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MORE EXPANSION FORMULAS FOR ¢q,w-APOSTOL
BERNOULLI AND EULER POLYNOMIALS

THOMAS ERNST

ABSTRACT. The purpose of this article is to continue the study of ¢, w-
special functions in the spirit of Wolfgang Hahn from the previous pa-
pers by Annaby et al. and Varma et al., with emphasis on ¢, w-Apostol
Bernoulli and Euler polynomials, Ward-w numbers and multiple ¢, w-
power sums. Like before, the ¢,w-module for the alphabet of ¢,w-real
numbers plays a crucial role, as well as the g, w-rational numbers and the
Ward-w numbers. There are many more formulas of this type, and the
deep symmetric structure of these formulas is described in detail.

1. Introduction

Based on our previous papers on pure g-calculus [3] and [4], this paper is
part of a series of five papers on ¢, w-calculus. In each paper we start with many
similar definitions, since the subject is quite new. Let w € R, 0 < w < 1. Put
wo = %_q, 0 < g < 1. Weintroduce a new calculus, which will be very similar to
the well-known g¢-calculus, where many functions and operators appear again,
with a similar name. The reason is that the ¢, w-Appell polynomials form a
ring, which is proved in one of these papers [7]. The convergence region in w
will always be a small interval above 0, depending on g. The subtle properties
of absolute maximum for the two ¢, w-additions are exemplified in [6].

The paper is organized as follows: In Section 1 we present preliminary def-
initions and theorems for ¢,w-analogues, like the ¢,w-difference operator. In
Section 2 we define the four ¢,w-additions, natural generalizations of the four
g-additions, and point out that they obey identical laws. It is an intriguing
fact that the ¢,w-difference operator of the ¢q,w-addition is identical with the
corresponding g-analogue, a formula that seems to be new. The ¢, w-addition
formulas and ¢, w-differences for the ¢, w-exponential functions are also identi-
cal. In Section 3 we investigate general ¢, w-Appell polynomials in the spirit if
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In Section 4 the two multiple alternating g, w-power sums are defined to-
gether with some special cases. In Subsection 4.1 formulas containing ¢, w-
power sums in one dimension, ¢,w-analogues of Wang and Wang, [15] are
proved. Then in Subsection 4.2, mixed formulas of the same kind are proved.

Definition. The automorphism € on the vector space of polynomials is defined
by

(1) ef(z) = flgz +w).

This automorphism is a generalization of the operator with the same name
in g-calculus [2]. In [1, p. 136] it is proved that

(2) " f(z) = f(¢"z + w{k}q).

Definition. A ¢,w-analogue of the mathematical object G is a mathematical
function F(g,w), with the property lim, 0 F(¢,w) = G4, the g-analogue of
G. Both F and G can depend on more, common variables. They can also be
operators.

Definition. Let ¢ be a continuous real function of x. Then we define the
q, w-difference operator D, as follows:

plgztw)—p(z) .
{(ql)m#»w’ lf X 7& wo,

%(x) if © = wo.

3) Dy (¢) (2) =

We say that a function f(x) is n times g, w-differentiable if Dy , f() exists.
If we want to point out that this operator operates on the variable x, we write
Dy, for the operator. Furthermore, Dy, (K) = 0, like for the derivative.
Furthermore, we need the following chain rule:

Definition.

Ek 1
(4) Dy (") () = ¢+

o(x) — ep(x)
(g—Dz+w

The motivation for formula (4) is that it is identical with the g-calculus case
and enables smooth proofs of the following formulas, like the Leibniz formula.
It also follows from the chain rule (11).

Theorem 1.1. The q,w-difference operator is linear
(oo} oo

(5) Dy Y arfr(@) =) axDg fi(@).
k=0 k=0

Theorem 1.2 ([1, (16), p. 137]). The q,w-difference operator for a product of
functions.

(6) Dy (f9)(x) = Dgu(f(2))g(x) + f(gz + w)Dyu(9(z))-

We now introduce two basic sequences, which generalize the Ciglerian poly-
nomials in [2, 5.5].
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Definition.
k—1
(7) (@), =[] @—w{mly). [14, (16)]
m=0
k—1
(8) [2li. = [ (a2 +w{m}y). [14, (15)]
m=0

The following names will be used for the ensuing g¢,w-trigonometric and
hyperbolic functions [6].

Definition. A function f of two variables z,w is called x,w-even if f(—x, —w
= f(z,w). A function f of two variables z, w is called z,w-odd if f(—z,—w) =

—flz,w).

