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#-GENERATORS FOR THE POLYNOMIAL ALGEBRA OF
FIVE VARIABLES IN DEGREE 5(2¢ — 1) + 6. 2¢

DANG VO PHUC

ABSTRACT. Let Ps := Fa[z1,22,...,2s] = @n;O(PS)n be the polyno-
mial algebra viewed as a graded left module over the mod 2 Steenrod
algebra, /. The grading is by the degree of the homogeneous terms
(Ps)n of degree n in the variables z1,x2,...,xs of grading 1. We are in-
terested in the hit problem, set up by F. P. Peterson, of finding a minimal
system of generators for &/-module Ps. Equivalently, we want to find a
basis for the Fa-graded vector space Fa ® oy Ps.

In this paper, we study the hit problem in the case s = 5 and the
degree n = 5(2¢ — 1) 4+ 6 - 2! with ¢ an arbitrary positive integer.

1. Introduction

Denote by RP*° the infinite real projective space and by Fo the prime field
of two elements. We study the hit problem of determining a minimal set of
generators for Fyo-graded algebra

Ps = FQ[zl,fEQ, s 7x5] = H*((RPOO)XS’F2)

as an unstable left module over the mod 2 Steenrod algebra, /. Equivalently,
we want to find a basis of the Fo-vector space Fo ® o7 Ps in each degree n. Such
a basis may be represented by a list of monomials of degree n. Here P; is the
polynomial algebra in s generators z1,xo, ..., zs, each of degree 1. The action
of & on P; is determined by the elementary properties of the Steenrod squares
Sqt, in grading i > 0, and subject to the Cartan formula (see [14]).

The hit problem was first studied by Peterson [5,6], Wood [23], Singer [12],
and Priddy [10], who showed its relation to several classical problems in the
homotopy theory. Several aspects of the hit problem were then investigated by
many authors (see Crabb-Hubbuck [1], Kameko [2], Repka-Selick [11], Singer
[13], Wood [24] and others).

Let GLs := GL(s,F3) be the general linear group of rank s over Fy. This
group acts naturally on Ps by matrix substitution. Since the two actions of
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of and GL, upon P; commute with each other, there is an inherited action of
GL, on Fy Q4 Ps.

For a non-negative integer n, denote by (Fo® . Ps )., the subspace of Fo® s Py
consisting of all the classes represented by the homogeneous polynomials in
(P;), and by (Fy ®. Ps)GL the subspace of (Fy ®, Ps), consisting of all the
G Ls-invariant classes of degree n. One of our main tools for studying the hit
problem is the so-called Kameko’s squaring operation

Sq° : Fy @gr, PH,((RP>®)*%Fy) — Fy ®gr, PHapts(RP®)*5;Fy),

where PH,, ((RP>)*%;F5) denotes the primitive subspace consisting of all el-
ements in the homology group H, ((RP>)**®;Fy) that are annihilated by ev-
ery positive degree operation in &/. The dual of Sq° is the homomorphism
Sq¥ : (Fo @ Rg)gf;s — (Fo®u PS)SLS. This homomorphism is given by the
FyGLs-homomorphism Sq0 : (Fo ®¢ Ps)onts — (Fo Qg Ps)n. The latter is
given by the Fs-linear map ¢ : Ps — Ps, determined by

W(z) = {u if x = ﬂ.clxg e zgu?,
0 otherwise,
for any monomial x € P;. The map 1 is not an &/-homomorphism. However,
1Sq* = Sq¢lyp and ¥ Sq*+! =0 for any i > 0.
The space Fy ®, Ps was explicitly determined for the cases s < 4 (see
[2,5,16,17]). From a result of Wood [23], the hit problem is reduced to the case

of the degree d of the form
(1.1) n=r2"—1)+2'm,

with r, ¢, m non-negative integers such that p(m) < r < s (see [17]). Here,
p(m) is the smallest number k for which it is possible to write m=13", ;. (2% —
1), where d; > 0.

For r = s — 1, the problem was partially studied by Crabb-Hubbuck [1],
Nam [4], Repka-Selick [11], and Sum [15,17] with m > 0, by Mothebe [3] and
by us [8,9] with m = 0. For r = s = 5, the problem was explicitly computed
by Tin [20-22] with m = 1,2,3 and by Sum [18,19] with m = 5,10, unknown
in general.

In this paper, we continue the investigation of the hit problem in the 5-
variable case. More precisely, we explicitly determine the space Fo ® o P in
the degree n of the form (1.1) for r = s = 5 and m = 6. The main result of the
paper is the following.

Main Theorem. Let n = 5(2' — 1) + 6 - 2! with t a positive integer. Then,
dim(Fy @ Ps),, = 566 fort =1, and dim(Fy ® o Ps), = 2130 fort > 2.

Noting that the theorem has been proved in [7] for ¢ = 1.

The rest of our work is as follows. In the next section, we recall some
results related to the admissible monomials in Py, Singer’s criterion on the hit
monomials and Kameko’s homomorphism. Our main result will be proved in
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Section 3. Finally, in Appendix, we list all the admissible monomials of degrees
18,39 in P, and Ps.
2. Some preliminaries on the hit problem

In this section, we review some needed information from Kameko [2], Singer
[13], Phiic-Sum [8], and Sum [15,17] which will be used in the next section.

Notation 2.1. Throughout the paper, we use the following notations.
N, ={1,2,...,s},
X]I:X{il,ig ..... ir} H T, ]I:{i17i27"';i’r‘} gNS

1ENG\I
In particular,
Xn, =1,

X@ =TT Tg,

s

Xy =@ wgy i =1,2,..., 8.
Let a;(n) denote the j-th coefficients in dyadic expansion of a non-negative
integer n. This means n = ag(n)2° + a3 (n)2' + -+ a;(n)29 + - -+ for aj(n) €
{0,1} with j > 0.

Let x = 27'25* - - - 2% € P,. We set

Ii(z) ={i € Ny : aj(a;) =0}

v=1 %20

for 7 > 0. Then,

Jj=20
Definition 2.2 (Kameko [2]). For a monomial © = z{'x5*---z% € P,, we
define two sequences associated with x by
w(ax) = (wl(x)vWQ(x)a ce ,w]'(ﬂf), .. ')7

o(x) = (a1,az2,...,as),

where w;(z) = >, ¢, @j-1(a;) = degXy;_,(x), j = 1. Noting that w;(z) < s
for all j. The sequence w(x) is called the weight vector of the monomial z and
o(x) called the exponent vector of the monomial x.

Let w = (w1,ws,...,wj,...) be a sequence of non-negative integers. The
sequence is called the weight vector if w; = 0 for ¢ > 0. The sets of all the
weight vectors and the exponent vectors are given the left lexicographical order.

For a weight vector w, we define degw = 3,5, 2" 'w;. Denote by P;(w)
the subspace of P, spanned by all monomials x € Ps such that degx =
degw, w(z) < w, and by P, (w) the subspace of Ps spanned by all monomials
x € Ps such that w(z) < w.
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Definition 2.3 (Kameko [2], Sum [17]). Let w be a weight vector and f, g two
homogeneous polynomials of the same degree in P;.
(i) f=gifand only if (f +g) € &/ - P;. If f =0, then f is called hit.
(i) f=, gifandonlyif (f+g) € &t - Ps+ P, (w). If f =, 0, then f is
called w-hit.
Here o/t denotes the augmentation ideal of .27

Obviously, the relations = and =, are equivalence ones. Denote by QPs(w)
the quotient of Py(w) by the equivalence relation =,,. Then we have
QPs(w) = Ps(w)/((#" - Ps N Ps(w)) + Py (w)).
Furthermore, QP;(w) is an GLs;-module and (Fy @ Ps)p, &2 @ QPs(w)

degw=n

(see Sum [17]).
Definition 2.4 (Kameko [2]). Let z,y be monomials in P;. We say that z <y
if and only if one of the following holds:

(i) w(z) <w(y);

(il) w(z) =w(y) and o(z) < o(y).
Definition 2.5 (Kameko [2]). A monomial z is said to be inadmissible if
there exist monomials y1,¥ys,...,¥ymn such that vz < x for 1 < t < m and
(x_zyt)€d+'Ps~

i=1

A monomial z is said to be admissible if it is not inadmissible.

Obviously, the set of all the admissible monomials of degree n in P; is a
minimal set of @7-generators for P, in degree n.

Definition 2.6 (Kameko [2]). A monomial z is said to be strictly inadmissible

if and only if there exist monomials y1,ya, ..., ym suchthat y; < zfor1l <t < m
and
T= 2w+ D, STy
1<t<m 1<j<2r—1

with r = max{i : w;(z) > 0} and suitable polynomials h; € P.

It is easy to see that if = is strictly inadmissible, then it is inadmissi-
ble. In general, the opposite is not true. For instance, the monomial x =
riz3rdaizize € Ps is inadmissible, but it is not strictly inadmissible.

Theorem 2.7 (Kameko [2], Sum [15]). Let z,y and u be monomials in Ps such
that w;(x) =0 for i >r > 0,wi(u) # 0 and w;(u) =0 fori >t >0.
or

(i) If w is inadmissible, then xu® is also inadmissible.

(ii) If u is strictly inadmissible, then qut is also strictly inadmissible.

For a positive integer n, we set

p(n) =min{k e N: n= Z (2% —1), d; > 0}.

1<i<k
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Theorem 2.8 (Kameko [2]). If u(2n + s) = s, then the homomorphism

—0 —
SQ* = (ng)(s,Qn-&-s) : (]FQ Ror PS)2n+s — (]FQ ®szi Ps)n
is an isomorphism of the FoG Ls-modules.

We now recall a result of Singer [13] on the hit monomials in Ps.

Definition 2.9. A monomial z = 25252 - - 2% is called a spike if b; = 2% — 1
for d; a non-negative integer and ¢ = 1,2,...,s. If z is a spike with dy > dy >

-+ >dp_1 2 d, >0and d; =0 for j > r, then it is called a minimal spike.

Noting that if pu(n) < s, then there exists uniquely a minimal spike of degree
n in Ps (see Singer [13]).

Lemma 2.10 (see [8]). All the spikes in Ps are admissible and their weight
vectors are weakly decreasing. Furthermore, if a weight vector w = (w1, wa, . ..)
is weakly decreasing and wy < s, then there is a spike z in Py such that w(z) =
w.

The following is a criterion for the hit monomials in Ps.

Theorem 2.11 (Singer [13]). Suppose that x € Ps is a monomial of degree n,
where p(n) < s. Let z be the minimal spike of degree n in Ps. If w(z) < w(z),
then x is hit.

We set
P} =Span{z = z{'z5* ---a5* € Py | araz -+~ a5 = 0},
P = Span{x = 2{'x5* .- - 2% € P, | ayaz - - - a5 > 0}.

Then PY and P;f are the /-submodules of P;. Furthermore, we have a direct

S

summand decomposition of the Fo-vector spaces
F @ Po = (F2 @ PO) @) (F2 @ PY).

We end this section by recalling some notations and definitions in Sum [17].
We denote

N :={(GI) | I =(i1,82,...,0r),1 Si<i3 <ip < - <4 <5,0< 7 < s}

Then, |N;| = 25 — 1. Here, by convention, I = ), if r = 0. Denote by r = £(I)
the length of I.

Definition 2.12 (Sum [17]). Let (i;I) € N, r = £(I), and let u be an integer

with 1 < w < r. A monomial z = z{'z5>---2."' € P,_; is said to be u-
compatible with (¢; I) if all of the following hold:
(i) a1 =ap-1==a;,_,,-1=2"-1,
(11) Qi —1 > 2" —1,
(il) ap—t(ai,—1) =1, Vt, 1 <t < u,
(iv) ar_t(a;,—1) =1, Vt, u <t <r.
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Clearly, a monomial x can be u-compatible with a given (i;I) € N; for at
most one value of u. By convention, x is 1-compatible with (i;0).
For 1 < ¢ < s, define the homomorphism 7; : P;_; — P; of algebras by
substituting
oy if1<j<i,
Tz(mj)_{ Tjt1 1f2§j<8
This map is also a monomorphism of .7-module.

Definition 2.13 (Sum [17]). Let (¢; 1) € N;,0 < r < s. Denote

_ gr—ligr—24 . 497w gr—t
T(Iwu) = Ty, H Ty,

u<t<r

for 1 <u<r, xgpy =1 Foramonomial z € Ps_1, we define the monomial
¢ (x) in Py by setting

T(1,u)

2r-1, x . . . . . .
Sy (2)= Zi 7@ if there exists u such that z is u-compatible with (i; I),
; otherwise.

Then we have an Fa-linear map ¢;.r) : Ps—1 — Ps. In particular, ¢(;,9) = 7;.
Noting that ¢ ;) is not an </-homomorphism.

For a subset V C P,_;, we denote

V)= | dan(V)= J n(v),

1<i<s 1<i<s
(V) = U dan(V)\ P) C P
(41)EN, 1<L(I)<s—1

It is easy to see that if V' is a minimal set of generators for an «/-module Ps_1
in degree n, then ®°(V) is also a minimal set of generators for an .</-module
P? in degree n.

Definition 2.14. For any (i; /) € N, we define the homomorphism p(;,r) :
P, — P,_; of algebras by substituting

; if 1<j<i,
pan(e) =4 2o =i
Tj—1 ifi < j<s.

Then p(;;r) is a homomorphism of .<7-modules. In particular, we have p;,g)(7;)
=0for 1 <i<sand pg(ri(u) =ufor any u € Ps_;.

Lemma 2.15 (see [8]). If x is a monomial in Ps, then pg;p)(z) € Ps_1(w(x)).

This lemma implies that if w is a weight vector and x € Pg(w(x)), then
P (2) € Ps_1(w). Moreover, p(;r) passes to a homomorphism from QPs(w)
t0 QPy1(w).
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Notation 2.16. For a polynomial f € P, we denote by [f] the classes in
Fs ®. Ps represented by f. If w is a weight vector and f € Ps(w), then denote
by [f]w the classes in QPs(w) represented by f.
Let % be a subset of Ps. Denote by |#| the cardinal of a set #Z and [#] =
{If] : f € B} If BC Ps(w), then we set (B, = {[flw : | € B}.
Denote by %s(n) the set of all admissible monomials of degree n in P;. We
set
B2 (n) = Bs(n) N (P, BT (n) = B(n) N (P ).
For a weight vector w of degree n, we denote
B,(w) = Bs(n) N Ps(w), BT (w) := Bs(w) N (P

Then, [#B;(w)]., and [Z(w)]. are respectively the bases of the Fo-vector spaces
QP;s(w) and QPf(w) := QPs(w) N (F2 @ Pl )p.

