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I. INTRODUCTION

As the refractive index is very close to unity for all 

materials at x-ray wavelengths [1], an x-ray beam cannot 

be focused by refraction. The use of diffractive elements 

to realize x-ray focusing is an alternative method. Fresnel 

zone plates (FZPs) have been the most widely used diff-

ractive elements for hard-x-ray focusing. Applications include 

synchrotrons, free-electron lasers, and other laboratory 

sources. FZPs can achieve very high spatial resolution [2]. 

Typically, an amplitude FZP consists of a series of 

alternating transparent and opaque concentric rings (zones) 

of prescribed radii [3]. A phase-shifting FZP has concentric 

rings causing alternating phase delay. Because it is efficient 

for the focusing of hard x-rays (photon energies above 8 

keV) [4], a Fresnel zone plate with submicrometer dimen-

sions has been used for purposes such as x-ray telescopes, 

micro-fluorescence, microimaging, microspectroscopy, and 

microdiffraction. In these applications the focusing of hard- 

x-ray beams is an important requirement for each experi-

mental technique.

Spatial resolution and absolute focusing efficiency are 

two important parameters of an FZP. The diffraction limit 

of an FZP is associated with the smallest, outermost zone 
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width. A nanolithography process with sufficient resolution 

has to be applied during fabrication. For an ideal FZP, 

analytical formulas have been developed to calculate the 

focusing efficiency, focal spot, and focal depth for a given 

incident wavelength. The focusing efficiency for an ideal 

amplitude FZP is about 10%, and about 40% for an ideal 

phase FZP [5]. The radius of the focal spot is R = 1.22Δr, 

and the Rayleigh length of the focal spot is 



 

. 

At present, the main FZP fabrication techniques include 

e-beam lithography, ion-beam lithography, surface plasma 

chemical vacuum deposition, and wet (dry or metal-assisted) 

chemical etching [6-9]. There is always a difference between 

the structure of an FZP obtained by an actual fabrication 

process and that of an ideal FZP. Nonideal factors, such as 

sidewalls with incline angle [10] or metal struts [11], will 

inevitably be introduced. In addition, due to the strong 

penetration of hard x-rays [12], the incident x-ray pulse’s 

duration will also affect the focusing properties of an 

actual FZP.

This paper presents numerical simulations to systematically 

study the influence of nonideal factors on the focusing 

properties of an FZP. The paper is arranged as follows: 

Section II introduces the theoretical methods of the 

numerical calculations; Section III discusses the influences 

of several nonideal factors on focusing properties; and 

Section IV presents the conclusions.

II. METHODS

The structure of a Fresnel zone plate, consisting of 

alternating transparent and opaque zones, is shown in Fig. 

1. When a plane wave with a wavelength of λ is incident 

on the zone plate, it converges to a focal point after being 

focused by the zone plate. The focal length 





 is 

related to the wavelength of the incident light and the 

radius r1 of the first zone of the plate. The focusing 

process of a Fresnel zone plate satisfies ≫ 


, where rN 

is the radius of the outermost zone. The focusing action of 

an FZP is far-field diffraction, which can be well 

simulated and analyzed by scalar diffraction theory. The 

focusing properties of the zone plate are numerically 

calculated by Kirchhoff diffraction theory [13]. In the case 

of a plane wave, the complex amplitude of the diffraction 

field can be expressed as [14]:

 



exp′

∙









coscos′ 





exp


 (1)

where A is a constant, t(S) is the transmission function of 

the Fresnel zone plate, ′  is the distance from a plane- 

wave front to a point S on the zone-plate aperture surface 

and ′  is its unit vector, R is the distance from the 

observation point Q to a point S on the aperture surface 

and   is its unit vector, and   is the unit vector normal 

to the aperture surface. Assuming that the coordinates of 

point S are (x0, y0, 0) and those of point Q are (x1, y1, z1), 

the transmittance function of an FZP can be expressed as 

     , in which ′  is a constant, 

 , and     .   

is selected in the calculation of the focal plane. After U(x1, y1) 

has been calculated by the numerical integral of Eq. (1), 

the intensity I(x1, y1) can be obtained by

  
. (2)

Using Eqs. (1) and (2), the focusing properties of the 

zone plate in the focusing region can be numerically 

calculated, as long as the transmission function of the FZP 

is determined. The focal-spot radius, focusing efficiency, 

and other information can also be obtained by simulations.