Lemma 1.3. Products and sums of any number of x,w-even functions are
x,w-even. The product and quotient of an x,w-even function and an x,w-odd
function are x,w-odd.

Lemma 1.4. The two functions (x)gkw and [x]zkw are x,w-even. The two
functions (z)2XF" and [z]2XF! are x, w-odd.

The two following formulas correspond to the formula Da” = nz™!:

9) Dy(@)g = {n}e(2)ga 9, 2.5], [14, (17)]
(10) Dywlzlge = {n}elaz +wlgs'. [14, (18)]
Theorem 1.5. The chain rule for the q,w-difference operator.
(11) Dy ((a2)5 00) = afn}te(az)g on-

(12) Dy ([ax]g)aw) = a{n}qlagz + aw]g)gi.

Proof. We prove (11) by induction. The formula (11) is true for n = 1,2.
Assume that it is true for n — 1. Then we have

Dy [(az)gau(az — {n — 1}qaw)]

by (6) n— n
(13) =7 a(ax)l a4+ a® [gr +w — {n — 1}g] {n — 1},(az)2 52
= a(ax)] 0 [1+ q¢f{n —1},] = RHS.
Formula (12) is proved in a similar style. O

We next introduce two ¢, w-analogues of the exponential function:

Definition. The ¢, w-exponential function E,(z) [14, (21)] is defined by

(14) Ejw(z) = Z ({k?i“:’ |(1—-¢)z —w| < 1.
k=0 &
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The complementary ¢, w-exponential function E1 ,(z) [14, (26)] is defined by
L

(15) )=> 12 |w| < 1.

We have changed the name to E1 ,(z) since E1 ((2) = E1(2) [2].
q’ q’

Theorem 1.6 ([14, (19)]). The q,w-exponential function is the unique solution
of the first order initial value problem

(16) Dgwf(z) = f(2), f(0)=1. [14, (24)]

The complementary q,w-exponential function is the unique solution of the first
order initial value problem

(17) Dgwf(2) = flgz +w), f(0)=1.

Theorem 1.7 ([14, (21)]). The meromorphic continuation of the q,w-exponen-
tial function Eg ,(z) is given by

1
a

(15) Baols) = (o o (14, (20)

The meromorphic continuation of the complementary q,w-exponential function
E1 ,(2) is given by
=

(¢ — 1)z +w;q)eo

(19) E. (2) = @ 0)m

2. On the q,w-addition with applications to g, w-special functions

In order to use these functions, we need to generalize the g-addition. The
ordinary ¢-addition is the special case w = 0. Just like for the g-addition, we
use letters in an alphabet for the ¢,w-additions. Equality between letters is
denoted by ~. In the following, beware of the fact that whenever we multiply
the function argument z in (x)y , or in [z]y , by the constant a, we must also
multiply w by a.

Definition. Let {f,}52, denote an arbitrary sequence of real numbers. The
¢, w-addition for the sequences (m)’;)w is defined by

(20) 2w =3 (1) o

k=0
The NWA ¢, w-addition is defined as follows:

(21) £ Bguy)" = i ( ) F)k
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The NWA ¢, w-subtraction is defined as follows:

(22) ey =3 (1) @

k=0
The JHC ¢, w-addition is defined as follows:

n

(23) @B =Y (1) @t

k=0 q
The JHC ¢, w-subtraction is defined as follows:

o B =3 (}) @i

k=0

Theorem 2.1. The NWA q,w-addition is commutative and associative.

Proof. Similar to the proof for NWA g-addition. O

Corollary 2.2. Four q,w-additions for the q,w-exponential function.

(25) Eq,w (1' DBqw y) = Eq,w (x)Eq,w (y)
(26) Eqw (z Oq,w y) = Eqw (x)Eq,—w(_y)~
(27) Egu(@Bywy) = Eq,w(x)Eévw(y)
(28) Eqw(@Bgwy) = Eq,w(x)El,_w(_y)

Definition. A ¢, w-groupoid (Gg.., ®q.w,~) is a set of letters with an associa-
tive and commutative mapping @4, : Gg,w X Gguw — Gq.. The associativity
can be expressed as follows:

(29) (6 Bqwd) Bguwe~aBgw (bBgwc),abce Gy

Theorem 2.3 (Compare with [13, p. 39]). In a q,w-groupoid, all composite
operations represent the same element. It is denoted by @;;11=Oal, {al}f;ol €
Ggw-

Definition. A ¢,w-module is a generalization of the vector space over a field,
where the corresponding scalars belong to R. In a ¢, w-module we can multiply
letters a € Qg, , V Ry with scalars b € R to form the letters v € Ry :

(30) v ~ ba.
This operation is distributive over the ¢, w-addition:
(31) bla@gwh) ~badq,,bB, beR, o, B€Ry,.