3. Proof of Main Theorem

In this section, we prove the main result by explicitly determining all ad-
missible monomials of degree 5(2° — 1) + 6 - 2" in P5. It is easy to see that
wu(5(2t —1)+6-2Y) =5 for any ¢ > 2. So, Theorem 2.8 implies that

(ng)fgg(gt_l)%,gt) t(Fo ®or Ps)s2t—1)46.20 — (F2 @z Ps)5(22-1)46.22

is an isomorphism of G Ls-modules for every ¢t > 2. Therefore, we need only to
compute (Fo ® o7 Ps)s(2t—1)4¢.2t for t =1,2.
3.1. Thecaset=1

Fort=1,5(2"'—1)46-2" = 17. The space (F2 ® o Ps)17 has been computed
in [7].

Theorem 3.1.1 (see [7]). There exist exactly 566 admissible monomials of
degree 17 in Ps. Consequently, dim(Fy ® o Ps)17 = 566.

3.2. The admissible monomials of degree 18 in P

To compute (Fo ®. Ps)s(2t—1)46.2¢ for ¢ = 2, we need to determine the
admissible monomials of degree 18 in Ps.

Lemma 3.2.1. If x is an admissible monomial of degree 18 in Ps, then w(x)
is one of the following sequences:

(2,2,1,1), (2,2,3), (2,4,2), (4,1,1,1), (4,1,3), (4,3,2).

Proof. Observe that z = z1°r3 is the minimal spike of degree 18 in P5 and
w(z) =(2,2,1,1). Since [z] # 0, by Theorem 2.11, either wy () = 2 or wy(z) =
4. If wy(x) = 2, then & = Xy, ; 4y* with y a monomial of degree 8 in P; and
1 <i<j< <5 Since z is admissible, by Theorem 2.7, y is admissible.
According to Tin [21], either w(y) = (2,1,1) or w(y) = (2,3) or w(y) = (4,2).
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If wi(z) = 4, then z = X{i}u2 with u is an admissible monomial of degree 7
in Ps and 1 < ¢ < 5. By Tin [21], w(u) is one of the sequences (1,1,1), (1,3),
and (3,2). The lemma is proved. O

Recall that (F2 ® Ps)1s = (F2 @ PY)1s @ (Fa ®. P5+)18. According to
Sum [17], |24(18)] = 126 (see Subsection 4.1). Then, by a simple computation,
we get

dim(Fy @4 PY)1g = |®°(HA4(18))| = 450.

Now, from Lemma 3.2.1, we have
(F2 @ P s = QP (2,2,1,1) QP (2,2,3) P QP (2,4,2)
Por4,1,1,1) P er(4,1,3) PP (4,3,2).

Proposition 3.2.2. We have the following:
(1) %5(2,2,1,1) = &+ (%4(2,2,1,1)) U {ma3zizial, vy 23ziadad,

5

vizdrialad vdviesniad}.
(ii) %2 (2,2,3) is the set of the following monomials:

a:lx%x%xﬁxg, x1x§x§x1x§, xlx%xga:ﬁx‘é,
xlx;xgxfixé, IL'IIQI%ZE%I?, 1‘11’%58%:1721‘?,
(Eﬂl’g.’bgl’ﬁl’g, xw%x%xﬁx%, xlmg’x%xﬁmg,
xw%mﬁxﬁx%, xlxgxgxﬁxé, x?ngﬁxﬁwg,

3 4.6 .4 3 6,.4,.4 3,50.2,.4,..4
T1X2TX 3T Ty, T1X2X3T4T5, T{TQX3T4Ty.

(iil) % (2,4,2) is the set of the following monomials:
rixdeialad, miairdalad, xixdaSaial,

3 1.6,.6 .2 3 2,.6,.6 3 6,..2,.6
1‘1.232.%‘3]}4.235, 331332.1‘31‘4.235, $1x2x31‘4$5,

3 762,62 3,.5,.2.2,.6 3,.5.,.2,.6,.2
x%xgz%x%:cg, TYTITZLITL, TITILZTLXE,
TILITITITE.

(iv) BF(4,1,1,1) = ®T(B4(4,1,1,1)) U {z$a325zsws}.
(V) #5 (4,1,3) = O+ (F4(4,1,3)).
(vi) B7(4,3,2) = ®T(B4(4,3,2)) UD, where D is the set of the following

monomials:
x?x%xgxixg, x?x%xgaﬁxg, x?w%x%x;;wg,
mi’x%mgaflx& xi’x%x%@;x%, x‘i’x%x%xix&
x?x%m%a&;x%, x?x;xéxix& xzxgmémxg,
7,3,.4,3 3,4.3 3.5 3,4.3 5.3

T{THTZLYTs, TITHTRTITE, T]T5TZ3L4TE.
By a simple computation, one gets
|85(2,2,1,1)| =25, |53 (4,1,1,1)|=40, | % (4,1,3)|=10, |57 (4,3,2)| =180.

) ) )

These sets are explicitly determined as in Subsection 4.2. So, the following
corollary is immediate.

Corollary 3.2.3. dim(F; ®. Ps)15 = 730.
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To prove Proposition 3.2.2, we need some lemmas. By a simple computation,
we obtain the following.

Lemma 3.2.4. The following monomials are strictly inadmissible:

N 2023 2. o7 2.5.3 24.3.3 6. 23 2. 3.4 2. 5.2
(1) zjwjzy, xjzjw), viziwy, vjxjry, ¥}0T,, X707, T;TTT;,
vizjxiaiald,, i< j,

1
(ii) m?a:?xgxt, pivjrexizd,) i< j <,

2,6 6,.2 2,25 2,2 4
TiTSTYTe, TiXGTYTe, TiXFTYTY, TiX5TT4T,,, § <L <1,
(iil) 2lzjzea?, 2lzjzeaial,, vlwjmenad,, i <j<l<t,

2,.2,3,.3 722,.6,.2

_ 3,333
TITFTYLY, LT jTGTE T,

2 2
TIT2XIL4T5, TTFTYTL Ty,

(iv)

Here (i, 7,0, t,m) is a permutation of (1,2,3,4,5).

.’E?"E21'3.’E4IL'5.

Lemma 3.2.5. If (j,¢,t,m) is a permutation of (2,3,4,5) such that j < ¢,

then the monomial xw?w?m?xfn is strictly inadmissible.

Proof. We have

6,362 _ ¢ 123 3 5 4 2,355 2 25,352
xlmjmlwt‘rm - Sq (wlmjxfxtmm +m1xjxlxtmm +.’L‘1£L'j(Ee$t.’Em)
2 5.3 52 3,552 3,35 4
+ Sq” (z1wjxyayTs, + v1x T T, + 12T T, )

3,.6,.6,.2

+ z1xjry s, mod(Py (2,4,2)).

This relation shows that zi2%2jxfx, is strictly inadmissible. The lemma is
proved. (I
Lemma 3.2.6. The following monomials are strictly inadmissible:
6.8 .2 6. 8.2 6,8, .2 6.3 .4 .4
$1$2x3$41‘5, .1‘1]}2.%‘3$4J)5, $1$2x3$41‘5, $1$2x3$41‘5,
3..3,.4,4, 4 3..4,3,4,4 3..4,4,3, 4 3..4,.4,4.3
LTiTT3X4 L5, X1LoXl3Tydy, TiLL3TyL5, XT1LaXl3Tids,
3.4 9 3.4, .9 3,49 3.4, 4.6
TILST3T4TE, TITHT3TLT5, TIL5TRT4Ts, L]TSTITLT,
3.4, .64 34,4, .6 3.4, 5.5 34,5, .5
TILSTITYTy, TITHT3LATS, TILFT3TILE, L]TST3T4T3,
34,55 3,54, .5 3,545 3,55 4
$1x2$3$4$5, $1$2.T3CL'4$5, $1$2$3$4$5, x1$21‘3.’[}4$5,
3.4, 8.2 34,8, .2 34,452 3..4,.5.,.2. .4
x1I2$3$4l‘5, JI1$2.’L‘3J}4$5, JIIIQ.’L‘3$4I5, $1$2x3l‘4$5,
3.4,5,4.2 3.5.4,2 4 3..5.,.4,.4,..2 3,12
TITHTZLATE, TITHXT3TITs, TITST3TL4TE, TITF T3TATs.
Proof. We prove the lemma for the monomials u = zjzo2$232% and v

3,.3..4..4,4

ryxsrsx rs. The others can be proven by a similar computation.
We have w(u) = (2,2,1,1) and w(v) = (2,2,3). By a direct computation
using the Cartan formula, one gets

2,.6,8 2,86 4.2 10 4.10,.2
U = T1X2X3L4T5 + T1T2X3L4 X5 + L1 ToT3T 4Ty + T1T2X3X, T

+ 21202538 +5¢' (h1)+5¢%(ha)+S¢* (hs) mod(P5 (2,2,1,1)),

where
4.3 4.5 4,35 4 4,435 4,4,.5..3
h1 = T125X5%4 %5 + T1T5T5384T5 + T1ToT3T4TE + T1ToT3L4T5
4.5..3 4 4.5 4 3 2 5.8 2 8.5
+ X1 ToT3X 4Ty + T1XT3T 4Ty + TIX2X3T 4Ty + T]T2X3L 4T

2. 545 2. .55 4 2,4, 5.5 4,4.3.3,3
+ Z]{ToT3X X5 + XTX2L3T4T5 + TIXX3T4 Ty + T{ToX3TH T,
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6,..6,.2 5,54 5,.8 8,.5
ho = T1T2T3T4 X5 + X1X2T3T 4T + L1X2X3L 4Ty + T1T2X3L 4T

54,5 6,26 2. .66 2,23 8
+ T1T2T3XY T + T1T2XT3TL T + T1T5T3T4 L5 + T1L5T5L4 Ty

2,283 2,34 6 2,36 4 263 4
+ Z1T5T30405 + X1X53T3T 405 + T1X5X3L,4T5 + T1 X503, Ty

2,643 4., 5.5 4,2 3 6 4,2 6.3
+ T1TT3TY T + T1TRX3TLT5 + T1TQTZTY L5 + T1 LT3, Ty

24334, 24343, 2 4433
T X{TTZTLT5 + TIToX3T 4Ty + T XT3 Ty Ty,

4,26 4,62 2,.3,4,4 2,.4,3 .4 2,.4,4,3
hy = T1T223TLT5 + T1T2L3T4 X5 + T1TZTZL4 Ty + T1TX3T4 L5 + T1TFT3T4L5.

By Definition 2.6, we see that w is strictly inadmissible. Similarly, we obtain
v = Sq" (x3axdxsrixd + dadrivsat + adrdwsaiat + 2badasrywd)
+ Sq%z?x%zéxixé + x‘fzéx%xixé + x?xgzgxiscé
+ aSadrirgry + 2SaSr3rar?) mod(Ps (2,2,3)).
This equality implies that v is strictly inadmissible. The lemma follows. (]

Proof of Proposition 3.2.2. We prove the first part of the proposition. The
others can be proved by a similar computation. Set

B =0T (B (2,2,1,1))U{madziadal, v1adaialad viadoiala? adxivsa?al).
Suppose that x is an admissible monomial of degree 18 in P with w(z) =
(2,2,1,1). Since wy(z) =2,z = X{iyj7g}y2 with y a monomial of degree 8 in P;
and 1 <7< j < <5. On the other hand, x is admissible; hence by Theorem
2.7,y € :@5(8)

By a direct computation we see that for all u € %£5(8), 1 < i < j < £ < 5,
such that X{i,M}uQ ¢ B, there is a monomial w which is given in one of Lemmas
3.2.4(i), (ii), (iii), and 3.2.5(ii) such that Xy; ; qu® = wu} with uy € Ps, and
r =max{s € Z : ws(w) > 0}. By Theorem 2.7, X{i’j,g}u2 is inadmissible.
Since x = X{m’g}yQ admissible and y € %5(8), one gets € B. This implies
BF(2,2,1,1) C B.

We now prove the set [B] is linearly independent in (Fo ® 4 Ps)15. We denote
the classes in [B] represented by aj, 1 < k < 25 (see Subsection 4.2). Suppose
there is a linear relation

§ = Z YO = O7

1<k<25
where v, € Fp, VE, 1 <k < 25. We express p(;;1)(8), (i; 1) € N5 in terms of
the admissible monomials in (P, );5. Computing directly from the relations

p(l;Q)(S) = 07 P1;3) (8) = Oa p(2,3)(8) = 07 and P(3;4) (8) = 07 we obtain Ve =
0, k=1,2,...,25. This finishes the proof. O

3.3. The case t = 2
For t = 2, we have 5(2! — 1) + 6 - 2! = 39. Since Kameko’s homomorphism

(5'21/9)(5,39) :(F2 ®r P5)3g — (F2 @7 P5)17
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is an epimorphism, (Fy @ Ps)39 = Ker((gqvfg)(&gg)) DB(Fs @ Ps)17. So, we

need to compute Ker((5¢9)s,39))-
Set

o‘}(1) = (3527271a1)5 W(z) = (3a27273)a w(d) = (3a27452>7
W) = (3547171a1)a W(s) = (3747173)a W) = (3a4a352)
Then we obtain the following.

Lemma 3.3.1. If x is an admissible monomial of degree 39 in Ps and [x] €
Ker((@é)(&gg)), then w(x) is one of the sequences w(yy, 1 <k < 6.

Proof. It is easy to see that z = 23!zl x5 is the minimal spike of degree 39 in Ps
and w(z) = w(y). Since [z] # 0, by Theorem 2.11, either wy (x) = 3 or wy(x) = 5.
If wi(z) = 5, then # = Xyy? with y a monomial of degree 17 in P5. Since z
is admissible, by Theorem 2.7, y € %5(17). Hence, (5¢2) (s 0)([z]) = [y] # [0].
This contradicts the face that [z] € Ker((é:]/g)(&;;g)), so wi(xz) = 3. Then, we
have x = X{iyj}y% with 1 <i < j <5 and y; an admissible monomial of degree
18 in Ps. Now, the lemma follows from Lemma 3.2.1. ([

Combining this lemma and a result of Sum [17], we get
Ker(542)5,30)) = (F2 @ PP)ag @D (Ker((Sa2)5,39)) 0 (F2 @r P )3o)

Ker((gqvi))(agg)) N(F2 @ P )so = P QP (wiy),
1<k<6
dim(Fy @ P39 = |0°(A4(39)| = 915.
Noting that |%4(39)| = 225 (see Subsection 4.3).
Proposition 3.3.2. The set {[dx] : 1 < k < 649} is a basis of the Fs-

vector space Ker(Sq9) N (Fy ®o Pi)a9. Here the monomials dy, = dag 1., with
1 < k <649, are determined as in Subsection 4.4.

