrium problems arising in regional, physical, mathematical,
engineering and applied sciences can be studied in the unified and
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general framework of the mixed quasi variational inequalities (3).

III. If the bifunction ϕ (·, ·) is an indicator function of a closed and
convex valued set K (u) in H, that is

ϕ (u, u) = Kϕ(u) (u) =

{
0, if u ∈ K (u)
+∞, otherwise

then the problem (1) is equivalent to finding u ∈ H : g (u) ∈ K (u)
such that

(4) 〈ρTu+ h (u)− g (u) , g (v)− h (u)〉 ≥ 0, ∀v ∈ H : g (v) ∈ K (u) ,

which is known as extended general quasi variational inequality.
This problem was extensively studied by Noor et al [18, 19].

IV. If the bifunction ϕ (·, ·) is an indicator function of a closed and
convex valued set K (u) in H and h = g, then the problem (1) is
equivalent to of finding u ∈ H : g (u) ∈ K (u) such that

(5) 〈Tu, g (v)− g (u)〉 ≥ 0, ∀v ∈ H : g (v) ∈ K (u) ,

which is known as general quasi variational inequality.

V. If the bifunction ϕ (·, ·) is an indicator function of a closed and
convex valued set K (u) in H and h = g = I, then the problem
(1) is equivalent to finding u ∈ K (u) such that

(6) 〈Tu, v − u〉 ≥ 0, ∀v ∈ K (u) ,

which is known as quasi variational inequality.

VI. If K (u) = K, then the problem (6) is equivalent to finding u ∈ K
such that

(7) 〈Tu, v − u〉 ≥ 0, ∀v ∈ K,
which is known as variational inequality, introduced by Stampac-
chia [20].

From the above discussion, it is clear that the problem (1) is most
general and includes several previously known classes of variational in-
equalities and related optimization problems as special cases. These vari-
ational inequalities have important applications in mathematical pro-
gramming and engineering sciences. For the recent applications, numer-
ical methods, sensitivity analysis, dynamical systems and formulation
of mixed variational inequalities and related fields, see [1-21] and the
references therein.
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Definition 2.1. Let A be a maximal monotone operator, then the
resolvent operator associated with A is defined as

JA (u) = (I + ρA)−1 (u) , ∀u ∈ H,
where ρ > 0 is a constant and I is the identity operator.

Remark 2.2. It is well known that the subdifferential ∂ϕ (·, ·) of a
proper, lower semicontinuous and convex function ϕ (·, ·) : H × H →
R ∪ {+∞} is a maximal monotone with respect to the first argument,
we can define

(8) Jϕ(u) (z) = (I + ρ∂ϕ (·, u))−1 (z) ≡ (I + ρ∂ϕ (u))−1 (z) ,

where ∂ϕ (·, u) ≡ ∂ϕ (u), unless otherwise specified.

The resolvent operator Jϕ(u), defined by (8), has the following char-
acterization.

Lemma 2.3. For a given u ∈ H, z ∈ H satisfies the inequality

〈u− z, v − u〉+ ρϕ (v, u)− ρϕ (u, u) ≥ 0, ∀v ∈ H,
if and only if

u = Jϕ(u)z,

where Jϕ(u) = (I + ρ∂ (u))−1 is the resolvent operator.

Definition 2.4. A nonlinear operator T : H → H is said to be
strongly monotone if there exists a constant α > 0 such that

〈Tu− Tv, u− v〉 ≥ α ‖u− v‖2 , ∀u, v ∈ H.
Definition 2.5. A nonlinear operator T : H → H is said to be

Lipschitz continuous if there exists a constant β > 0 such that

‖Tu− Tv‖ ≤ β ‖u− v‖ , ∀u, v ∈ H.
From the Definitions 2.4 and 2.5, it is clear that α ≤ β.

Remark 2.6. It is important to note that, if the nonlinear operator
T : H → H is strongly monotone with constant α > 0 and T−1 exists,
then ∥∥T−1u− T−1v∥∥ ≤ 1

α
‖u− v‖ , ∀u, v ∈ H.

This shows that inverse operator T−1 is Lipschitz continuous with con-
stant 1

α > 0.
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3. Resolvent Operator Method

In this section, we show that the extended general mixed quasi vari-
ational inequality (1) is equivalent to a fixed point problem. Using this
alternative equivalent formulation, we discuss the existence of a solution
of problem (1).