III. RESULTS

In the application of FZPs, there are often some nonideal 

factors, which lead to a great difference between the actual 

focusing properties and the ideal situation. For example, 

due to the strong penetration of hard x-rays, the influence 

of material absorption and phase shift caused by thickness 

is worth considering. The actual manufacturing errors in 

an FZP, such as step sidewall tilt, may also affect the 

focusing properties. To realize self-support of the zone 

plate’s structure, the presence of intentionally added metal 

struts is not negligible. Since FZPs have been widely used 

in the focusing of ultrashort x-ray pulses, such as 

synchrotron radiation and free-electron lasers, the effect of 

the FZP’s structure on the pulse duration of the focal spot 

is a valuable research issue.

3.1. The Effects of Film Thickness

The structure of an FZP for x-ray-focusing applications 

is shown in Fig. 2. The white areas are the structures of 

the opaque concentric rings, generally made using high-Z 

metal materials. Ideally the opaque concentric rings will 

completely obscure the x-rays, such that the transmittance FIG. 1. Schematic diagram of a Fresnel zone plate.

,
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is zero. Due to the strong penetration of hard x-rays, 

though, they cannot be completely obscured by thin-film 

material having a thickness of several micrometers. X-rays 

penetrate the FZP with phase changes; therefore, the x-ray 

Fresnel zone plate may be regarded as a combination of a 

phase FZP and an amplitude FZP that simultaneously 

modulate the amplitude and phase of the incident light. 

The effects of material thickness on the focusing properties 

of an x-ray FZP are discussed below.

For hard x-rays, the refractive index of almost all 

materials tends to unity, so the refractive index can be 

expressed as  . Considering the material 

absorption and phase shift of the x-rays, a transmission 

function for the whole FZP can be expressed as [15]: 

  ⋅exp⋅

⋅exp


,

(3)

where  indicates the absorption coefficient of the FZP 

material,  indicates its phase-shift coefficient, and  

indicates its thickness. From Eq. (3) we can see that 

different thicknesses  of the FZPs will introduce different 

phase shifts exp⋅

  and different attenuations 

exp

  into the transmittance function  , 

ultimately leading to different values of focusing efficiency.

In Eq. (3),   is the transmission function of the 

transparent part of the FZP structure, and it can be 

specifically expressed as:

    ≤ 

 
 (4)

where   is the radius of zone n,    

is the radius of zone n+1, and n = 1, 3, 5, … is an odd 

number. By introducing Eq. (3) into Eq. (1), the focusing 

properties of FZPs with different thicknesses can be obtained 

by numerical calculations.

According to the classical theory of x-ray FZPs, the 

highest focusing efficiency that can be reached is approxi-

mately 40% when 



   and 




→ are satisfied. 

However, in the actual design process, the two conditions 

are very difficult to satisfy simultaneously. Generally the 

phase matching of the thickness of an x-ray FZP is the 

first criterion in the design process.

Figure 3 shows the complex refractive index coefficients 

 and  as functions of photon energy in the x-ray energy 

range of 1-10 keV, when the material is Au [16]. When 

the incident light is 8 keV in energy, it can be found that 

 × and   ×. Calculations show that 

the gold film will have a thickness of 0.812, 1.625, and 

2.437 µm respectively when the phase shift of the FZP 

material, given by 



, is equal to π/2, π, and 3π/2. The 

focusing properties of the focal spot for an FZP film of 

infinite thickness and with thickness of 0.812, 1.625, and 

2.437 µm are given below. 

The parameters of the numerical simulations are shown 

in Table 1. It should be noted that this paper only takes 

the parameters in Table 1 for example, and FZPs with 

other parameters can also be calculated by the methods of 

numerical simulation proposed in this paper, which can be 

used to guide the design and application of FZPs.

As shown in Fig. 4, the highest focusing efficiency is 

achieved when the Au FZP’s thickness is 1.625 µm. It 

implies that choosing the appropriate thickness based on 

the incident wavelength λ is very important to improving 

the focusing efficiency of the FZP. The full-width-half- 

maximums of the focal spots are around 100 nm for different 

film thicknesses, equivalent to the width of the outermost 

zone . This agrees with the theoretical expectation. 

FIG. 2. Image of the structure of an x-ray Fresnel zone plate.

FIG. 3. The relationship between the complex refractive index 

coefficients and photon energy, for gold.