We prove this proposition by proving some lemmas.

Lemma 3.3.3. The set QP5 (w(1)) is spanned by the set {[dy]
485).

1<k<

way

The following lemma is proved by a direct computation.

Lemma 3.3.4. If (i,7,¢,t,m) is a permutation of (1,2,3,4,5), then the fol-
lowing monomials are strictly inadmissible:

N 2 B 206,77 62,77 2. 23,3 2.2 33
(1) ziwjmexy, vixirpwe,,, vizijrizic),, v;v;viriT,,, T;T7TT7T,,,

1< g </
2 2 2,.2 3

‘s 1 3,,12,.7 3,.12
(i) @ixjxemiay,, T10525T475, T35

Seitupr], xlelPala,, olrPoi],
xfx?x?xz, wirdr)ad, xfx?m?xz, wlaSx3ay, xix?x?a:?xzn,
mix?x?x?xfn, i<j<l<t

(iii) m?l’;’x?xf
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Lemma 3.3.5. The following monomials are strictly inadmissible:

myrdalaied,  wiaSadriad,  wiaSadaiad,  wiaSadaial,
adraalal,  adadalwsal,  adadalales,  alafadaias,
adrsalald,  adrdadwsal,  afadadalas,  afaiadaiald
v3xdrialles, aixl?xdatrs, adedxlatxd,  adxdalaiaod,
pledziziad,  aladazdxiad,  aladafalxl,  adzdafaial,
vivdeilades, wixSzsxial,  aixdafwal,  adxdalalws,
p3adalatad,  adadaSatad,  afallwsxgal, aleilzsabes.

The proof of this lemma is straightforward.

Lemma 3.3.6. The following monomials are strictly inadmissible:

riaSadxel?2l’, viaSedaPal® malada?tal,  xiaSallaial’,
riaSeitelTed, viaSellalal®)  pyaSeilai®ad,  xiaSallaVxs,
r12d2ilrib23,  almoxl®2lf22, m2lzilziTxd, 2lzoxlzlTal
rizdeiteibed,  alzoxllalbal, 2lallzszibzl, 2lzilziz,al®,
oledladalbos, 2lallalbxgad, 2lailalbaizs, zixitadaial’,
oizdalallad,  adalafaialS,  232lafxl023  2ladafalaxlS,
pizsalalfal,  aialafaifzs,  aladalaifrs,  aialal?rual®
pialaialbus,  aladal?r,al, 2ladai?albzs, aialadtmad,
pixladtates,  aladaitagat,  2ladrdtatrs,  afrilasadadl,
r3xPasrizdl, 2ielladz,a?®, a3xPrsaixd,  aiaidrsadal,
3,283 4

TIT5X3T4T.

Proof. We prove the lemma for the monomials u = zyz523 4 25,

7.,.11,.16 4

3.,.4,.11,.17,.4

T{Ty T3 T4Ts.

The others can be proved by a similar computation.

direct computation, we have

U= xi’x%x}fﬂc};wg

3,.2,.9.21 4
+ TITRT3TY T
2, 13,21
+ xixor3” Xy

3 7,.20 .8
+ X XoT3Ty Xy

2 4 1117
T XITT3 Xy

+

+

2,717 12
+ x125T3T, X5

2. .13 18
+ xixor3° 2y

2,13 .18
+ 1251377,

13,18
+ x12023° 24

+x?m2x3 Ty Xy

13,.18 4

3, .12 21
T1T2T3 T

11,.21,.4

2 2
Ty + T{ToX3 Ty Ty

3.4 11_16_5
LT1XoXz Xy Ty

4. 18 13

5 3
Ty + T1ToX3 Ty Xy + X1X5T3 T4 Ty

2,113,176

+ 1250371, Ty

11,.20,.5

5 2
Ty + T|ToX3 Ty Ty

18 ..14,.5

5
Ty + T1T2X3 Ty Ty

16,.14, .5

6 3
Ty + T{ToX3 Ty Ty

3
+ xiTox3 Ty Xy
2 4 3
Ty + T{Tax3 Ty Ty
2
+ x]7XoT3Ty X5

+ T1TT3Ty

+ x125T37, x5
+ 212523 X4
+ X123 Xy

3
+ xixor3" Xy

11 204+£L’

10,.21 4+
7,..25 4+
3,..4,.8,21
4,14 17,3
2,.7,.13,.16
2,17, 14

14 .18

13,.16

3 4.9 21 2
1LoX3Ly Ty

3, ..9,.22 4
TI1T2T3T, Ty

PPt Tel Tl

2.4,.13,.17,.3

3
Ty + T]Tox3° Ty Ty

2,.17,_13 .6

+ 125703 4 Xy

18,13 .4

3
+ xiTox3 X, Xy

14,17, .4

5 3
Ty + T{ToX3 Ty Ty

17,14 .6

5
Ty + T1T2X3 Ty Ty

13,.18, .4

6 3
Ty + T{ToX3" Ty Xy

and v =

By a

+ xi’xgxyx}fwg + 8¢  (u1)+ S¢%(uz) + Sq* (ug)+ Sq®(ug) mod (P (w(1))),
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where

5. 1117 4 5 11,13 8 5. .7,.17,8 5., 9,212
U] = TIT2X3 Ty Ty + T{ToT3 T4 Ty + T]X2X3L, Ty + X]X2X3Ty Xy

5.4..13 13 3 3 13,.13 .8 5.4..11 13 5 3,.4.13 13 5
+ XT3 X, Ty + ] X2X3° T Xy + X{THT3 Ty Ty + T]ToX3° T Xy

813,133 811,135 3. 1118 5 3. 1114 9
+ 2125237 X, Ty + T1X9X3 Ty Xy + X7T2T3 Ty Ty + T{T2X3 Ty Ty

13,149
+ x12023" X, X5,

3,211 17 4 3. 1118 4 6. .7.21 2 3,29 21 2
Uy = TITFX3 Ty Ty + T]{ToT3 Ty Ty + T{X2X3T, Ty + XIX3T3Ty Xy

3,. »10,21 2 3, 19,.22,2 2, 11,212 2, 7,252
+ X{Tox3 Xy Ty + T]X2X3L, Ty + X]X2X3” Ty Ty + T1T2T3Xy Ty

3. 1113 8 3, 11,148 3,.2,7,.17,8 3. ,.7,.18,8
+ XToT3 X, Ty + T]X2X3 Ty Ty + X{TFT3T, Ty + T{T2T3X4 Ty

3,411,136 6,.4,11,13 3 3,411,145 34,13 14 3
+ I3 X7y + X Tox3 X Ty + LT3 Ty Xy + T]XHT3° T4 Ty

3.4 14 13 3 2811 13 3 2 411 17 3 8,11 14 3
+ TIX5T3 Ty Ty + XT3 T Ty + T XT3 Ty Xy + T1X5T3 Ty Ty

2,.11,..13,.10 2, 11185 2, 11,149 5. 11,146
+ 12523 x5 + TIT2X3 Xy Xy + X703 Ty T+ T{T2X3 Xy X,

Uy = x%oxgx;,xigxé + x‘llxgasgxilxé + xi’x%azélx%xg + x%x%x%lx}lgmg
+ xi’xglefm}f’xg + x?x%xélx}f:ﬂg + xlxgx},fle’wg + xlxéxéle’xg
+ mla:gxé?’x}lga:g + a:lx%xgx}l?’a:? + xlxga:?x}fxg + x1m2x§4xi4a:g
+ x1$2$§3$i41'g + $?.’E2$:]§2$}14£Ug + x‘;’xgxélx}fmg + x?xgacé?’x}["xé,

4 1 13,4
ug = x?@x%xﬁajg + x?x2x§x43x5.

Hence, u is strictly inadmissible. By a similar computation, we obtain

3.7, ..20_8 3,74 17 8 3,.7.5..16_8 3,78 17 4
V= T{ToX3Xy Ty + T{ToX3Xy Ty + TIXX3Ly Ty + X7 XL3Ty Xy

3,7.16,.5.8 , . 3.7.17.4.8 , 3.9.2 21 4 .3 9 4 19 4
T X{ToT3 TyT5 + T XT3 TyX5 + T{ToT3TY T + T{ToX3Ty Ty

1 4 2 4 11 20,4 11,1 4
+ a:‘;’xgx?,sxi% + a:‘;’xgx?,oxi’xg) + x‘;’xQ x3x40x5 + x‘r{’xg mSGximg)

3,11, 17 4 4 3,12 . 19 4 3,12 17 3 4 3,14 . 17 _4
+ X725 X3 TyTy5 + TIT°X3Ty Xy + XTXS X3 TyTy + T[Ty T3Ty Xy

3,14 17 . 4 3,174 7 8 317,65 8 3,.17.8..7 4
+ XT3 X3 TaTy + T{Ty T3T4T5 + TITy T3T Ty + TIXy T3T Xy

3,17,9,6, 4 3,18 13,4 3,18 5.5 8 3,18 5.9 4
+ X725 X304 X5 + XX X3X 4T + ] Xy T3T4 X5 + X1y T3T Xy

18 .1 4 1 12,4 19 4 1 4
+ 1:“;’33281"3%43:5 + x?m29z3x4 T5 + $?JE29$3$ZZE§ + x?@ga:gxizz:g)

3,20, .78 3,,20,, 11,4 3,.20,.3,..5,.8 3,.20,.3,.9, 4
+ X7x5 X304 X5 + XTS5 X3X, Ty + T]Xy T3T4 L5 + XT1X5 T3T 4Ty

21,2 4 21 4 21 4 21,4
+ z“;’:CQ x3x21:5 + :E“;’:CQ x%xﬂ:? + :z:“;’a:Q x%xi% + a::fa:Q xﬂim?

3,.24.3 5 4 3,245 3 4 3,25 3 4 4 3,25 4.3 4
+ XT3 X345 + XTS5 X3y T + TITSX3T, Ty + T{X5  T3T Ty

4.7 19 .8 4.7.17.3 8 411 19 .4 411173 4
+ X{XYT3T, Xy + X1 ToX3 TyTs + T{TH T3T, Ty + X{ Ty T3 TyTy

4,19 . .7 8 4,19 . 11 _4 4,193 5, 8 4,19.3.9, 4
+ X157 X3X4 X5 + XT3 X3X, Ty + T X5 T3T 4Ty + XXy T3T 4Ty

4.21.3.3 8 4,253 3 4 5.3.2 .21 8 5.3.2 .25 4
+ XT3 X3 Xy + LT XX, Ty + TITHX3X, Ty + TIT5X3L, Ty

5.3,3,20,8 5.3,3..24, 4 5.3,4.11, 16 5.3,.5.10, 16
+ X513, Ty + X{T5T3T, Ty + T{THT3T,4 Ty + X1X3X3T, Xy
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5.3,8.7.16 5.3,9.616 5.7, 18,8 5.7.2.9 16
+ XIX5T3T45 + T{ToT3T4X5 + T{ToX3X, Ty + T{ToX3X4 L5

5.7.3.8.16 5.7,..18 8 5 .11 18 .4 5.11,.2 5 16
+ XX T3T4 Ty + X\ ToX3" TyTs + TITS T3L, Ty + 1Ty T3T 4Ty

511 3 4 16 5,11,.18, . 4 5,18, .78 5,183,538
+ XT3 X345 + T Ty T3 X4x5 + TITSX3X4 T + LTS X3X4 Ty

5,187, .8 73,4916 73,417 8 7,.3.5..8.16
+ XX X3X4T 5 + L1 THT3T4 X5 + T1THT3X4 Ty + T T5X3L 4T

+1‘735168+1‘738174—|—$739164—|—I752178

1%2X3Ty Ty 1%2X3Ly Ty 1%2X3Ty Ty 1%2X3Ty Ty
7,5.3,.16,8 7.7 16,8 7,.7,.16 8 7,8 7,16
+ X573, Ty + L1 ToT3T,4 Ty + T1ToX3 T4y + T ToX3L4T5

7.8,3.5.16 7,.8,.7.. .16 7.9, 18,4 7.9,2.5..16
+ X X5T3T45 + X1 ToT3T4X5 + T1ToX3X, Ty + T{ToX3T4 L5

7,.9..2.17 4 7,.9.3..4.16 7,.9.3..16 4 7,918, 4
+ X523, Ty + T ToT3T4X5 + T XT38, Ty + T1ToX3 T4Ty

7,11 16,.4 1 2 4 3 -
+xywy w3wy w5 +8q (v1) +5¢7(v2) +S8¢" (v4) +5¢°(vs) mod(Py (w(1y)),
where
3,.7,.. 19,8 3,717,338 3,11 19,4 311,173 4
V] = X7ToX3Ly Ty + TIXoT3 TyXs + 7Ty X3T L5 + X7TH T3 THTy

3,19, .78 3,19, 11,4 3,193 5,8
+ 1257 X3X 4Ty + T{T5 X3Ty Ty + XX T3X 4T

3,,19.3.9 4 3,213,338 3,.25.3,.3, 4
+ 2{x5 X35 + XX T3Xy T + XX T34 Ty

7,13 9.8 7,13,.5.5 8 7,..13,.9 8
+ X125 T3,y + XL X3X4 L5 + LT3 T3X4 T,

37,811 8 3,.7,9..10_8 3,115,108 3,116,938
Vg = X7ToX3Ly Ty + TIXLT3Ty XLy + TIXy T3Ty Ty + T7TH T3T4 Ty

31187 8 3..11_10,5.8 3,14 11,8 3,14 3.9 8
+ XXy X34 X5 + XTS5 Xy TyTy + TiT5 T3TY Ty + T1Ty T3T, T

3,14, .11 8 5,.7,.2,.19 4 5,.7,.18.3 4 5,.19,2.7 4
+ {5 X3 T4Xy + TILHT3TY Xy + T]LoT3" TyXs + T7X5 X3T 4Ty