Lemma 3.1. The function u ∈ H is a solution of the problem (1), if
and only if, u ∈ H satisfies the relation

(9) h (u) = Jϕ(u) [g (u)− ρTu] ,

where Jϕ(u) is the resolvent operator and ρ > 0 is a constant.

Lemma 3.1 shows that the problem (1) is equivalent to a fixed point
problem (9). This equivalence formulation plays an important role in
the existence theory of a solution of problem (1) as well as to develop
several iterative methods for solving problem (1) and its variant forms.
It is well-known [13] that the resolvent operator Jϕ(u) is not nonexpan-
sive.

For the existence theory and convergence of iterative methods we
have to assume the following condition.

Assumption 3.2. The resolvent operator Jϕ(u) satisfies the condition

(10)
∥∥Jϕ(u)w − Jϕ(v)w∥∥ ≤ ν ‖u− v‖ , ∀u, v, w ∈ H,

where ν > 0, is a constant.

Assumption 3.2 has been used to prove the existence of a solution
of mixed quasi variational inequalities, its variant forms and analyzing
convergence of the iterative methods, see [13].

We now discuss the existence of a solution of the problem (1) and
this is the main motivation of our next result.

Theorem 3.3. Let the nonlinear operators T, g, h : H → H be
strongly monotone with constants αT > 0, αg > 0, αh > 0 and Lipschitz
continuous with constants βT > 0, βg > 0, βh > 0, respectively. If the
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Assumption 3.2 holds and ρ > 0 satisfies the condition

(11)

∣∣∣∣ρ− αT
β2T

∣∣∣∣ <
√
α2
T − k (2− k)β2T

β2T
, αT > βT

√
k (2− k), k < 1,

(12) k = ν +
√

1− 2αg + ρ2β2g +
√

1− 2αh + ρ2β2h,

then there exists a solution u ∈ H satisfying the problem (1).

Proof. Let u ∈ H be a solution of the problem (1). Then by using
Lemma 3.1, we have

h (u) = Jϕ(u) [g (u)− ρTu] ,

which enables us to suggest the mapping F (u) as:

(13) F (u) = u− h (u) + Jϕ(u) [g (u)− ρTu] .

To prove the existence of a solution of problem (1), it is enough to show
that the problem (13) has a unique fixed point. Thus for all u1 6= u2 ∈ H,
consider

‖F (u1)−F (u2)‖ ≤ ‖u1 − u2 − (h (u1)− h (u2))‖
+‖Jϕ(u1) [g (u1)− ρTu1]− Jϕ(u2) [g (u2)− ρTu2] ‖

≤ ‖u1 − u2 − (h (u1)− h (u2))‖
+
∥∥Jϕ(u1) [g (u1)− ρTu1]− Jϕ(u2) [g (u1)− ρTu1]

∥∥
+
∥∥Jϕ(u2) [g (u1)− ρTu1]− Jϕ(u2) [g (u2)− ρTu2]

∥∥
≤ ν ‖u1 − u2‖+ ‖u1 − u2 − (h (u1)− h (u2))‖

+ ‖u1 − u2 − (g (u1)− g (u2))‖
+ ‖u1 − u2 − ρ (Tu1 − Tu2)‖ ,(14)

where we have used the Assumption 3.2.
Since the operator T is strongly monotone with constant αT > 0 and

Lipschitz continuous with constant βT > 0, respectively, so

‖u1 − u2 − ρ (Tu1 − Tu2)‖2 = ‖u1 − u2‖2 − 2ρ 〈Tu1 − Tu2, u1 − u2〉
+ρ2 ‖Tu1 − Tu2‖2

≤ ‖u1 − u2‖2 − 2ραT ‖u1 − u2‖2

+ρ2β2T ‖u1 − u2‖
2

≤
(
1− 2ραT + ρ2β2T

)
‖u1 − u2‖2 ,(15)

In a similar way, we have

(16) ‖u1 − u2 − (g (u1)− g (u2))‖2 ≤
(
1− 2αg + ρ2β2g

)
‖u1 − u2‖2 ,
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and

(17) ‖u1 − u2 − (h (u1)− h (u2))‖2 ≤
(
1− 2αh + ρ2β2h

)
‖u1 − u2‖2 ,

where we have used the strongly monotonicity and Lipschitz continuity
of operators g and h with constants αg > 0, αh > 0 and βg > 0, βh > 0,
respectively.