The operations (30) and (31), as well as similar formulas for ¢, w-modules
are used in the rest of the article without further explanation.
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Theorem 2.4. The q,w-differences for the q,w-exponential functions are:

(32) Dy.w Eqaw(az) = a Eg 40 (ax),
(33) Dyw E1 (az)=aE1 (agz + aw).
P il
Proof. This follows from the chain rule (11) and (12). O

In our second book [5] we introduced several new g-deformed number sys-
tems, semiring, biring etc., each with an extra index q. We can extend these
number systems by adding another index w. The proofs will be very similar,
and we just state the definitions and corresponding theorems.

Definition. The Ward-w number 7, , is defined by
(34) Ngw ~ 1 ®gw 1 Dgw - Dgw 1,
where the number of 1 on the RHS is n.

Definition (An extension of [2, 4.70]).

n

(35) CASLEED SRR R I | (%

mi+-+mn=Fk o q =1

where each partition of k is multiplied with its number of permutations. We
have the following special cases:

(36) (04.0)% = 0r0; (140)° = 1; (gw)' =n.

Let (Ng, ., ®q,w» Og,w) denote the semiring of Ward-w numbers kgw, k>0
together with two binary operations: @, is the usual ¢,w-addition. The
multiplication ©g,, is defined as follows:

(37) Ngw Ogw Maw ~ Mg,

where ~ denotes the equivalence in the alphabet. In long formulas, the ¢, w-
multiplication is abbreviated by juxtaposition.

Theorem 2.5. Functional equations for Ward-w numbers operating on the
q, omega-exponential function. First assume that the letters my,, and ng,, are
independent, i.e., come from two different functions, when operating with the
functional. Furthermore, mnt < %. Then we have

(38) Egw(Mgwlgwt) = Eqw(Migwt).

Furthermore,

(39) Eq,w (ﬁq,w) = Eqw(jq,w)m = Eq,w (mq,w)j = Eq,w Gq,w Ogw mq,w)-
Definition. Let the ¢,w-rational numbers Qg ., be defined as follows:

ww g Ngw 1}

q,w Ng,w

<l

(40) Q. = {TZW

q,w

, me NU{0},n € N, m # n,

3l
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together with a linear functional
(41) v, Rlz] x Qqg, ., — R,
called the evaluation. If v(z) = >_)_, axz®, then

(42) v <mq’ > = ZakM.

Ng,w =0 (Mg.w)

3. q,w-Appell polynomials

The most general form of polynomial in this article is the Hahn—Appell
polynomial, which we will now define.

Definition. Let A, denote the set of real sequences {u, 4}52, such that

oo ’[‘V
43 Up,g| 7= < 00
( ) VZ:O| q| {V}q!

for some ¢, w-dependent convergence radius r = r(g) > 0, where 0 < ¢ < 1.

The ¢, w-Appell number sequence is denoted by {<I>(qu),w}g°:0.

Definition. Assume that h(t,q,w), h(t,q,w)™! € R[[t]]. For f.(t,q,w) =
h(t,q,w)™, the multiplicative ¢,w-Appell numbers of degree v and order n
D, 4w € Agw are given by the generating function

(44) t 4, W Z{ }q (I)(unq w? (I)(()nq)w =1

It will be convenient to fix the value for n=0and n=1:
(45) o) =000, @), =Pugw

v.q,
Definition (Compare with [14, (31)]). For fn(t,q7w) € R[[t]] as above, the
multiplicative ¢, w-Appell polynomial sequence {@5’}@ (z)}22, of degree v and
order n is defined by the generating function

(46) fa(t,q,w)Equi(@t) Z

qu

{ 720 ).

It will be convenient to fix the value for n=0and n=1:
Theorem 3.1.
(47) ) (z) = (2);, V) (7)) = Py gu().

v,q,w

We prove the first equation.