—|—JJ519364+Z‘522334+Z‘732214+1‘733204

182 L3LyT5 182 L3LyT5 1L2T3%y Ty 1L2T3Ly L5
7.3.4. 716 7.3.5.6.16 7.3.8.11_8 7.3.9..10,.8
T X|TRT3T4 L5 + T XT3T4 X5 + T ToT3Ty Ty + T1ToX3Ty Ty

7.7, .18 4 77,2516 77,3416 77,878
+ T1Tox3%4 Ty + T TQTZTHTE + T\ ToT3T 4T + T{ToX3T4 Ty
7,.7,9..6,.8 77,18 . 4 7.9.2 11 8 7..9,.3..10, 8
+ T1ToT304%5 + X1 X5T3°XaX5 + X1 ToT30,4 Ts + T1ToX3X, Ty

11 11,9 2 11 .1 14
+ x1x2 xgxixg + xeQ x§x4x§ + xeQ x303:4x§ + xzxg mngxg

7,14.3. 5 8 7,147 8
+ X115 X3X4 T + T1T5 X3X4T5,

7,219 4 7..5,.12 7,129 4 7.1 4
vy = x?x2z3$4gx5 + $?x2zgx4 x? + 33?4221:3 J:Zx5 + x?x2$38zix5

3,11, 4 13 4 3,13 4 11_4 3,135,638 3,135,104
+ 2125 X375 + X753 T3 Ty + T{TS"X3T 4T + T{ T T3Ty Ty

1 14, .13 4 3,149 5 4 3,14 1 4
+ x?xfazgxixg + x?@ x3x43x5 + xizs z3$ix5 + xiTs :13331:4335

3,119,274 3,193 6, 4 3,22 3 3 4 5.3.2 21 4
+ 1257 X304 X5 + T{T3X3T,4Tx + TIT5"X3T, Ty + T]X5X3X, Ty

5.3.3,.20 4 534716 5.3.5.6..16 5.7 18 4
+ XIXFT3TY Xy + T{THT3T 4Ty + TITHX3X4 X5 + TIToX3Ly Ty

57.25 16 , 5.7.3.4.16 , 5 7.8.7.8 | 5 7.9 6.8
T X{TT3T4T5 + T]ToX3T4 L5 + T XT3T4T5 + X ToT3X4T5

57,18 4 5115 6 .8 51165 8 514 . .78
+ X{XHT3° X4 X5 + XLy X34 T5 + TITS T3Ty Ty + TI Ty T3T4Ty

514,35 8 5 147 8 11,.3,.4,.13, 4 11,..3,.5..12 4
+ T1T5 X3XyT5 + T{To T3T4Ty + T XT3T4 Ty + X7 ToX3X, Ty
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11,52 13,4 , 11.5.3.12 4 , 115 4 7.8 , 11.5.5 6.8
T X ToT3XL T + T WXL Ty + Ty TpT3TyT5 + Ty ToX3T4Ts5

11,7 12 4 11,7458 11,7548 1,712, 4
+ X7 T3, T + T XX 3Ty T5 + T LoT3T 4Ty + T Tol3” Tels,

37,413, 4 37,125 4 313,474 3,135 6,4
Vg = X1 Lol Ty + TI{ToX3 " XTyTy + T{T5 " X3L Ty + T{To  T3T 4Ty

314,55 4 7.3..4,.13 4 7.3,5..12 4 7.5..2,.13 4
+ XXy X3X4 X5 + L1 ToT3T 4 Ty + T TX3X4 Ty + T ToX3L,° Ty

75,312, 4 7..5,.4,7.8 7,.5,.5,..6.8 7.7, 12,4
+ T1ToT304 Ty + T ToX3X4 X5 + L1 ToT3T 45 + X1 XL3T, Xy

7..7,.4..5.8 7.,.7..5..4.8 7,.7.,12,, 4 7.8 .78
+ X1 XT3T4 Ty + T XX 3L, T + T ToX3 Loy + T ToX3LH L

7.8,.3,.5.8 7,87, 8
+ T ToT304 Xy + X1 XT3T4T5.

Hence, v is strictly inadmissible. The lemma is proved. ([

Proof of Lemma 3.3.3. Let x be an admissible monomial of degree 39 in P5+
such that w(z) = w(yy. Then # = Xy; jyu? with 1 <4 < j < 5 and u €
PB5(2,2,1,1).

Let y € %5(2,2,1,1) such that X{i’j}yz € P, By a direct computation
using the results in Subsection 3.2, we see that if X{i)j}yQ # dsor, Vk, 1 <
k < 485, then there is a monomial w which is given in one of Lemmas 3.3.4,
3.3.5, and 3.3.6 such that Xy; ;1y° = wy? with y; € Ps, and £ = max{r € Z
wr(w) > 0}. By Theorem 2.7, X{i,j}yz is inadmissible. Since z = X{m}u2
with u € %5(2,2,1,1), and x is admissible, one can see that x = dj, for some
k, 1 < k < 485. This implies %7 (w(1)) C {dy : 1 < k < 485}. The proposition
follows. (|

Lemma 3.3.7. %5(w(2)) = %5 (w(2)) = 0. This means QP5 (w(a)) = 0.

Proof. Let z be an admissible monomial in P such that w(x) = w(2).- Then
T = X{i’j}yQ with 1 <i<j<5,and y € %5(2,2,3). By a direct computation
using the results Proposition 3.2.2, Theorem 2.7, and Lemma 3.3.4(i), (ii), we
see that x is a permutation of one of the monomials:

Brdafelel®,  olateladelt, wledaleloeld, olalefeliel?,
wizdafeiest,  afedafei’ry, wiafefeiles®, aiadafzifng?,
wirdalaes®,  airdafairs®,  z{alafaiel,  wiafaglziad,
15,.3,.5,.8,.8

r1°THr3TITE .
A simple computation shows that
3,589 14 _ o 1( 5 5 5 22
aizdaiziest = Sq* (}adwsalai?)
2(,3.5, 6,22 3.5 2522 36 5 22
+ S¢° (ziadwsales® + aizswialed” + vivgwsaias’)
4(.3 5 4 9 14 , 3.5 8 5 14
+ Sq (x1x2x3x4x5 + rir5T50, T )
8(,3.5,4 5 14 -
+ S¢° (zi23x52525") mod(Py (w(2))).
37.5,.8,.9,.14 _ -
Hence [v{23757375 |w, = [0]w,,- The others can be proved by a similar
computation. The lemma is proved. ([
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The following lemma is an immediate consequence of Lemmas 3.3.4(i), (ii),
and 3.3.5.

Lemma 3.3.8. We have %B5(w3)) = B (w)) = 0. Consequently,
QP (w) = 0.

Lemma 3.3.9. The space QPs(w(4)) is spanned by the set {[dy]w,, : 486 <
k < 604}, where the monomials dy, are determined as in Subsection 4.4.

Lemma 3.3.10. The following monomials are strictly inadmissible:

rzdelzelf2l® rialadalf2l® 22l2i02321°) 2221021922
wlwondwifxl®, alaeri®232l% 2lwoxi®xl®22, xiadalzilal®,
mrdrdoitael®, wpaledlaedald, pialeilelSal alegaiallal®,
vlzoritadzl®  alroxllal®z?, 2lzllzzxizl®, zlzilzszlfzl
rzdala20ad,  rialria®ad,  pala®a3xd,  xiala2Badal
7.2 26,3 7, .96,2,.3 7, .96,3,.2 7,.10,3,.18

RN e TR Sl e S Sl e e T Tl oy
T1XHT3 T40X5, T{Talz TYTs>, T{TaX3 L Ty, LTy T3 TiTF.

Proof. We prove the lemma for z = x1232521%21°. The others are proved by a

similar computation. By a direct computation using Cartan formula, we have

1 2,75 23 2,.9,3,23 2,.7,.3,.25 4,.7,3,23
x =8¢ (m1x2x3m4x5 + 2125230405 + X1T53T3T4 5 + T1ToT3T Xy

+ I%QS‘QI;IZIES) +Sq? (x%x%x%xix?s) +Sq* (xlmgxélxgxés + xlxgxgxixgs)
+8¢° (wm%x%xim}f) + zrz3aSeied” + vya32laie?® mod(Py (way))-
This equality implies that z is strictly inadmissible. The lemma follows. O

Proof of Lemma 3.3.9. Let x be an admissible monomial such that w(x) = w(y).
Then, x = X{M}UQ with u € %5(4,1,1).

Let y € %5(4,1,1) such that X{i’j}y2 € P". By a direct computation
using Proposition 3.2.2; we see that if X{i,j}yQ # dy, 486 < k < 604, then
there is a monomial w which is given in one of Lemmas 3.3.5(i), (iii), 3.3.6,
and 3.3.10 such that X{iyj}yQ = wy%g with suitable monomial y; € P5, and
¢ =max{r € Z : w.(w) > 0}. By Theorem 2.7, X{i’j}yQ is inadmissible.
Since z = X{iJ}uQ with u € %5(4,1,1) and x admissible, one gets © = dj, for
some k, 486 < k < 604. This concludes the proof. O

Lemma 3.3.11. The space QPs(ws)) is spanned by the set {[dy]w, @ 605 <
k < 609}, where the monomials dy, are determined as in Subsection 4.4.

By a direct computation, one gets the following.

Lemma 3.3.12. All permutations of the following monomials are strictly in-

admissible:

610,11 11 7,.10,.10,.11
T1ToT3 Ty Ty, T1Tox3 Ty T .
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Proof of Lemma 3.3.11. Let x be an admissible monomial such that w(x) =
w(s)- Then z = zivjrey? with 1 <i<j<f<5andye %5(4,1,3).

Let z € %5(4,1,3) such that z;z;202% € Ps'. By a direct computation using
the results in Subsection 3.2, we see that if xixjxgzz 2 dy, 605 < k < 609, then
there is a monomial w which is given in one of Lemmas 3.3.5(i), (iii), 3.3.6,
and 3.3.12 such that ximjngQ = wz%r with suitable monomia z; € Ps, and r =
max{s € Z : ws(w) > 0}. By Theorem 2.7, z;z;z¢2* is inadmissible. Since
T = a:,»xja:gy2 and x is admissible, one gets x = dj, for some k, 605 < k < 609.
This implies %5 (w(s)) C {di : 605 < k < 609} O

Lemma 3.3.13. The space QPs(w)) is spanned by the set {[dy]wg @ 610 <

k < 649}, where the monomials dy, are determined as in Subsection 4.4.

Lemma 3.3.14. All permutations of the following monomials are strictly in-

admissible:

3,6,14,15 3.5 2 14 15 3 13 2 6 15
TITHT3T, Ty, TIToTZT, T5°, TITo T3X4Ts .

Proof. We prove the lemma for z = x 232523215, The others are proved by a

similar computation. A direct computation shows that

3,.6,.14 15_Sq1(

T1THT3T, Ty =

2.9.5
+ XITRT3T4 T

T1THT3T,° T

3,.6,.13,.15

2,.3,6,.11,_15

+ S¢? (x1x2x3x4 T

+Sq4(

+ 1751371425

7,15, .4.3.5.11, 15, 4.3, 9.7 15, 4.9 3 7 15
+riror30 T+ +x

2310715)

3,.12,..7,.15

+ TITRT3 Ty Ty

zizdaaizt®) mod(Py (ws))-

Hence z is strictly inadmissible. The lemma follows.

+x

1L2L3TyT5

4,123,715
1L2 T3L4 Ty

Lemma 3.3.15. The following monomials are strictly inadmissible:

3.,.14,.7,.14
LL‘1$25L‘3 .’I/'4./L'5 1)

3,52, 14 15
TATETa TSy
L1Lol3 " Tyls",

15,.3,..5,.2,.14
L1 LT3y xs",

3,5..6.11,.14
L1ToT3TLy L5~

3,5..7,.10,.14
L1LaT3Ly L5~

3,.5,.14,.7,.10
TILXX3 " Ty L5~

3,.13.6,.7..10
TIT"T3LyTs~,

7..9,.3,.6,.14
L1 TT3L4 L5,

$1$§$§4.’L’4114.’17g,
wajasliald,

3,.15,.5,.10,,.6
iy Y
T S
LiLoX3 Ty L5~ ,
3514,,10,.7
5

L1TT3 Ty T,

3,.13,.6,.10,,.7
TIT" T3 Ly Ty,

7.9,.3..14,.6
T{THTZ3LL T2,

3 14,.7,.14
T1X2T3 T yTy",

3,514,215
LiToX3 Tyls5",

3,155,214
LTiLo L3LyTs5",

3,.5,.6,.10,.15
L1LoX3 Xy L5~

15,..3,5,.6,..10
L1 " XL3Tyls5",

3,514,611
LTS TS
LiToX3 Ty,

3,514,314
L1LoX3 " Tyls",

15,.3,.13,.2, 6
Ly XLz~ Ty Ly,

3,137,214
LTy L3TyT5",
3,.13,.6.,.6,.11
L1l L3LyT5",

3,.13.7,.6,.10
LIT"X3TyT5",

3 14,.14,.7
T1X2T3°Ty Ty,

3,514,152
LiToX3 Ty Ty,

3,15.5,.14,.2
LiTo X3Ly Ty,

3,.5,.6,.15,.10
L1LoX3Ly L5~

15,..3,.5,.10,.6
Ly " XLaX3Ty Ty,

3,514,116
LiToX3 Ty Ty,

3,5,.10,.14,.7
LTiToX3 Ty Ty,

3,514,143
L1LoX3 Ty Ty,

15,.3,.13,.6,,.2
L1 " XTX3" LTy,

3,137,142
LTy T3y Ty,
3,.13,.6,.11,.6
L1y T3y Ts,

3,.13,.7,..10,,.6
LIT"X3Ty Ty,

1L2L3Ty L5
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Proof. We prove the lemma for the monomials z = z$z3xSz}lait, and y =

lzdx3aztt. The others can be proved by a similar computation. By a direct

computation, we have

1(,3,..6..511 13 3,.5.3.13 14 3,.5..6.11 .13 3,.6.9.7 .13
xr=5q (x1x2z3:£4 T5” + X]XX3T, Xy + TI{ToT3X,4 Ty” + X7TX3T,4T5

3,.10.5,.7,.13 6,.3,5..11,13 6,.5.3,,11,13
+ 1Ty X34 5" + X{X5X3T, T5” + T{ToT3T, T )

2(,.3,5.3.13 13 3,.6,.3 .11 14 3,.3,.5..13 .13 3,.3..6.11 14
+ Sq (:1719:2x3:174 T5” + X7XX3T, Ty + TITRX3X4°T5" + X]XT3T, Ty