Combining (14)− (17), we have

‖F (u1)− F (u2)‖ ≤ {ν +
√

1− 2αg + ρ2β2g +
√

1− 2αh + ρ2β2h

+
√

1− 2ραT + ρ2β2T } ‖u1 − u2‖
= {k + t (ρ)} ‖u1 − u2‖
= θ ‖u1 − u2‖ ,(18)

where

θ = k + t (ρ) ,(19)

k = ν +
√

1− 2αg + ρ2β2g +
√

1− 2αh + ρ2β2h,

t (ρ) =
√

1− 2ραT + ρ2β2T .

From the condition (11), it follows that θ < 1. This shows that the map-
ping F (u), defined by (13), is a contraction mapping and consequently
it has a unique fixed point F (u) = u ∈ H, which satisfies the problem
(1). This completes the proof.

4. Iterative Methods

In this section, we develop some iterative methods for solving the
problem (1) and its variant forms. We also analyze the convergence of
an iterative method.

From Lemma 3.1, we have

u = u− h (u) + Jϕ(u) [g (u)− ρTu] .

For a controlling parameter 0 ≤ αn ≤ 1, we have

(20) u = (1− αn)u+ αn
{
u− h (u) + Jϕ(u) [g (u)− ρTu]

}
,

This fixed point formulation enables us to suggest the following iterative
method for solving the problem (1).
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Algorithm 4.1. For a given u0 ∈ H, find the approximate solution
un+1 by using the iterative scheme

(21) un+1 = (1− αn)un + αn
{
un − h (un) + Jϕ(un) [g (un)− ρTun]

}
,

where 0 ≤ αn ≤ 1 and n = 0, 1, 2, · · · .

Algorithm 4.1 is known as the Mann iteration process for solving the
extended general mixed quasi variational inequalities (1).

We now discuss some special cases of Algorithm 4.1, which are used
to solve problem (1) and its variant forms.

I. If h = g, then the Algorithm 4.1 reduces to the following iterative
method for solving the problem (2).

Algorithm 4.2. For a given u0 ∈ H, find the approximate solution
un+1 by using the iterative scheme

un+1 = (1− αn)un + αn
{
un − g (un) + Jϕ(un) [g (un)− ρTun]

}
,

n = 0, 1, 2, · · ·

II. If g = h = I, identity operator, then the Algorithm 4.1 reduces to
the following iterative scheme and it is used to solve the problem
(3).

Algorithm 4.3. For a given u0 ∈ H, find the approximate solution
un+1 by using the iterative scheme

un+1 = (1− αn)un + αnJϕ(un) [un − ρTun] , n = 0, 1, 2, · · · .

III. If the bifunction ϕ (·, ·) is an indicator function of a closed and
convex valued set K (u) in H, then Jϕ(u) = PK(u), the projection
of H onto the K (u). Then the Algorithm 4.1 reduces to:

Algorithm 4.4. For a given u0 ∈ H, find the approximate solution
un+1 by using the iterative scheme

un+1 = (1− αn)un + αn
{
un − h (un) + Pk(un) [g (un)− ρTun]

}
,

n = 0, 1, 2, · · · .

This algorithm is used to solve the problem (4) and its variant forms.

IV. If Jϕ(u) = PK(u) and h = g, then the Algorithm 4.1 collapse to the
following iterative scheme for solving the problem (5).
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Algorithm 4.5. For a given u0 ∈ H, find the approximate solution
un+1 by using the iterative scheme

un+1 = (1− αn)un + αn
{
un − g (un) + Pk(un) [g (un)− ρTun]

}
,

n = 0, 1, 2, · · · .

For suitable and appropriate choice of operators and spaces, one can
develop several known and new algorithms for solving the problem (1)
and its variant forms.

We now consider the convergence analysis of Algorithm 4.1 and this
is the main motivation of our next result.