TABLE 1. The parameters of the FZP for numerical 

simulations

Incident photon energy 8 keV

The corresponding wavelength 0.155 nm

Selected FZP material Au

Radius of the first zone 2 µm

Number of half-zone plates 100

Width of the outermost zone 100 nm

Focal length of the FZP 25.8 mm

,
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3.2. The Effects of Incline Angle

Inclination of the sidewall profile is unavoidable in the 

practice of fabricating FZP samples. The effects of sidewall 

angle of inclination on the focusing properties are discussed 

below. For simplicity, here we only consider the case 

where all sidewalls of the FZP have similar inclinations. 

The structure of an FZP with sidewall inclination is shown 

in Fig. 5, where h represents the thickness of the zone 

plate, θ represents the incline angle of the sidewall, r1 

represents the radius of the first zone, and r2 represents the 

radius of the second zone.

Considering the inclination of the sidewall, the trans-

mission function of the transparent parts of the FZP can 

be expressed as:

   ⋅tan ≤  ⋅tan

 
 (5)

where   is the radius of zone n,    

is the radius of zone n+1, and n = 1, 3, 5, … is an odd 

number. The thickness and radius of the nontransparent 

parts of the Fresnel zone plate satisfy the following relation:

 










 ≤≤ 


tan


  ≤≤ ⋅tan

 ⋅tan ≤ ≤ ⋅tan


tan


 ⋅tan ≤ ≤ 

 (6)

where   and n = 1, 3, 5, … is an odd number. 

Combining the two expressions above, we can obtain the 

total transmission function for a Fresnel zone plate with 

inclined sidewalls:

  ⋅exp



⋅










⋅exp














 (7)

By introducing Eq. (7) into Eq. (1), the focusing 

properties of FZPs with different incline angles can be 

obtained by numerical calculations. Given the thickness of 

an FZP as 0.3 µm, for example, the influence of the 

sidewall inclination angle on the focusing properties of the 

FZP is calculated for similar structural parameters. As 

shown in Fig. 6, the results of calculation and simulation 

indicate that the absolute focusing efficiency of the FZP 

gradually increases with decreasing sidewall inclination 

angle. This is because the increase of sidewall inclination 

angle will result in the increase of the opaque part of the 

zone plate, thus reducing the focusing efficiency of the 

FZP. To obtain higher absolute focusing efficiency, the 

inclination of sidewalls should be reduced as far as possible 

during fabrication. The presence of sidewall inclination has 

little effect on the size of the focal spot.

3.3. The Effect of Metal Struts

For the FZP to be a self-supporting structure, it is often 

necessary to add a large number of metal struts in a radial 

distribution. These intentionally added struts may affect the 

focusing properties of the FZP, as discussed below.

Figures 7(a) and 7(b) respectively show images of FZPs 

with regular and random metal struts. In the following 

numerical simulations, the same calculation parameters as 

in the first part of this section are selected, and the incline 

angle of sidewalls is assumed to be zero. Suppose a metal 

strut is added for every radial angle increment of , and 

the angle width of each metal strut is ; then the 

structure of an FZP with regular metal struts   can 

be expressed as:

FIG. 5. The structure of an FZP with inclined sidewalls.

FIG. 6. The focusing efficiency for different inclination angles 

of the sidewalls.

FIG. 4. The focusing efficiency of the FZP for different Au 

thicknesses.

,
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≤mod  

 
∧ 

 (8)

where  ,   is the radius of zone n,  

  is the radius of zone n+1, n = 1, 3, 5, … is an 

odd number, and mod  is the remainder of   divided 

by . In the numerical simulations, we take  ° 

and  °.

Similarly, the structure of an FZP with random metal 

struts   can be expressed as:

  











    ≤  

  ≤        


≤mod      


∧  , 

(9)

where  ,   is the radius of zone n,  

  is the radius of zone n+1, n = 1, 3, 5, … is an 

odd number, mod  is the remainder of   divided by 

,  is the starting angle of metal struts for the 

(n+1)/2th transparent half-wave zone, and is a uniformly 

distributed random number in the range of (



, -


θ
). 

By introducing Eqs. (8) and (9) into Eq. (7), and then 

introducing Eq. (7) into Eq. (1), the focusing properties of 

FZPs with different distributions of metal struts can be 

obtained by numerical calculations. In numerical simulations, 

we take θ ° and θ °.

By numerical simulations, the focusing properties of three 

kinds of FZP structures (no struts, regular struts, and random 

struts) are obtained, as shown in Fig. 8. By comparison, it 

is found that the focal-spot size of an FZP with metal 

struts is equal to that of the FZP without metal struts, and 

there is no side-lobe structure in the focal region. 