535 717, 539 713, 539 9 11 , .5 5 3 7 17
T XITRTT4Ts + T1XRT3T4 X5 + T{XT3L4 X5 + X[ ToT3T4T5

5.9.3.7.13 5.9.3.9 11
+ X{ToT3T,4057 + TITHT3T 4Ty )

4(,.3.5.3,11_13 3,.9,.3,.7,.13 3,.5,3,.7,.17 3,3,.5.,11 13
+ Sq (x1x2x3w4 T5” + X7X0523T,T5° + X7X5X3T,45 + X]XT3T, Ty

3,.5..6.7.14 3,.3.9.7 .13 3,.3.5..7..17 3,.3..9..9 11
+ X1XT3 4T + TTTHX3T T + TITHX3T4 X5+ TTTHTRT T
3.9.3.9 11 3,.5,.3,.14 14 3,.3.6..13 14 -
+ ziwyaiairs') + aiadaie et + aladafe’ 2l mod(Py (w)))-

This relation shows that x is strictly inadmissible.
By a similar computation, we obtain

1 1 1 11 11
y =9S¢ (xza;;xgxixf + xzx;xgmgxf + xe;xgxi% + xe;xgxi%

3,.7,,9..6,.13 3,.7,5,10 13 7,.9,10.5, 7 7..9,.5,.10,7
+ TIXT30425° + TIXT3T 4 T5” + X1 ToT3 Ly + T1ToT3Ly Ty

12 12 12 12
+ x{xg a:gximg + xzxgx:), ximg + x{xg x%ximg + x{a:gxgm mg

7.,.3,12.9 7 7.,.3,9,.12 7 7,.3.,12.5 11 7,.3.9..6.13
+ 2125237305 + T X307 T5 + T1X5X37 X, TT + T XoT3X 4Ty

7.3..5..12 11 7,369 13
+ X X5T30, X5 + T X5T3T, Ty )

2(,.7,3..6,.7,.14 3,.11,.3, 614 3,.7,3,,10, 14 7.,.7,6..6. .11
+ Sq (x1x2x3x4x5 + XI5 X345 + XTTHXT3Ty Ty + T ToL3T4 X5

3,116 .6 .11 7.,.3,1010 7 7..3,.10 6 .11 7..3..6..10 11
+ XX X345 + T XT3 Ty Ty + T ToT3 TyTs + TiX3X3T, Xy

7.7.3,.6.14 7..10,..3.10..7
+x )

7..10,.10,.3
1T2 T3Ly Ty

7
T X Ty X3 TYT5 + T TT3T4 X5

4 14 11 1 11
+ Sq (x‘;’mgschgarg) + xi’m;xgxgarg) + x‘;’m;xgxf{arg)g + xy xga:gxixg)

8(..7,.5,.6,.6,.7 7,.3..9,.6 14 7,.3..6,.9 14 3,133, 6 14
+ Sq (x1x2m3x4x5) + 125230425 + T1X5T3X4T5 + TIXTX3L4 Xy
3,13 6.6 11 -
+ xyxy rzr s mod(Py (we))-
Hence, y is strictly inadmissible. The lemma is proved. O

Proof of Lemma 3.3.13. Let = be an admissible monomial such that w(x) =
w(e). Then z = zxjzey® with 1 <i<j<{l<5andye€ Bs5(4,3,2).

Let u € %5(4,3,2) such that z;z;7,u? € Pi. By a direct computation
using Proposition 3.2.2, we see that if $i$j$gu2 # di, 610 < ¢t < 649. then
there is a monomial w which is given in one of Lemmas 3.3.5, 3.3.6, 3.3.14, and
3.3.15 such that xixjxgug = wu% with suitable monomial u; € Ps, and r =
max{s € Z : ws(w) > 0}. By Theorem 2.7, z;x;x,u? is inadmissible. Since
r = z;x;x0y%, and x is admissible, one gets @ = dj, for some k, 610 < k < 649.
This implies %5 (w(s)) C {dk : 610 <t < 649}. O
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Proof of Proposition 8.3.2. From Lemmas 3.3.3, 3.3.7, 3.3.8, 3.3.9, 3.3.11, and

3.3.13, we see that the space Kel’((g\q/g)(g,,gg)) N (F2 ®. P5' )39 is spanned by the
set {[dg] : 1 <k < 649}. Furthermore, the set {[di]: 1 <k < 649} is linearly
independent in (Fy ®. Ps)3g - Indeed, suppose there is a linear relation

8§ = Z ’kak = O7
1<k<L649

where 7 € Fa, for 1 < k < 649. We explicitly compute p(;;1)(8) in terms of
the admissible monomials in (P4Jr )39. Computing directly from the relations

p(i;[)(s) = 07 V(Zal) € N5a é(I) > 07
we obtain 7y, = 0 for all k. The proposition follows. O

Recall that dim(Fa ® o PY)39 = 915. Hence, from Theorem 3.1.1 and Propo-
sition 3.3.2, we get dim(Fs ®4 Ps5)3g = 2130. The main result is completely
proved.

4. Appendix

In this section, we list all admissible monomials of degrees 18, 39 in P, and
P5. We order a set of some monomials in P; by using the order as in Definition
2.4.

4.1. The admissible monomials of degree 18 in Py

P4(18) is the set of 126 monomials:

1. xzxga:f’ 2. Jfgl‘ésﬂfi 3. mgxgx}f 4. $2$%4$Z

5. r3rzwit 6. x3zy® 7. xidad 8. z3xld

9. x3z1® 10. z3523 11. 23523 12. zozSxl!
13. zozlx}® 14. x8z32° 15. xfz it 16. zlzi!

17. 2lxi! 18. z3xi32? 19. 2323250 20. w3x3xl?
21. x3dxz23 22. xyxixld 23. myxiPrd 24. ryz3xld
25. ryziald 26. x1z’x] 27. xyxdPad 28. ryzixlt
29. zyxitad 30. a3zl 31. a3zl 32. myxitad
33. myxitad 34. zyaz it 35. zaSxit 36. zyaSzit
37. xyalal® 38. myxdal® 39. xqaxdxll 40. xywoxieit

41. mywoxitel 42, myadeszlt 43, vyadtaza? 44, vadalPal

45. xywox§rl? 46, zaSwsxi® 47, xiadadxl? 48, xyxdxitad
49. zya3riei?  50. xyxdri?a? 51 zyxdxiell 52, myxdadxl®

53. z1x3xi2f 54, maladad 55 xiadxial® 56, zyadafal

57. xlwgmgx}f’ 58. xla?%xgxf’ 59. a:lxgwé?’m 60. ZC1.T2.’L’3!L‘}15
61. viwoxidry 62, myaiPwzzy 63 ziadadal 64, xyxdalx]
65. zixoxir]  66. vyzlrizd 67, xiwzxit 68. z3xowlt
69. r3roxit 70. 3zl® 71. 23xld 72. p3xld

73. 23xi3a3 74. 323323 75. iwidad 76. 2325210

77. 23x52}0 78. 23253230 79. izixl? 80. z3x3x}?
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81. z3x3zi? 82. w3xoxixl? 83. ziwqzi?a?  84. x3xomixl®
85. wizoxal  86. xiajriat 87. wizdxiat  88. ziafafa?
89. x3xoxsry®  90. 23wowidyy 91. a3ziPwszy 92, 23woada
93. r3x3xaz? 94. 132529 95. 13 7.7 96. 3 7 7

. TIT5T3TY . T{TIT3Ty . T T2XSTY . T{THT3TY
97. 23xlaxlry,  98. x3zdxda] 99. z3x3zlxi  100. 2ixdzia]
101. 23x5zlad 102, x3zledxl 103, 23xlzixd 104, 232352

- L1 XT3Ty - L3TT3Ty - L1 XaT3Ty - L3XL3Ty

105. 2x32®  106. 27zow)° 107. 2720230 108. 27zi!
109. z]xi! 110. 27xd! 111, 2Twozdaf 112, alaexda]
113. 2lwozlad 114. 27zdzsz] 115, aladzlz, 116. 2]zlzszd
117, 272la32, 118, 2723232y 119, 2lxdalad  120. 2152322
121, 21%m023 122, 2152923 123. x1%23 124. 21523
125. 1°23 126. x15x9z374.

4.2. The admissible monomials of degree 18 in P;

|
= 450, and B (18) = %7 (2,2,1,1) U B7(2,2,3) U B (2,4,2) U B (4,1, 1)U
B (4,1,3) U B (4,3,2).

$F(2,2,1,1) is the set of 25 monomials:

1. myzexdzial® 2. myzoadwi?a? 3. xiadzaaiai? 4 myadasziial
5. zlasgxézxﬂ:% 6. $1£E2$§$3I%0 7. xlxgxgmﬁxéo 8. z1x§x§z4x%0
9. zywoxiaiad 10. zy@oxlaiad 11, zy23wza§ad 12, zyaSwsaiad
13. mya3zfaiad 14, xqadadafa? 15, xadaizial  16. ziadzdalal
17. ppasoicial 18, mpadeiafa?  19. adwoadaiad 20, afxeriziat
21. a3zoxiata? 22 myxdadaiad 23, wiadaiafad 24, adxdxgaiad
25. zyx3riwiTd.
$F(2,2,3) is the set of 15 monomials:
24,47 2,.4,.7,.4 2,7 44 7,244
1. zyxiasayxs 2. v1x50304Ts 3. X1X5X5X5 X5 4. mxsziTy TS
5. xlzerdzird 6. myxdxiziad 7. ziw3xiaiaxd 8. x1w3ziala
9. myzdriziad 10, myadziabad 11 zlxg’xg:rﬁxé 12. x3zoxiziad
13. 23zoxialad 14 2dwoaSalxd 15, 2ladaiatad.
BF(2,4,2) is the set of 10 monomials:
5 D)
1. myzdadalal 2. zyadrdalat 3. wxdalatad 4. xyaxda§ala?
5. 23zex3xal 6. ziwoa§aiad 7. 23xoxSaa? 8. xirdaiadaxd

3.,5.52,.6,.2 3.7.5,.6.2,.2
9. xyzyrsraes 10, ziwsrsTiTE.

B (4,1,1,1) is the set of 40 monomials:

1. z1x2x3:174x%4 2. I1I2I3$4114£L'5 3. x1z2x§4x4x5 4. x1x54x3z4x5

5. x1zew3ziwt® 6. ximoxdzyxld® 7. myzexdalPrs 8. myadmswsal®
12

9. $1$%$3$}13$5 10. x1x§x§3m4x5 11. xlxgxgxix},Q 12. x1x2x§$4x5
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3,12 3
1? méx2x3x4 :gg 14. x1m2x3m4x%2 15. xlxgxgx}fxs 16. m1x§x§2x4m5
) ) 3 12
xlxgxdxga:g 18. zizoxsr“xs 19. x§$2x§2x4x5 20. xlxgxgxia:g
;1. xlsr:%xgxixg 22. myzdadrax) 23, myxdadalrs 24, xywoxiaiald
5. 11T Srivyad
o :1)) 2x3x4x8 26. xé%mixg% 27. masxiaies  28. aiwozzaird
. x
o 1x§x§x4mg 30. x1x§x3x4x5 31. myzoxiziad 32 xyxdzzadal
. 4 8 4
- xéxzxg:chf) 34. méx2w§x4x5 35. 2iwqzsriad 36 iroafwyad
. T T2X3TGT Swyzaad Sr5xgad
Sroxdalrs 38, w3adwawaad 39, adxdzsxfrs 40 2ixdabwaws.
BT (4,1,3) is th i
- (4,1,3) is the set of 10 monomials:
2,555 3,45
1. m§x2x2x4x5 2. miwsraxed 3. myxdaiatrd 4. myaxdadadad
5. x3woxiaial 6. xizoxiwiad 7. d3woxdaiat 8. xixdxswiad
3.5, 54 . e
9. x3zdrsaird  10. x3adafzyad.
JF . .
P (4,3,2) is the set of 180 monomials:
277 7,27
1. x1x§x$m4x? 2. 1T2T3T5T5 3. T1Ton LTl T 4. xyxirzrirl
o. xlxgmgmx? 6. T1rixiiTs 7. xywhrsaial 8. ryxsxsriTd
9. T1757 rrsxy : .
" 172 3954?57 10. m%x2x3x%w5 11. m1x2x§x4x§ 12. xlxgmgxim
. T{T2T 2 Twoa?
o 1 2 ?ng 14. x%xgxgx%% 15. wlwoaizywl 16. xixoxialrs
; . xlxzxgaréx? 18. zyzozsxizs  19. xzx;xgmxg 20. 2T xlzsxlxs
3,76
2; xlxzx:;azgxg 22. rixoxzTeTs 23, mlxgxgzixg 24. xlxgxngzg
[ g 7,63 3. .6
" 1 ;2>, : 41'? 26. xlxgxga:%% 27. m1x213x4xg 28. xlxgzgxlxg
. xlx%xgmgx? 30. zyadalalas 31, xyaialasad 32. zyrsaiades
6. 7.3
33. xlmgx?%% 34. r1x9x3T4TE 35, xlxgmgmxg 36. mw%xémlxs
6,.7,.3
37. xlmgxgmwg 38. myaSeixies 39, myxdrsaial 40. vy xdrsasad
7,.3
41. xéxzxi;:vgx? 42, xyaxdeiales 43, xiaiaSa,a 44. xyxiaSadas
3 7,.6
45. xéxgxguxg 46. a3rowswial AT, adwoaSasxl 48, adwoaSalas
3, 7.6
49. a:%xgx?,xéxg 50. x%x2x3x4x5 51. airsrsryal 52. xi’xgxgxgxg,
6,.3
53. x%xﬂgﬂ?ﬂ?g 54. xyxox3T Ts 5. xzxgxgmxg 56. xzmga:gxg%
7. 6.3
o7. $1x§x§$§x§ 58. r1xox3TyT5  O9. mzxgxguxg 60. 2T x3z325zs
2,375
2;) zlx%x%z%xg 62. r1x5x3T075 63, mlxgscga:ixg 64. :le%wgoslxg
R g 2,753 3,25
o 1 2% %x? 66. xlxgxgxéxg 67. vyx5riaial 68. zyr3riTs Tl
. T1XT5T3TLT 70. x Sxlalad
ol 2057405 1x$mgazéx?’ 71. x1x$x3x4x5 72. zyrhaiaad
. T1THX3T Sl
o %, 205 éx? 74. xéxngacéxg 75. wywhririTd 76. Ty xsrseiad
. :v%xgx%:v%xg 78. wlxoxixiad 79, adwoxdaial 80. a3xoxirlal
3 75,2 5
81. xéxgx%x4x? 82. aiwowixiat  83. wlxSasainl 84. a3adrarial
3,.5,.2
85. x%xgw?,xgxg 36. x1x2x3x1x5 87. x:fa:gx;masg 88. wiadririTs
89. 2307 pa 3,7, 15,2 3,75, .2
o 172 g gxg 90. m%xgxgxéxg 91. xix9x3T4T5 92. x?m%x%xi%
97. x%xgxgazgxg 94. m%x2x3m4x5 95. xlxoxiaial 96. xlxoxiaia?
T3 3. 5.2 7,35
o 1 233§4f57 98. xlxgxgx$x2 99. x1x2x3m4x§ 100. I’I$§$§’Ii$5
L T1THTZXLT Swariel
X 1 205475 102. xlxgxgxi% 103. zyadzzaial 104, myadaiaiad
05. xémegxﬁx? 106. x1x2m3x4x§ 107. xlxgxgxixg 108. mlxgacgmixg
109. w3woxiaial 110, 2izoaialas Swoxiadal
1 1 2 54l 112. x%xgx;%xﬁxg 111. x%x2x3$4x5 112. a3zpxialad
. T T2TTYT . Sraxjal
1T2T3T T Diroxirird 115, adadrsaial 116, adadrsalal
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117.
121.
125.
129.
133.
137.
141.
145.
149.
153.
157.
161.
165.
169.
173.
177.