Theorem 4.6. Let the operators T, g, h : H → H be strongly mono-
tone with constants αT > 0, αg > 0, αh > 0 and Lipschitz continuous
with constants βT > 0, βg > 0, βh > 0, respectively. Let Assumption 3.2

and condition (11) holds. If 0 ≤ αn ≤ 1, for all n ≥ 0 and
∞∑
n=0

αn = ∞,

then the approximate solution un obtained from Algorithm 4.1 converges
to a solution u ∈ H satisfying the extended general mixed quasi varia-
tional inequality (1).
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Proof. Let u ∈ H be a solution of extended general mixed quasi
variational (1). Then, using (20) and (21), we have

‖un+1 − u‖ ≤ (1− αn) ‖un − u‖+ αn ‖un − u− (h (un)− h (u))‖
+αn

∥∥Jϕ(un) [g (un)− ρTun]− Jϕ(u) [g (u)− ρTu]
∥∥

≤ (1− αn) ‖un − u‖+ αn ‖un − u− (h (un)− h (u))‖
+αn

∥∥Jϕ(un) [g (un)− ρTun]− Jϕ(u) [g (un)− ρTun]
∥∥

+αn
∥∥Jϕ(u) [g (un)− ρTun]− Jϕ(u) [g (u)− ρTu]

∥∥
≤ (1− αn) ‖un − u‖+ αnν ‖un − u‖

+αn ‖un − u− (g (un)− g (u))‖
+αn ‖un − u− (h (un)− h (u))‖
+αn ‖un − u− (T (un)− T (u))‖

≤ (1− αn) ‖un − u‖+ αnν ‖un − u‖

+αn

√
1− 2αg + ρ2β2g ‖un − u‖

+αn

√
1− 2αh + ρ2β2h ‖un − u‖

+αn

√
1− 2ραT + ρ2β2T ‖un − u‖

= (1− αn) ‖un − u‖+ αn {k + t (ρ)} ‖un − u‖
= [1− (1− θ)αn] ‖un − u‖

≤
n∏
i=0

[1− (1− θ)αi] ‖u0 − u‖ ,

where we have used Assumption 3.2, strongly monotonicity and Lips-
chitz continuity of operators T, g, h with constants αT > 0, αg > 0, αh >
0 and βT > 0, βg > 0, βh > 0, respectively.

From (11), it follows that θ < 1, defined in (19). Since
∞∑
n=0

αn = ∞

and 1− θ > 0, then we have,

lim
n→∞

{
n∏
i=0

[1− (1− θ)αi]

}
= 0.

Consequently the sequence {un} converges strongly to u ∈ H, satisfying
the problem (1). This completes the proof.

We again use the fixed point formulation (9) to suggest the following
implicit method for solving the extended general mixed quasi variational
inequality (1).
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Algorithm 4.7. For a given u0 ∈ H, find the approximate solution
un+1 by using the iterative scheme

h (un+1) = Jϕ(un) [g (un)− ρTun+1] , n = 0, 1, 2, · · · .

To implement this implicit method, one usually uses the predictor-
corrector technique. Consequently, Algorithm 4.7 can be rewritten in
the following form.

Algorithm 4.8. For a given u0 ∈ H, compute the approximate
solution un+1 by using the iterative schemes

h (wn) = Jϕ(un) [g (un)− ρTun]

h (un+1) = Jϕ(un) [g (un)− ρTwn] , n = 0, 1, 2, · · · .

The implementation and comparison of Algorithm 4.8 is an open
problem. Algorithm 4.8 is called the extragradient method.

We can use the fixed point formulation (9) to suggest the following
two-step iterative method for solving (1).

Algorithm 4.9. For a given u0 ∈ H, compute the approximate
solution un+1 by using the iterative schemes

h (wn) = Jϕ(un) [g (un)− ρTun]

h (un+1) = Jϕ(un) [g (wn)− ρTwn] , n = 0, 1, 2, · · · .

Algorithm 4.9 is also known as the modified extragradient method.
Such type of the modified projection methods for solving the variational
inequalities and their variant forms are due to [13, 14]. We remark that
Algorithm 4.8 and Algorithm 4.9 are quite different. The problem of
comparing these methods is an open problem.

5. Resolvent Equation Technique

In this section, we introduce a new class of resolvent equation, which
is called the extended general implicit resolvent equation. We establish
the equivalence between the extended general implicit resolvent equation
and the problem (1). Using this alternative equivalent formulation, we
suggest a number of new iterative methods for solving the problem (1)
and its variant forms.

From now onward we assume that the operator h is invertible, that
is, h−1 exists, unless otherwise specified.