Proof. By using the linearity of D, (5), and the ¢,w Taylor formula [7], it
would suffice to prove that

Dlt; w w(xt)](;,wt = tk{k}q'
But this is obvious by the chain rule (11). O
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Definition. For f,(t,q,w) € R[[t]] as above, the complementary, multiplicative

q, w-Appell polynomial sequence {@in)l

167

(2)}52, of degree v and order n is

defined by the generating function

“3) Fnlts g q wi Z {V}q

It will be convenient to fix the value for n = 0 and n = 1:

(z).

V, W

Definition.

(49) o) @)=l o) @=2,.1 (o)

g ,q,w vigw

We next present generalizations of the three formulas [2, 4.107, 4.108, 4.111].

Theorem 3.2.

(50) Dy w®iigw(®) = {v}Pu1;9.0(7).
[14, (30)] in umbral form:

(51) Dy0(®) = (Pgw Bgw 7).

Theorem 3.3. Assume that M and K are the xz-order and y-order, respec-
tively. Then we have:

o v M K
(52) oM (2 Dy y) =Y (k> o™ ()0 ().
k=0 q

Proof. We show that both sides of (52) have the same generating function.

by (25)

fM-'rK(ta q, w)Eq,wt((m DOq,w y)t) fM (t7 q, w)Eq,wt(xt)7

by (46) = tk M > tt K
fr(t ¢, w)Eqwi(yt) = Z {kz} ,q)gg;q,)w(x)ZWq)l(;qL@)
’ =0 VT

53) Z e Z( ) B @)

O

Remark 3.4. Formula (52) defines @,%{tm (x Bq.w y) as the right hand side of
the formula. There is no other definition of this function.

Theorem 3.5. Assume that M and K are the x-order and y-order, respec-
tively. Then we have:

B e emL =3 (1) @, o

ka,g,w
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Proof. We show that both sides of (54) have the same generating function.

Fars (b 4,0)Equn (2 By 9)) "E7 far(t, q,w>Eq o) e (8, L w>,

by(46) (48) (M) . (K)
E yt)
%wt( Z {k} | kiq,w Z {l}q ()

> l*w

Nt &~ (v M K
&2 = a2 (1) stiee,
=0 a0 q TRy 0

Theorem 3.6 (A ¢,w-analogue of [12, p. 125]).
- t’/ n

(56) (Equw(®) = 1) fult, g, w)Equi(at) = Z v} ,ANWA’q, (P(,q)w( ).
v=0 a

Proof. Operate on (46) with Anwa q,w- O
Theorem 3.7 (A ¢,w-analogue of [12, p. 125]).

(Equ() +1) ot

(57) D) fn(tv q, W)Eq,‘*’t (LCt) = Z {T}q!VNWA’q’W(PS,’Lq),w (IL‘)

Proof. Operate on (46) with VNwa,q,wt- U

Theorem 3.8 (A ¢,w-analogue of [12, p. 125]).

oo v

t
(58) (E%,w(t) - 1)fn(th1 qwt l't Z { } 'AJHC,q,wq)£7¢;7w<m)'
q

Proof. Operate on (46) with Ajuc,g,uwt- O

Theorem 3.9 (A ¢,w-analogue of [12, p. 125]).

(El’w (t)+1)
(59) %fn(tvqa qwt xt Z { } 'vJHquCI)l(/q)w(l')
Proof. Operate on (46) with Viuc qwe. O

4. Multiple g, w-power sums

Definition (A ¢, w-analogue of [11, (20) p. 381]). The multiple ¢, w-power sum
is defined by

l — \m
(60) 31(\%\/,& Amgew () = Z (;> M (kgw)
|71=t

where k = j1 + 2j2 + -+ (n — 1)jn—1, Vjs > 0.
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Definition (A ¢,w-analogue of [11, (46) p. 386]). The multiple alternating
q,w-power sum is defined by

(0 (G) N E) ™

(1)
(61) O—NWA,)\,m,q,w (n) j
|71=t

where k = ji +2jo + -+ (n— 1)1, Vj; > 0.

For | = 1, formulas (60) and (61) reduce to single sums. In order to keep
the same notation as in [2], we make a slight change from [15, p. 309]. The
following definitions are special cases of the ¢, w-power sums in [§].