4.3. The admissible monomials of degree 39 in Py

P4(39) is the set of 225 monomials:

3,.3,..4 7
561.%‘233331‘4.%‘5
wixdrsair:
ol zpadaiad

rlrdair,as
ryririaiad
xSl
roxdaiad
w3rdraaiad
r3rirawind
wixdaSeywd
P
wirdadaial

wirdadadas
w3ryrsaial
w3ryalegad

7,34, 3
T1THT3T4Ty

7,.31

1. zox3xy
5. 2307229

2T3Ty

9. (E3 31,.5

13.
17.
21.
25.
29.
33.
37.
41.
45.
49.
53.
57.
61.
65.
69.
73.
e
81.
85.

2T3 Ty
falla?!

153 21
Lo T3Ty

xlxgxgmil
xllfgl‘gol‘z
xlzgxédxi?’

rirsriadt

rywhried’

xlx;xéoxil

rio3taia]

3,531
T1T324

118.
122.
126.
130.
134.
138.
142.
146.
150.
154.
158.
162.
166.
170.
174.
178.

D. V. PHUC
elrdviaies 119 adadrlirixd
x?x;xgxixg 123. adwladz,as
mzxgxgxﬁxg 127.xzx§x3xix§
mzx§$§m3x5 131. zyririxsal
xlxgxgxgxg 135.m1x§xgxixg
ryaSeiaiad 139, aizeaiadad
wiwonialal 143, aizealaiad
p3xdrsalal 147 prdriryad
w3xdasaled 151 adadrde,al
w3rSaSades 155, adadadaiad
wixSaialed 159, atedrieial
rixdaseirs 163, aiririaial
mfxgxgmﬁxg 167.m§x§x§zix§
xfx%xngxg 171.m?x3x§z4xg
x§x§x§x2x5 175.x§x;x§x4x§
xzm§x§x2x5 179.x§x§x§xixg

15,.23

2. woxs° Ty
6. 313,23

10.
14.
18.
22.
26.
30.
34.
38.
42.
46.
50.
54.
58.
62.
66.
70.
74.
78.
82.
86.

20
ToL3Ty

7.27.5
Lol3 Ly

l‘1$2$gl‘20

1‘1$2$§1LE2
1‘1:C%I§5I21

rr3ria’

rr5ries?

mlxga:glm
xlx;xgacig
l‘l.ﬁ;x;’ll‘io
1‘1$;$§1
x1x55x33
$1$§5$§2$4
ZL’1£E§’0£L'§.’E4
xlxg’lxgxi

232502

31,.7

3. wax3 Ty
7. @315 21

11.
15.
19.
23.
27.
31.
35.
39.
43.
47.
51.
55.
59.
63.
67.
71.
75.

2T3 Ty

$1$2$§4$i

rysaiest

TxSri e

ryrsrdt

rywse§a®

120.
124.
128.
132.
136.
140.
144.
148.
152.
156.
160.
164.
168.
172.
176.

180.

rirlirirs
rirlaiaias
rirsrsrial
ryrariried
rrirSeiad
w3roxdalad
3roxSaied
3rdriales
3rsriales
N
I
rirdriaial

rirdadaiad
w3riadales
w3rlriaies

3,435 3
TITHTZL4 T

2,..7,.29

. 1‘1$21‘31‘4

3,.7,.28

. T1THT3TY

3,.15,.20

. X153 Ty

3,.31,.4

L XT1THTE Ty

6,.11 .21

. 331.%'2$3 56'4

7 30

- L1ToT3Ty

7,.7,.24

. l‘1$2$3l‘4
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3,29 .7
89. w3 3y

6,.29

3
93. w31y

14 .21

3
97. x{xox3 T}

101.
105.
109.
113.
117.
121.
125.
129.
133.
137.
141.
145.
149.
153.
157.
161.
165.
169.
173.
177.
181.
185.
189.
193.
197.
201.
205.
209.
213.
217.
221.
225.

4.4. The admissible monomials of degree 39 in P;

3.4 31
Ty
T T3 Ty

3.5.2 29
L1 ToT3Ly

xi’m%gxgx?f
SC?IIJ%?)I%B
23222

3,29 .6
1T T3Ta

ol oxa®

7,38 21
T
X573

77,916
T1LoT3Ty

3,315
90. ziz3 73

7,.28

3
94. x{xoTaTy

15,.20

3
98. x{zow3° Ty

102.
106.
110.
114.
118.
122.
126.
130.
134.
138.
142.
146.
150.
154.
158.
162.
166.
170.
174.
178.
182.
186.
190.
194.
198.
202.
206.
210.
214.
218.
222.

3.4.3 29
L1ToX3Ty

3,53 28
L1ToX3Ty

wiadall s

232]ads

23adlad
2]wbled!
mzxgxgacio
J}I.’L‘gxgl‘?f
$I$2$§7$j
1?11‘3:83:1328
2{wade
2wl
xzx§x§4x4
e
2lwdTa]

2Pade?!

4 31

3
91. zizox32y

12,23

3
95. ziwow3 T

28 .7

3
99. xixox3 Ty

103.
107.
111.
115.
119.
123.
127.
131.
135.
139.
143.
147.
151.
155.
159.
163.
167.
171.
175.
179.
183.
187.
191.
195.
199.
203.
207.
211.
215.
219.
223.

34725
T T3y

356,25
L1 ToT3Ly

23230213

3,31,..5
s o
T1T3Ty
2122723

ri w3’

.’131.1‘2]}%0334

7,0 24
T1LoT3Ty

5,.30

3
92. x{xox37y

100.
104.
108.
112.
116.
120.
124.
128.
132.
136.
140.
144.
148.
152.
156.
160.
164.
168.
172.
176.
180.
184.
188.
192.
196.
200.
204.
208.
212.
216.
220.
224.

iadale?

3,329 4
TI1THT3 Ty

x‘;’xgxgxio
R
23230274
I‘i’.’l};l‘g$ig
232700020
23r132
$§$é3$§21‘4
231521
232295874
xi’x%lxgxﬁ
2123220
(EILE%IZLA
I‘I.’I,'Q.’L'g$ig
Z‘I.’Ilgxélxio
$I$2$§1

ey
2ol g2
le'%?l’gxi
m{x%lxg
IPJJQ.’E?E
Z‘%5$2l‘§21‘4
2laded!
e
13%11321’3562

We have %5(39) = 22(39)Up(%B5(17))U (%’;(39)ﬂKer((g(/Jg)(&gg))), where
$(39) = ®°(B4(39)), |2(39)| = 915, |p(PB5(17))| = 566 with

@ : P5 — P5, QD(U) = $1$2I3.’E41‘5U2, Yu S ])57
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—~0
and B (39) NKer((5q,.)(5,30)) = B3 (w(1)) U BT (wia)) U BT (wis)) UL (we))-
Here w(l) = (35 27 27 17 l)a w(4) = (35 47 17 1a 1)5 W(S) = (37 47 17 3)7 W(G) = (37 47 37 2)

ﬂg(w(l)) is the set of 485 monomials dy, = dsg i, 1 < k < 485 :

6_30
1. z1z22374T5

30 6
5. T1T2T3 T4Ts

30 6

2. x1X2T3T4 T3
30 6

6. x1x2T3 T4T5

6 30

3. T1X2T3T4T5
6 30

7. T1X2T3X4T5

6 30

4. x1T2X3T, T5
6 30

8. T1x2x3Ty Ts

30 6 30 6 14 _22 14 22
9. T1x5 T3T4T5 10. 2125 37475 11. z1x2w37Ty x5 12. z1x223 TaTH
14 22 14 22 14 22 2 4 31
13. z1x223 x4 5 14. x125 T3xaxs 15. x1x5 325" T5 16. z1x223T475
2 31 4 31 2 4 2 4 31 2 31 4
17. x1z2237y X5 18. z1x223 THT5 19. z1x523T 475 20. z1z3T37y T5
2 4 31 2 4 31 2 31 4 2 31 4
21. zzoT374T5 22. x1x5T374 T5 23. x125T3 T4T5 24. x1X523 T4 Ts
31 2 4 31,2 4 31,2 4 31 2 4
25. x1x5 T34 TS 26. x1T5 T3T4T5 27. T1x5 T3X4Ts 28. X1 T2T3X1Ts
31 2 4 31 2 4 2 530 2 30 5
29. x1 T2x374T5 30. x7 x2w374T5 31l. z1x2x3T4Xs 32. T1x273Ty Ty
30,2 5 2 530 2 305 2 5 30
33. T1x273 T4TH 34. x1x503T4X5 35. x1x523Ty T§ 36. T125T3T4Ty
2 5 30 30, .25 2 629 2 29 6
37. x1x53T3T8 T3 38. 175 T3TLTS 39. z1x2x3T40E 40. x1x2137] T3
6 2 29 2 629 2 29 6 2 20 6
41. x1x2T3TL4 T 42. x1x53T3T405 43. r1x53T3T4 T5 44. x1x5T3 T4T5
2 29 6 6 2 29 2 7 28 2 28 7
45. x1x5T3 T4T5 46. x1x2T3T4TE 47, r1x2x53T4 X5 48. x1x2T3Ty T3
7 2 28 2 7 28 2 28 7 2 7 28
49. x1x2T3T4TH 50. z1x5T34T5 51. x1x3T374 T5 52. T1T5T3T4T5
2 7 28 2 28 7 2 28 7 7 2 28
53. x1T5T3%, T5 54. x1x5T3 T4T5 55. x1x5T3 xT4T5 56. T1ToT3TLTS
7 2 28 7 2 28 7 2 28 7.2 28
57. T1Tox3T4T5 58. x1xoT3Ty T5 59. xixoT3TLTS 60. xix2T3T4T5
7 2 28 2 12 23 2 12 23 2 12 23
61. xix2x3T] T5 62. x1xT2T374 T3 63. x1x53T37T4 T5 64. x1x513 T4TH
2 12 23 2 13 22 2 13 22 2 13 22
65. x1xZT3 T " X5 66. x1xT2T374 T3 67. x1x5T37T4 T3 68. x1x5313 T4 TH
2 13 22 2 14 21 14 2 21 2 14 21
69. x1x3T3 ) X5 70. x1x2T374 T5 71. x1x203 THTH T72. x1T5T3%4 T5
14 2 21 2 15 20 15 2 20 2 15_20
73. x1x5 x3T1T5 T4. x1x2T374 T5 75. x1T223  THTS 76. x1T5T304 T5
2 15 20 2 15 20 15 2 20 15 2 20
T7. x125203  T4T5 78. x1xhx3 Ty X5 79. 123" T3T TS 80. x1x3° x3T4T5
15 2 20 15 2 20 15 2 20 15 2 20
81. x1x3°x31) X5 82. x1 xaxsxiT] 83. x1 rax3T4T] 84. x1 xax3Ty X5
3 430 3 30 4 30, 3 4 3. 430
85. x1x2T3T4 XY 86. x1x237y T5 87. x1x2T3 T4T5 88. x1xHT3T4XY
3. .30 4 3.4 30 3.4 30 330 . 4
89. x1xrT3Ty T3 90. z1x5T3T4T 91. x1x5T378 T5 92. 12513 xT4T5
3 30 4 30, .3 4 30,3, 4 30,3 4
93. x1x5T3 T4T5 94. x1x5 x3TRTH 95. x1x5 T3T4T5 96. x1x5 T3TLT5
3 430 3 30, 4 3. .4 30 3. 430
97. xix2T3T4TH 98. xix2T37y T5 99. xix2T3T4TH 100. xix2x37y 5
3. .30, 4 3 .30 4 3 4 30 3.4 30
101. x7jx2x3 xa5 102. zixox3 x4xs 103, xix33T4X5 104. zixsx3xy 5
3 628 3 28 6 6, 3 28 3. .6.28
105. x1x2x3T405 106. x1x2z32y x5  107. T1T22375T5 108. z1x5T3T405
3 28 6 3.6 28 3 6 28 328 6
109. x1x523T8 5 110. z1x52320475 111. xixsz320y x5 112, z12503 TaXs
3 28 6 6 . 3 28 6.3 .28 6,3 28
113. z1x523 2475 114. z1xox3T4 05 115. z1x323T425 116. z1x3237% 5
3 6,28 3 28 _6 3.6, 28 3. .6.28
117. z{x2x32405 118. zixoxsxy 5  119. xixox3T425 120. zix2237] 5
3. .28 6 3 .28 6 3 12 22 3 12 22
121. z{x223 a7y 122, zixox3 245 123, zixoxzxy x5” 124, xixsxsxy” )
3 12 22 3 12 22 3 12 22 3 12 22
125. z1x523  xa7] 126. z1xsx3”xy x5 127, xixoxsxy x5 128, xixox3 xaT)
3 12 22 3 14 20 14 3 20 3 14 20
129. zix2x3 "z xs  130. zixoxzxy x5 131, zixoxs xyxs 132. zixsxsxy 5
3 14 20 3 14 20 14 3 20 14 3 20
133. z1x523 xaT) 134. z1xs23 x5 x5 135, 1wy w3xyxs 136, 123 x32475
3 14 20 3 14 20 3 1420 6 27 4
137. zix2x3xy 5 138. zixox3 xaxsy  139. xixoxs a3 5 140. z1x2237% T5
6 . 27 4 6 27 4 6 27 4 7 26 4
141. z1x3x37] T5 142, z1xox3 xaws 143, 12223 2405 144, 120237 T
7 .26 4 7 26 4 7 26 4 7 26 _4
145. z1x3x37] T5 146. z1xo23 xaws 147, z12523 2475 148, x1x0237T] T
7.2 4 7 .26 4 6 26 5 6. .26 5
149. x1x2x3 a5 150. x1x223 2425 151. z1z0237% T8 152. 1231374 5
6 625 6 6 25 6 7 24 7 6 24
153. z1x223 405 154. z1xox3T47 155. z1x2x3T 405 156. z1x2037 405
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157.
161.
165.
169.
173.
177.
181.
185.
189.
193.
197.
201.
205.
209.
213.
217.
221.
225.
229.
233.
237.
241.
245.
249.
253.
257.
261.
265.
269.
273.
277.
281.
285.
289.
293.
297.
301.
305.
309.
313.
317.
321.
325.