We introduce a new class of resolvent equations, which is called the
extended general implicit resolvent equation. To be more precise, let
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Rϕ(u) = I − g
(
h−1Jϕ(u)

)
, where I is the identity operator and Jϕ(u) is

the implicit resolvent operator.

For given nonlinear operators T, g and h, we consider the problem of
finding z ∈ H such that

(22) Th−1Jϕ(u)z + ρ−1Rϕ(u)z = 0,

where ρ > 0 is a constant. The problem (22) is known as extended
general implicit resolvent equation.

We now discuss some special cases of the problem (22).

I. If h = g, then the problem (22) is equivalent to finding z ∈ H such
that

Tg−1Jϕ(u)z + ρ−1Rϕ(u)z = 0.

These problems are known as the general implicit resolvent equa-
tions and equivalent to the problem (2) .

II. If g = h = I, then the problem (22) collapse to find z ∈ H such
that

TJϕ(u)z + ρ−1Rϕ(u)z = 0,

which is called the implicit resolvent equations and equivalent to
the problem (3) .

III. If the bifunction ϕ (·, ·) is an indicator function on a closed and
convex valued set K (u) in H, then Jϕ(u) = PK(u) and consequently
the problem (22) is equivalent to finding z ∈ H such that

Th−1PK(u)z + ρ−1QK(u)z = 0.

This problem is equivalent to the problem (4) .
IV. If h = g and Jϕ(u) = PK(u), then the problem (22) is equivalent to

finding z ∈ H such that

Tg−1PK(u)z + ρ−1QK(u)z = 0,

which are called the general implicit Wiener-Hopf equations intro-
duced and studied by Noor [13, 21]. This problem is equivalent to
the problem (5) .

V. If h = g = I and Jϕ(u) = PK , then the problem (22) is equivalent
to finding z ∈ H such that

TPKz + ρ−1QKz = 0.

These are the original Wiener-Hopf equations, which are mainly
due to Shi [40]. These problems are equivalent to the problem (7) .
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For suitable and appropriate choice of operators and spaces, one can
obtain several known and new classes of the resolvent equations.

It is well-known that problems (1) and (22) are equivalent. For the
sake of completeness, we give the proof of this result.

Lemma 5.1. The solution u ∈ H satisfies the problem (1) , if and
only if, z ∈ H is a solution of problem (22), where

(23) h (u) = Jϕ(u)z,

(24) z = g (u)− ρTu,
where ρ > 0 is a constant.

Proof. Let u ∈ H be a solution of problem (1), then from Lemma
3.1, we have

h (u) = Jϕ(u) [g (u)− ρTu] .

Let

(25) z = g (u)− ρTu.
Then

(26) h (u) = Jϕ(u)z,

form which we have

(27) u = h−1Jϕ(u)z.

From (25) and (27), we have

z = g
(
h−1Jϕ(u)z

)
− ρTh−1Jϕ(u)z,

from which it follows that z ∈ H is a solution of the problem (22), the
required result.

From Lemma 5.1 it is clear that the problem (1) is equivalent to the
problem (22). We now use this alternative equivalent formulation to
propose some iterative methods for solving the problem (1).

I. Using (22) , we can write

ρTh−1Jϕ(u) [z] = g
(
h−1Jϕ(u)z

)
− z,

using (23), we have

z = g (u)− ρTu.
For the controlling parameter 0 ≤ αn ≤ 1, we have

(28) z = (1− αn) z + αn [g (u)− ρTu] ,
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Using this fixed point formulation we can suggest the following iter-
ative method for solving the problem (22).

Algorithm 5.2. For a given z0 ∈ H, find the approximate solution
zn+1 by using the iterative scheme

h (un) = Jϕ(un) [zn] ,(29)

zn+1 = (1− αn) zn + αn [g (un)− ρTun] ,(30)

where 0 ≤ αn ≤ 1 for all n ≥ 0 and
∞∑
n=0

αn =∞.

II. By an appropriate and suitable rearrangement of the terms and
using (23), the implicit resolvent equations (22) can be written as:

z = gh−1Jϕ(u) [z]− Th−1Jϕ(u) [z] +
(
1− ρ−1

)
Rϕ(u) [z]

= g (u)− Tu+
(
1− ρ−1

)
Rϕ(u) [z] ,

From this fixed point formulation one can suggest the following iter-
ative method for solving the problem (1).