Definition (Almost a ¢,w-analogue of [15, p. 309]). The ¢, w-power sum and
the alternate ¢, w-power sum (with respect to ) are defined by

n—1
(62) SNWA A m,q.w (1) = Z )‘k(EqM)mv
k=0
n—1 _
(63) ONWA N m.q.w(n) = Z(_l)k/\k(kq,W)m-
k=0

Their respective generating functions are

> tm N'Ey o (Tigwt) — 1
64 SNWA,A,m,q.w (1) = et
(64) 7;) a {m},! AE, o (t) — 1
and
> tm (—1)"HINE, (g wt) + 1
(65) ONWA A, m,q.0 (1) = ’ ’
mz_:o P ! AEq. (1) + 1

Proof. Let us prove (64). We have

iSNWA/\ (n)— = igAkM
LT ! {m},!

(66) ;njlo k=0
=) M(E, ()" =RHS.
k=0 g
We have the following special cases:
(67) SNWA,)\,m,q,w(l) - O'NWA,/\,m,q,w(l) = 6O,ma

(68) SNWA,)\,m,q,w(Q) = 6O,m + /\7 UNWA,)\,m,q,w(2) = 5O,m - A
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4.1. Single formulas for g, w-power sums

Theorem 4.1 (A ¢,w-analogue of [15, p. 310], and extensions of [2, pp. 121,
131]).

An‘BNWA,)\,m-&-l q,w (ﬁq w) BNVVA Am+1,q,w
{m+1},

(69) SNWA,\,m,q,w (n) =

(70) ONWA A (’Il) o (_1)n+1)\nngWA,)\,m,q,w(ﬁq,w) - :}'NWA,)\,m,q,w
s AL G,W - .

2
Theorem 4.2 (A ¢,w-analogue of [15, (18), p. 311]).
— () (igw)"
Z (/f) q,;} (jqw)n_k‘BNWAv)\i,hq,w (jqwx) SNWA»V»n—kﬂ?w(i)
k=0 q
n - k
n\ (gw)® ~ \n .
= (k) q;} (ig,w)" BNWA N kyq,w ( q,wiﬂ) SNWA N n—k,q.w ()
k=0 q
(71) (T )n i—1 ]Tn
1 p _
= q,;.; Jm‘BNWA,)\i,n,q,w <Jq,wx ®q,w q,w)
m=0 lgw
ary 1
(‘7117 m qu,w
:7Z>\ gNVVA)\Jn,qw qux@qw = .
J m=0 q,w

Proof. The following function is symmetric in ¢ and j.
f (t) tE‘bUJt (qu,th)(/\ijEQ»w (qu,wt) - 1)
q,w - = - =
()\quw(@q,wt) - 1)()\3Eq,w(1q,wt) - 1)
_ (gq,wt)lE%Wt(qu,th) /\ijE%W (qu,wt) -1 1
a )\iEq’w (EQ;WQ -1 )‘jE%w(jqwt) -1 i

We can expand fy ., (t) in two ways by using the formula for a geometric
sequence.
(73)
faw(®)

(Z BNWA,)\i,u,q,w (jq, {V}q ) (Z SNWA, M\ ,m,q, w( )(iq;:}??) %

v=0 m=0

(72)

- 1 i—1 g
(qu) 3 i - IJMgw \ = 1
- SN B | Fpott @ 22 | Gt | =
NE (qwt)ilsz ( B <‘7q1 " i ) B ) t

q,w

00 - 1—1
1/ Jm " v
:Z<( ZAJ ’BNWA)\”Lqu<jqwx@qw g‘L >> {V}'.
q,w q*

v=0

Finally, equate the coefficients of o } 7 and use the symmetry in ¢ and j of

Jaw(t). O
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Corollary 4.3 (A ¢g,w-analogue of [15, (19), p. 311]).

n < k
- n\ (i ,
BNWA,A,n,q,w (Zq,wx) = Z (k) ( q;}) 'BNWA,/\i,k,q,w (:E) SNWA,A,n—k,q,w(Z)
q

k=0
()" 5~ m
(74) = q,;u Z AmBNWA,)Jm,q,w <l’ EBq,w W) .
m=0 lqw
Proof. Put j =1 in (71) and use (68). O

Corollary 4.4 (A ¢g,w-analogue of [15, (20), p. 311]).
(75)

1 .
. - m
m - q,w
E : AT BNWA A2, n,q,0 (’q,wx Dq,w 5 )
m=0 q,w

2 " /n (fqvw)k = n—k - .
T )nZ k = (20.0)" T BNwA N kg (20.00) SNWA N2 -k g0 (1)
DY k=0 a