6 7,24
L1X2X3T4T5
7,6 24
T1X2X3X4T5

7 6 24
T1X2X3x4 Ts

6 11_20
T1X2X3Ty Ty

7,10 20
T1XoX3 T4Xs
7 10_20
T1X2Xx3 Ty Ts

2.3 4 29
$1$2$3$4.’B5

3 4 29
$1$2$3$4$5

3 29
$1$2$3$4$5

3_4 2 29
$1I2$3$4l’5
3.5 28
x1$2x3x4x5
3 5 28
33'13321'3%'4.135
3 2 5 28
L1X2X3X4T5

3.5 2 28
$1$21'31'4ZL'5
12 3 21
(171(1721'3 Ty
3 2 21
(171(1721'3 Tys

3,13 2 20
113111521'3 Tys

3,13 20
(L’lfL'Q 213321»'4175
4 7 25
1131(1:2(1)31'41155
7
.'171.'1:2.'17321745135
2 .49 23
T1X2X3T4 Ty
15 2 4 17
T1To T3T 4Ty
2.5 25_6
T1X2X3T4 Ty
2.7 .24 5
T1X2X3T4 Ty
7 2. 24 5
x1x2$3$4 Iy
2 11_20
x1x2$3$4 Iy
15_2_5_16
T1To T3T 4Ty
7 2 8 21
T1X2X3T4 X5
2 7 12 17
T1X2X3T4 Ty
7.2 13 16
T1X2X3T4 Ty
3 4 3 28
T1X2X3T4 Ty
3 4 3 28
T1X2X3T4 X5
3.3 4 28
T1X2X3T4T5
3 4 3 28
T1X2X3T4 Ty

3 3,12 20
T1X2X3T4 Ty

3.3,.12 20
T1X2x3 Ty I5

3, 4 27 4
T1X2X3 T4Xs
3 5 26_4
T1X2X3T4 Ty
3,526 4
T1X2X3 TyXs

3,6 25 4
T1X2X3Ty4 Ty
3 4 25_6
LT1X2X3T4 Ty
3.4 7 24
T1X2X3T4 Ty
7.3, 4 24
L1X2X3T4 Ty

158.
162.
166.
170.
174.
178.
182.
186.
190.
194.
198.
202.
206.
210.
214.
218.
222.
226.
230.
234.
238.
242.
246.
250.
254.
258.
262.
266.
270.
274.
278.
282.
286.
290.
294.
298.
302.
306.
310.
314.
318.
322.
326.

6_7 24
L1TL2X3T4T5
7.6 24
T1XoX3Ty4 T

6_10_21
$1$2.T3.T4 Is

6 20
$1$2I3 T4Ts

7,.10_20
T1X2Xx3 Ty Ts

2.5 2 29
L1X2X3T4T5
2.3.29 4
T1X2X3Ty4 Ty
3,2 29 4
T1X2X3Ty4 Ty
3 2 .29 4
T1X2X3T4 Ty
329 2 4
T1Xo X3TLy4Ts
2 328 5
T1X2X3Ty Ty
3,2 28 5
T1X2X3TLy4 Ty
3 2 28 5
T1X2X3L4 Ty

3.5 2 28
$1132133$4ZE5

3 1221

ZL'1£L’2:L’3$4 Is

3_.13_20
131[E2133$4 Is
3 13_20
131[132133134 Is
3, 13 20
T1To 1’31’4 Is

2.4 25 7
L1X 23Ty Ty
7.2 25 4
T1X2X3T4 Ty
2 4 11 21
T1X2X3T4 Ty
15 2 4 17
Tl T2T3T4T5
2.5 7 24
T1X2X3T4T5
7.2.5_ 24
T1X2X3T4T5
2.5 8 23
IE1$2$3$41}5
2 14 _17
$1$2x3x4 Ty
15 2 5_16
Tl T2T3T4T5
2. 7.9 20
TL1X2X3T 4Ty
7.2 12 17
T1XT2X3T4 Ty
7 2 _13_16
T1X2X3T4 Ty
3,28 3 4
T1T2X3 Ty
3 28 3 4
T1X2X3 Ty
3,3 4 28
T1XT2X3T4 X5
3.4 3 28
L1T2X3T4T5
3 12 3 20
T1XT2X3 T4y
3.4 27 4
L1XT2X3T4 Ty
3,4 26 5
T1XT2X3T4 Ty
3. 4 26_5
T1XT2X3T4 Ty
3.4 6_25
L1X2X3T4T5
6 3 4 25
L1X2X3T4 Ty
3 6 _4 25
L1X2X3T4T5
3.4 24 7
L1T2X3T4 Ty
7,.3.24_ 4
L1T2X3T4 Ty

159.
163.
167.
171.
175.
179.
183.
187.
191.
195.
199.
203.
207.
211.
215.
219.
223.
227.
231.
235.
239.
243.
247.
251.
255.
259.
263.
267.
271.
275.
279.
283.
287.
291.
295.
299.
303.
307.
311.
315.
319.
323.
327.

6 7 24
L1X2X3Ty T5
7 6_24
L1L2X3XL4T5

6 10_21
L1ToX3Ty Ty

7.10_20
L1T2Xx3T4 Ty

7 10,20
T1T2X3T4 Ty

2.29 2 5
1’1372333 TyZs

329
1’1372333334335

3 29
1’1372333334335

3 29
1’1372373334335

3,29 2 4
1’1372 T3T4Ts
5 3 28
1’1372373334335
3.5 28
1’13}23?3334335
3 5 2 28
L1L2X3X4T5
352 28
1’11’21’3134 Is
3 2 21
Zl’l(l’zl'g Ty

13_3_ 20
Zl’l(l’zirg Ty

3 13_2 20
Zl’lil'QIrg Ty

4 27 5
Zl’11'21'31134 Iy
7.4 25
$1I2$3$4CL’5
7
1’1!1721'3.’1’4.’175
2 4 15 17
T1X2X3Ty Ty
2.5 26_5
T1X2X3Ty4 Ty
2.5 24 7
T1X2X3Ty4 Ty
7.2 .24 5
T1X2X3Ty Ty
2 59 22
T1X2X3T4T5

2 5 _15_16
T1T5T3T, T
2. 7.8 21
L1ToX3T4T5
7.2.9_20
L1ToX3T4T5
7 2 12 17
T1T2X3T4 Ty
3.3, 4 28
L1ToX3T4T5
3 3, 4 28
L1T2X3T4T5
3.3 4 28
L1ToX3T 4Ty
33,28 4
T1X2X3 T4y
33,12 20
$1x2x3$4 Ty
3 12 20
x1x2$3$4 Ty
3 4 27 4
T1X2X3T4 Ty
3,526 _4
L1ToX3T4 Ty
3.5 26 4
LT1ToX3T4 Ty
3,425 6
L1ToX3T4 Ty
6_3 25 4
L1ToX3T4 Ty
3 6_25_ 4
L1T2X3T4 Ty
3.7 4 24
L1ToX3T4T5
3 4. 7 24
L1X2L3T4T5

160.
164.
168.
172.
176.
180.
184.
188.
192.
196.
200.
204.
208.
212.
216.
220.
224.
228.
232.
236.
240.
244.
248.
252.
256.
260.
264.
268.

272.
276.
280.
284.
288.
292.
296.
300.
304.
308.
312.
316.
320.
324.
328.

7 6 24
L1X2X3T4T5
7 6 24
$1$2.’E3.’B4.’Er
6 20
$1$2$3.’B4 Iy
7 10_20
T1XoX3Ty Ty
7 10 20
$1$2$3 T4y
13_2 21
331332.1'3 Ty
29 3 4
$1$2$3 Ty
3,29 2 4
T1X X3 Ty
3 29 2 4
T1X2X3 Ty
3,29 2 4
T1To T3T 45
2 28 3 5
T1ToX3 Ty
3,28 2 5
T1ToX3 Ty
3 28 2 5
$1$2$3 Ty
3 12 21
$1$2$31'4 Iy
3 12 21
$1$2$3l'4 Iy
3.2 13 _20
T1ToX3Xy Ty
3,13 2 20
T1To T3T 4Ty
2.5 27 4
T1ToX3Xy Ty
2.7 25 4
T1ToX3Xy Ty
7 2 25 4
T1X2X3T4 Ty
2 _15_4 17
T1X2X3 Ty
2 5 6_25
T1X2X3T4 Ty
2 7.5 24
T1X2X3T4 X5
7 2 5 24
T1X2X3T4 X5
2 5 10_21
.’131%2.%3%4 Iy
2 5_16
.’L'l.’EQ.’Eg TyTs
7.2 8 21
T1X2X3T4 Ty
7 2.9 20
T1X2X3T4 X5
2 7 13 16
T1X2X3T4 Ty
3.3 28 4
T1X2X3T4 Ty
3 3,28 4
T1X2X3T4 Ty
3.3 28 4
T1X2X3T4 Ty
3,328 4
T1X2X3 Tys
3,12 3 20
T1X2X3 Ty
3,.3,12 20
T1X2X3 T4y
3, 4 27 4
T1X2X3Ty4 Ty
3 4 26_5
T1X2X3T4 Ty
3.5, 26 4
T1X2X3 T4Xs
3,6 4 25
T1X2X3T4 Ty
3 4_6_25
T1X2X3T4 X5
3.4 6 25
L1X2X3T4 Ty
3,.7,.24_4
L1X2X3T4 Ty
3 4 24 7
L1X2X3T4 Ty
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329.
333.
337.
341.
345.
349.
353.
357.
361.
365.
369.
373.
377.
381.
385.
389.
393.
397.
401.
405.
409.
413.
417.
421.
425.
429.
433.
437.
441.
445.
449.
453.
457.
461.
465.
469.
473.
477.
481.
485.

3 7.4 24
L1X2X3T4T5
3_7 4 24
LT1X2X3X4T5
7 3 4 24
T1X2X3X4T5
7.3 .4 24
L1X2X3X4T5

3.4 9 22
LT1X2X3X4T5

3_4 10 21
331.1'2.1'3.’E4 Iy

3 20
$1$2$3 T4y

3 14 _4 17
$1$2.7)3 Ty

3 15_16
$1$2$3$4 Iy
15_3 4 16
L1 ToX3T 4Ty
3.6 24 5
T1XoX3Xy Ty
3 6_5_ 24
L1X2X3X4T5
3.5 6_24
T1X2X3Xy Ts
3 5 10,20
T1X2X3Xy4 Ty
3.5 14 16
T1XoX3Xy Ty
3.6 8 21
L1T2X 34Ty
6_3_9 20
L1T2X3XL 4Ty
3,6 13 16
L1X2X3Ty4 Ty
3 7,8 20
L1X2X3X4T5
7,3 8 20
T1X2T3L4T5
3 7 .12 16
T1X2X3T4 Ty
7,.10_4_ 17
T1X2X3 TyTs

7 11 4 16
T1To T3TyTs5
7 6.8 17
T1X2X3T4 Ty
7 6_9 16
T1X2X3T4 X5
778 16
T1X2X3T4T5
3 13 2 4 17
T1To T3T4Ts
3.5 2 9 20
T1T2T3L4T 5
7.9 2 4 17
T1XT2T3L4T5
3.4 3 25 4
T1T2T3T4 Ty
3 3 5 24 4
T1T2X3T4 T5
3 3 4 8 21
T1T2X3X4T5
3.3 12 4 17
T1T2X3 TyTs
3 3 5 8 20
T1T2X3X4T5
3 5 3 12 16
T1T2X3T4 T
3 5 11 _16_4
T1T2x3 Ty T
3.7 9 4 16
T1T2X3X4T5
7.3.9 16 4
T1T2X3T4 T
3 5 6 8 17
T1T2X3X4T5

7,3 5 8 16
T1X2X3T4 Ty

330.
334.
338.
342.
346.
350.
354.
358.
362.
366.
370.
374.
378.
382.
386.
390.
394.
398.
402.
406.
410.
414.
418.
422.
426.
430.
434.
438.
442.
446.
450.
454.
458.
462.
466.
470.
474.
478.
482.
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3 7 24 4
L1T2X3T4 Ty
3.7 24 4
T1X2X3T4 Ty
7 324 4
T1X2X3T4 Ty
7,3, 4 24

T1X2X3Ty4 Ts
3 4_ 9 22
L1X2X3T4T5

3. 4_11_20
T1X2X3Ty4 Ty

3.4 _14_17
T1X2X3Ty4 Ty

3,_4_15_16
T1X2X3Ty4 Ty
3 15 _4 16
T1X2X3 TyTs
3.5 6 24
L1X2X3T4T5
6_3_5_ 24
L1X2X3T4 L5

3 6_24_5
L1X2X3T4 Ty
3.5 8 22
L1X2X3T4T5
3.5 10_.20
L1X2X3Ty4 Ty
3,14 _5_16
L1X X3 TyTs
6_3_8_ 21
L1X2X3XL4T5
3 6_9 20
L1X2X3T4T5
3 6_13_16
L1X2X3L4 Ty
3.7 8 20
L1X2X3T4T5
7,38 20
T1T2X3T4T5
3.7 12 16
T1X2X3T4 Ty
7 10_4_ 17
T1XT2X3 Ty
7.10_5_ 16
T1T2X3 Ty
7 6_8 17
T1X2X3T4T5
7.7, 816
T1X2X3T4T5
7..7.8_16
T1XT2X3Ty4 X5
3.5 2 5 24
TITHT3TITS
3.5 2 12 17
T1T2T3Ty Ts
7.9.2_ 5 16
T1L2X3L4T5
3,3 4 5 24
T1L2X3L4T5
3.4 3 5 24
T1XT2X3T4 Ty
3,34 9 20
L1X2X3T4 Ty
3.3 4 13 16
T1XT2X3T4 Ty
3,53 8 20
T1X2X3T4 Ty
3.5 10 4 17
T1T2X3 Ty
3 7.4 8 17
T1XT2X3T4T5
3.7.9 16 _4
T1XT2X3T4 Ty
7,9 .3 4 16
L1X2X3T4T5

3 5 6 9 16
T1T2T3T4T5

331.
335.
339.
343.
347.
351.
355.
359.
363.
367.
371.
375.
379.
383.
387.
391.
395.
399.
403.
407.
411.
415.
419.
423.
427.
431.
435.
439.
443.
447.
451.
455.
459.
463.
467.
471.
475.
479.
483.