Algorithm 5.3. For a given z0 ∈ H, find the approximate solution
zn+1 by using the iterative scheme

h (un) = Jϕ(un)zn,

zn+1 = g (un)− Tun +
(
1− ρ−1

)
Rϕ(un)zn,

where 0 ≤ αn ≤ 1 for all n ≥ 0 and
∞∑
n=0

αn =∞.

III. If T is linear and T−1 exists, then one can simplify (22) as

z = Rϕ(u)z − ρ−1hT−1Rϕ(u)z
=

(
I − ρ−1hT−1

)
Rϕ(u)z,

This fixed point formulation enables us to suggest the following iter-
ative method for solving the problem (1).

Algorithm 5.4. For a given z0 ∈ H, find the approximate solution
zn+1 by using the iterative scheme

h (un) = Jϕ(un) [zn] ,

zn+1 =
(
I − ρ−1hT−1

)
Rϕ(un) [zn] ,

where 0 ≤ αn ≤ 1 for all n ≥ 0 and
∞∑
n=0

αn =∞.
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Now we discuss the convergence criteria of the Algorithm 5.2. In a
similar way, one can study the convergence analysis of Algorithm 5.3
and Algorithm 5.4.

Theorem 5.5. Let the nonlinear operators T, g and h satisfy all the
assumptions of the Theorem 3.3. Let the Assumption 3.2 and condition

(11) holds. If 0 ≤ αn ≤ 1, for all n ≥ 0 and
∞∑
n=0

αn = ∞, then the

approximate solution zn+1 obtained form Algorithm 5.2 converges to a
solution z ∈ H satisfying the problem (22).

Proof. From (28) and (30), using (15) and (16),we have

‖zn+1 − z‖ ≤ (1− αn) ‖zn − z‖+ αn ‖un − u− (g (un)− g (u))‖
+αn ‖un − u− ρ (Tun − Tu)‖

≤ (1− αn) ‖zn − z‖+ αn

√
1− 2αg + ρ2β2g ‖un − u‖

+αn

√
1− 2ραT + ρ2β2T ‖un − u‖ ,(31)

Now, from (23) and (29), we have

‖un − u‖ ≤ ‖un − u− (h (un)− h (u))‖+
∥∥Jϕ(un)zn − Jϕ(u)zn∥∥

+
∥∥Jϕ(u)zn − Jϕ(u)z∥∥

≤
√

1− 2αh + ρ2β2h ‖un − u‖+ ν ‖un − u‖+ ‖zn − z‖

≤ 1

1− ν −
√

1− 2αh + ρ2β2h

‖zn − z‖ ,(32)

where we have used the Assumption 3.2 and (17).

Combining (31) and (32), we have

‖zn+1 − z‖ ≤ (1− αn) ‖zn − z‖+ αnθ1 ‖zn − z‖
= [1− (1− θ1)αn] ‖zn − z‖

≤
n∏
i=0

[1− (1− θ1)αi] ‖z0 − z‖ ,

where

θ1 =

√
1− 2αg + ρ2β2g +

√
1− 2ραT + ρ2β2T

1− ν −
√

1− 2αh + ρ2β2h

.
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Since
∞∑
n=0

αn =∞ and θ1 < 1, then we have lim
n→∞

{
n∏
i=0

[1− (1− θ)αi]
}

=

0. Thus the sequence {zn} converges strongly to z ∈ H, satisfying the
problem (22). This completes the proof.

6. Conclusions

In this paper we have introduced and considered a new class of varia-
tional inequalities with four operators. This class is called the extended
general mixed quasi variational inequality. We have shown that the ex-
tended general mixed quasi variational inequality is equivalent to the
fixed point problem. Using this alternative equivalent formulation, we
have discussed the existence of a solution of extended general mixed
quasi variational inequality and also developed several iterative methods
for solving extended general mixed quasi variational inequality and its
variant forms. We considered the convergence analysis of the proposed
iterative methods under appropriate conditions. We also introduced a
new class of resolvent equation, which is called the extended general im-
plicit resolvent equation and establish an equivalent relation between the
extended general implicit resolvent equation and the extended general
mixed quasi variational inequality. Some special cases are also discussed.
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