Therefore, the presence of metal struts only reduces the 

light-transmission area of the FZP structure and leads to a 

decrease of the focusing efficiency, but has little effect on 

other properties, such as the radius of the focal spot.

3.4. The Effect of Pulse Duration

FZPs can arbitrarily be divided into objective and 

condenser zone plates. Objective FZPs are applied to form 

a small focus, generally consist of several hundred zones, 

and are several hundred nanometers in size. The task of a 

condenser FZP is to accumulate the maximum possible 

number of x-ray photons at the focus, and it is characterized 

FIG. 7. Fresnel zone plates with (a) regular metal struts and (b) offset metal struts.

FIG. 8. Focal spots for FZPs (a) without metal struts, (b) with regular metal struts, and (c) with random metal struts, and (d) 

comparisons of their intensity distributions.

,
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by a large number of zones (N~103-104). In a theoretical 

analysis of FZPs, the pulse duration of the incident x-rays 

is generally not considered. However, in the case of 

synchrotron radiation or free-electron laser, the pulse width 

of the x-ray radiation is very short (from femtoseconds to 

attoseconds). In principle, x-rays are focused with an FZP 

by a diffraction effect: The incident light passing through 

different zones (or rings) of an FZP is coherently super-

imposed at different times. After focusing, the x-ray is 

concentrated at the focal point. When the incident light is 

an ultrashort pulse, the focusing properties of an FZP are 

quite different from those for a long pulse. In the case of a 

condenser FZP with thousands of zones, to complete time- 

dependent calculations the complex amplitude superposition 

of incident x-rays at the same position in the focusing 

region, but at different times, is considered, and Eq. (1) is 

appropriately modified as below: 

 



exp′





⋅






coscos′ 





exp


 (10)

  exp











 




, (11)

where  


′
 is the time needed to transmit light from 

a point S to a point Q, t stands for a certain moment in 

the process of focusing, tL = 2σ is the full-width-half- 

maximum of the laser pulse, and c is the speed of light. 

According to the formulas above, the time dependence of 

the focused light intensity at the focal point (0, 0, f) can 

be calculated. The pulse durations considered are tL = 2 fs 

and 10 ps, and the numerical results are shown in Fig. 9. 

To highlight the effect of pulse duration, the same para-

meters as in reference [17] are chosen, for the case of a 

condenser FZP with N = 41,700 and incident-x-ray wave-

length λ = 1 nm, for numerical calculations.

Figure 9 gives the results for the two cases above. It is 

found that the FZP elongates the pulse width by 





. When choosing the related parameters in this 

paper,    can be obtained. As shown in Fig. 9(a), 

when the incident x-ray pulse width satisfies 

≪, the 

effect of pulse elongation by the FZP is very obvious and 

must be considered. As shown in Fig. 9(b), when the pulse 

satisfies 

≫, the effect can be completely negligible.

IV. CONCLUSION

In this paper, the influences of nonideal factors on the 

focusing properties of FZPs have been systematically 

studied by numerical simulations of scalar diffraction theory. 

In detail, the influence of the thickness on the focusing 

efficiency was calculated, for a given incident wavelength 

and material of FZP. It was found that choosing an 

appropriate thickness based on the incident wavelength λ is 

very important, and can improve the focusing efficiency of 

the FZPs. 

The diffraction efficiency and size of the focal spot 

were calculated for different inclination angles of the zone 

sidewalls. It was found that the absolute focusing efficiency 

of an FZP increases with decreasing incline angle, but the 

presence of inclination has little effect on the size of the 

focal spot. The effect of struts within FZPs (no struts, 

regularly spaced struts and randomly spaced struts) on the 

FIG. 9. The pulse duration at the focal spot, produced by incident light with (a) pulse width of 2 fs and (b) pulse width of 10 ps.

,
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focusing properties was discussed, and it was found that the 

presence of metal struts only reduces the light-transmission 

area of the FZP structure and leads to decreased focusing 

efficiency. The struts have little effect on other properties, 

such as the radius of the focal spot.

The focusing characteristics of an FZP due to incident 

x-ray pulse duration at the focal spot were studied. It was 

found that the FZP (especially a condenser FZP) elongates 

the widths of incident ultrashort x-ray pulses. The work in 

this paper offers important guidance for design, processing, 

and application of FZPs.
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