B (way) is the set of 119 monomials dj,

486.

2 3 31
x1x2x3$4$5

31_3

487. m1x2x3x4 T3

2 3
488. x1x2x3x4x5

3 4 7 24
L1X2X3T4T5
3.7 4 24
LT1LoX3X4T5

7.3 4 24
L1LoX3X4T5
3 4 8 23
1'1372333334935
3 10 _21
1’1372333334 Iy

3 11_20
1’1372333334 Iy

3 4 17
1’1372333 TyTs

315 _4 16
T1ToT3 I4l‘5

3_15 16
T1To $3$4$5

3,524 6
L1ToX3Ty Ty

3 5_6_24
L1L2X3XL4T5
3.5 6 24
L1LoX3T4T5

3 5.8 22
L1L2X3X4T5
3,5 10 20
L1Tox3 T4Ts
3 5 14 16
L1T2X3T4 IL'5
3 6_38
x1x2x3x4x5
3.6 12 17
L1ToX3Ty Ty
3..7.8_20
L1LoX 3T 4Ty
3,78 20
L1LoX3X4T5

3.7 12 16
T1X2X3Ty Ty
7 3 12 16
T1X2X3T4 Ty
7 11_4 16
T1X2X3 Tyl
7 10 _5 16
T1X2T3 Ty
6.7.9 16
T1X2X3T4T5
7 7 8 16
T1X2X3T4X5
3 5 2 4 25
TITHTZT4Ts
35 2 24 5
TITITZTY Ty
3.5 2 13 16
T Tw32,° Tp
3.3 4 4 25
T1T2T3T4T 5
3 3 4 24 5
TYTHT3TY T
3 5 3 4 24
T1T2X3T4T5
3 4.3 9 20
T1T2T3T4T5
3.3 13 4 16
T1TT3 Tyl
3.3 5 12 16
T1T2T3T4 T
3 5 10 17 4
T1TT3 Ty Ty
7 3 4 8 17
T1T2T3T4T5
7 3 4.9 16
T1T2T3T4T5
3 5 10 5 16
T1T2T3 Tyl

3 5 7 8 16
T1T2X3T4T5

= d39,k, 486 <

31

332.
336.
340.
344.
348.
352.
356.
360.
364.
368.
372.
376.
380.
384.
388.
392.
396.
400.
404.
408.
412.
416.
420.
424.
428.
432.
436.
440.
444.
448.
452.
456.
460.
464.
468.
472.
476.
480.
484.

k<

2 3 31
489. x1x323T, T5

3.4 7 24
L1X2X3T4T5
3.7 4 24
T1XoX3Xy Ts
7 3 24 4
T1XoX3Ty4 Ty
3 4 8 23
$1$2.’E3.’L‘4.’K5
3 10,_21
$1$2$3$4 Iy
3 20
331332.1'3.1'4 Iy

3 4 14 _17
T1X2X3X4 Ty
15 3 4 16
T1Tg T3T 4Ty
15 3 4 16
T1 T2X3T4T5
3.6 5 24
L1X2X3X4T5
3 5 24 6
T1X2X3Xy4 Ty
3.5 6 24
L1X2X3X4T5
3.5 _10_20
T1ToX3Xy Ty

3.5 10_20
T1T2x3 Ty Ts

3 14 _5_ 16
T1T2T3 Ty
3.6_9_ 20
L1X2X3X 4Ty
3 6 12 17
T1X2X3Xy4 Ty
7.3 8 20
L1T2X3X 4Ty
7 3 8 20
1131113211531)41'5
7.3 16
171.'172.'173.'174 Iy
7.3 16
$1$2$3$4 L5
7 11_4_16
T1X2X3 Ty
6 7 8 17
T1X2X3T4 X5
7 .69 16
T1X2X3T4 Ty
7.7 8 16
T1T2T3T4T5
3.5 2 25 4
TITIT3TY T
3,52 8 21
L1T2X3L4T5
3,13 2 5 16
T1T2 T3L4T5
3,34 25 4
T1T2T3Ly L5
3.3 5 4 24
L1T2X3L4T5

3 5 3 24 4
T1T2X3T4 T5

3.3, 4 12 17
T1X2X3Ty4 Ty

3,13 3 4 16
T1TLo 3Ty

3.3 12 5 16
T1T2X3 TyTs

3 5 11 _4 16
T1T2X3 TyTs

3 7 4.9 16
T1T2X3X4T5

7 3.9 4 16
T1T2X3T4T5

3 5 10 16 5
T1T2X3 Ty Ts

3 7 5 8 16
T1T2X3X4T5

604 :

2
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490.
494.
498.
502.
506.
510.
514.
518.
522.
526.
530.
534.
538.
542.
546.
550.
554.
558.
562.
566.
570.
574.
578.
582.
586.
590.
594.
598.
602.

2 .31 _2 3
T1X2X3 Ty
3,31 _2 2
T1ToX3 Ty
3 2 2 31
LT1L2X3XL4T5
31 2.2 3
I $2$3$4.’E5
727
1’1.’132333334335
7 27
CIZ’1.’L’2$3$4 .1'5

7 27 2 2
3713?2333 TyTs
3 3,30
3:’1372333334335
3,30 3
T1ToX3 $4.7)5
3 3.2 30
L1L2X3XL4T5
3.3 2 _30
L1LoX3XL4T5
3.6 2 27
L1ToX3X 4Ty
3 6_27_ 2
1’133'2333334 Iy
3.7 26
1’11‘2333334&35
73,26
T1ToX 3Ty 1'5

3.7 2 26
T1T2X3T4T5
7 3 26 2
T1T2Xx3T4 Ty
3.6 3 26
L1ToX3X 4Ty
3 6_26 3
T1T2Xx3Ty4 Ty
3.6 11 _18
T1X2X3Ty Ty
3 710 18
T1X2X3T4 Ty
3.3.29 2 2
T1X2T3 TyTp
3.5 2 2 27
T1XT2T3L4T 5
7 325 2 2
T1XT2T3 TyTs
3.5 .2 263
T1XT2T3T4 Ty
3.5 26 3 2
T1X2T3 TyTy
3 5 2 11 18
T1XT2T3Ts Ty
3.7 .9 18 2
T1T2T3T4 Ty

10 1
17?333333517409558

491.
495.
499.
503.
507.
511.
515.
519.
523.
527.
531.
535.
539.
543.
547.
551.
555.
559.
563.
567.
571.
575.
579.
583.
587.
591.
595.
599.
603.

2. 31_3_ 2
L1X2X3 TyZs
31,2 2 3
T1To T3T 4T
3 2 31_2
T1X2X3X4 Ty
31 2.3 2
T .’E2$3$4.T5
7 27
$1$2$3.’E4.’K5
7,27
T1ToX3 I4LE5

7,27 2 2
T1To T3T 4T
3.2 30 3
T1XoX3Xy Ty
3,30, 3 2
T1X X3 Ty
3 3,30, _2
T1X2X3X4 Ty
3.3 30,2
T1X2X3Ty Ty
3.6 27 2
$1$2$31'4 Iy
3.7 26
$1$21‘31‘41§5
3.7 26
L1X2X3T 4 2135
3 2 7 26
L1X2X3X4T5

3.7 26 2
T1T2X3T4 T
7.3 2 26
T1T2X3L4T5
3.6 .26 3
L1ToX3Xy Ty
3.3 6, 26
951332933964305
6 18
.'171.'172.'1:3:174 Iy
3.7 1018
T1X2T3Ty4 Tp
3 29 2 2 3
T1To T3T4Ts
3 5 2 27 2
T1XT2T3Ty4 Ty
3.3 5 2 26
T1T2T3L4T5
3.5 3 2 26
TIToTZTLTE
3.5 2 10 19
TITHTZTy T
3 5 11 _2 18
TITT3 TyTH
7.3.9 2 18
T1T2T3L4T5

1 1
m?ngsoxixsg

492.
496.
500.
504.
508.
512.
516.
520.
524.
528.
532.
536.
540.
544.
548.
552.
556.
560.
564.
568.
572.
576.
580.
584.
588.
592.
596.
600.
604.

3,2 2 31
L1L2X3T4T5
31 2 3 2
T1Xo X3T4Ts
3 31_2 2
T1X2X3 TyTs
31 3,2 2
T] T2X3T4Tx
2.7 27 2
T1X2X3T4 Ty
7 2 2 27
L1X2X3L4T5
2 3_3_30
L1X2X3T4T5
33,2, 30
L1X2X3XL4T5
3 2_3_30
L1X2X3XL4T5
3 30,2 3
T1X2X3 TyTs
2 3 6 27
L1X2X3XL4T5
3 2 6 27
L1X2X3L4T5
2.7 3 26
$1132133$4$5
7 3,26
131132133174$5
3 7 26
131132133134$5

7 2 3 26
L1X2X3L4T5
7.3 26 2
XT1T2T3%4 T
3 3,626
L1X2X3L4T5
3 6,10 19
L1X 23Ty Ty
3 710 18
T1X2X3T4 Ty
7 310 18
T1X2X3T4 Ty
3 .29 2 3 2
T1To T3TaTs
3 5 27 2 2
T1T2T3 TaTs
3.3 5 26_2
T1T2T3T4 Ty
3.5 3 26 2
TITHTZTY T
3 5 10 2 19
TIToT3 TLTS
3 5 11 _18 2
TIToT3 Ty Th
7.3.9 18 2
T1T2T3T4 Ty
3.5 10, 18 3

T1X2Xx3 Ty Ty.

493.
497.
501.
505.
509.
513.
517.
521.
525.
529.
533.
537.
541.
545.
549.
553.
557.
561.
565.
569.
573.
577.
581.
585.
589.
593.
597.
601.
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3 .2 31 2
L1T2X3Ty4 Ty
31 3 2 2
T1Xo X3T4Ts
3 31 2_2
T1Xo X3T4Ts
31_3 2 2
T1 ToX3Ty4Ts
7.2 2 27
T1X2X3T4T5
7 2 27 2
T1X2X3T4 Ty
2.3.30_3
T1X2X3T4 Ty
33,30 2
T1X2X3T4 Ty
3 2 30,3
L1X2X3T4 Ty
3 30,3 2
T1X2X3 TyTs
3.2 6_27
L1X2X3XL4T5
3 6_2 27
L1X2X3L4T5
3.2 7 26
.T1132133$4$5
7.3 26
131132133134$5
3 7,26
L1X2X3T4 1’5
7 3.2, 26
L1X2X3L4T5
3.3,.6, 26
L1X X3 4Ty
3 6_3_ 26
L1X2X3L4T5
3 6_10_19
T1X2X3Ly4 Ty
7,310 18
T1X2X3T4 Ty
7.3 10, 18
T1X2X3T4 Ty
3,29 3 2 2
T1T2 T3TyTs
3,.7.25_2 2
T1T2T3 TyTs
3.5 2 3 26
T1L2X3L4T5
3.5 26_2 3
TITHT3 TATs
3.5 .10_19 2
TITT3 Ty T
3..7.9 2 18
T1L2X3L4T5
3,35 10 _18
T1T2T3Ty Ts

%;’ (w(sy) is the set of 5 monomials dy = d3g,x, 605 < k < 609 :
3,.5,.10, .10 11 3,510, 11 10 3,511 10 10
605. xéxgxg ai’é alcg 606. x%xgxg :% xlg 607. zizoTs T4 T
608. ziTyx37, X5 609. zix5757, T35 -

%’;r(w((;)) is the set of 40 monomials dj, = dgg 1, 610 < k < 649 :

610. xlxgzrgm}f:cé‘l 611. xlx;:cgcc}fxé‘l 612. $?$2$g$41141’é4 613. $?IL’;IE3"L’}14.’E%4
614. x{xgzrgm}fccé‘l 615. xegxgcc}fxé‘l 616. :mxgﬂcg xix? 617. xlx;xé x}f:rg
618. xzxgzrélxgx? 619. x1x2x31x44xg 620. x;lexsxgxé 621. xzxélxgxf:rg
622. x?x%x?mixé‘l 623. x?x%x?ﬂci‘lx% 624. meSxé%ixé“ 625. xIx%xéBx}f‘rg
626. xzxélxgxﬁx? 627. xixg xix}fx% 628. x7x%1xé3mimg 629. zzxélm?:cixg
630. x?x%xg:r}[lxé‘l 631. m?x‘g’xg:cfxé‘l 632. x?x%x?wixé‘l 633. x?x%xé3x14xg
634. x?x%xélxixé4 635. mi’xgxélxi‘lxg 636. x?xgxgxioxé4 637. x?x;xgxi4xéo
638. xzxgxgx}lox? 639. mzxgxgx}fxéo 640. x?x%x%xixé‘l 641. x?x;x?,xi4xg



398

D. V. PHUC

7,39 6 14 7,3.9 14 6 3.7 13_6_10 3,7 13 _10_6
642. L1X2X3T4T5 643. L1X2X3Ty4 Ty 644. L1T2X3 Tys 645. L1X2X3 Ty Ty

7.3.13_6_10 7,3 13 _10_6 7,11 5 6 _10 7,11 5 10_6
646. T1ToX3 Ty 647. T1X2X3 Ty Ty 648. T1Xo 3T 4Ts 649. T1To 3Ty ITs.
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