2 (igw)” ~ 2m
_ q,w 2m q,w
) Z )\ gNWA’)\i’n7q’w 2g7wz @QVU‘) - °
m=0

(2q,w)n i

Proof. Put j =2 in (71) and multiply by ﬁ O

Moreover, we have
= 1
2¢.0)" T m
(76)  BNwarnqw (T) = o) q’;) Z AT BNWA N n,q,0 ( Bgw = q’w> -
m=0

Proof. Put i = 2 in (74) and replace = by 5. O

sw

Theorem 4.5 (A ¢,w-analogue of [15, (22) p. 312]). For i and j either both
odd, or both even, we have

n
n\ - - _ - )
Z (k> (quw)k(Jq,w)" ngWA,Ai,k,q,w (Jq,wx) ONWA N n—,q.0 (%)
q

k=0
" /n
= (k) () (o)™ *Tnwa v kg (Tgw) ONWA A kg0 (5)
k=0 q
(77) i—1 an
= (gq,w)n Z )‘WL(_l)m?NWA,Ai,n,qw <jq,w37 Dgw W)
m=0 q,w

j—1 -
5 i = 1My,
= (g™ D A (=) Frwa ni m,g. (lq,wfc Dy W) :

m=0 q,w
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Proof. Let us define the following symmetric function
gt (14,00t (=1) TN Eg 0 (i74,0t) +1)
(AN Eqw(igwt) + 1) (M Equ(ig0t) +1)

_ 1 ZE(LWf (qu,th) (71)i+1)\iqu7W (qu,wt) +1
2\ NE, (igut) +1 NEgw(gut) +1 '

o ()
(78)

By using the formula for a geometric sequence, we can expand f, () in two
ways:

(79)
fa.w(t)
Ly J (fq,wt)l’ N (Jq Wt)™
2 (Z Tt () L3 1 | 2 om0
1 i—1 %
T NE,.( —1)" N Eguwt | | Jguw? Pgw =22 | igut
)\qu w(iq wt) +1 mz:()( ) B ((J‘wa o iq,w ) o )

i—1

u m jm jmqu v
33 G0 S0 s (Towr o0 22 ) )
m=0 q,w q*

The theorem follows by equating the coefficients of {If—;, and using the sym-

metry in ¢ and j of f, ., (¢). O

Theorem 4.6 (A ¢,w-analogue of [15, (24) p. 313]). For i odd we have

n

- n = y

Fanwanmgw (fger) = (k) (ig.) TNWAN kg (£) ONWA, A m—k .0 (1)
k=0 q

i1
= n m m ,
(80) = (iqw) Z (=N FNWA N g, (96 Bgw F)

m=0 lqw
(A g,w-analogue of [15, (25) p. 313]). For i even,
im,
81 )\zm mg nagw | 1 wZ Dyw e
o o (o )
1 "\ - Eis \n—k _
~ 3 o > i) (aw) (20.0)" T INwA N kg (2q,07)
(24.0) k=0 a
X ONWA,A2,n—k,q,w (%)
(i) §- I
P ST (P B T ).
,w m=0 q,w

Proof. Put j =1 or 2 in (77), and divide by (2,,.,)™. O
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4.2. q,w-power sums, mixed formulas

We now turn to mixed formulas, which contain polynomials of both kinds.

Theorem 4.7 (A ¢,w-analogue of [15, (26) p. 313]). Ifi is even, then

n 1 — _ — .
Z (k) ( q’fd) (]q,w)n kBNWA,Amk,q,w (Jq,wx) O—NWA7/\-7,n—k,q,w(l)
q

7

k=0
-1

_ {n}q j n—1 (*. )k(T )nfkfl

= 5 k jq,w tq,w
(82) X ?NWA xi kg (T, wm) SNWA N n—k—1,q.0 (7)

7 n =1 ) - an
- % Z(_l)m/\]mgNWA,Ai,mq’“’ <]q7wx Dy =
m=0 e

. _
TP RNEE < S ; iy,
- Tq(Jq,w)n P AT WA N g | T g0 =22 ]

m=0 q,w

Proof. Let us define the following function
PR L (G el UR)
" (/\iEq,w(iq wt) = 1)(/\JEq, (Jq,wt) +1)

_ (gq, t)lEq,wt(] xt) (-1 )i+1)‘iqu,w(qu,wt)+1 1
| VB (get) - NEqw(fguwt) +1 i

(83)

By using the formula for a geometric sequence, we can expand f, ., () in two
ways:

(84)
fau(t)
> - (Jgwt)™\ 1
= BNWA N g0 (T ONWAN m g (1) T | =
(2 Gt 5T ) (32 o)
Ly f 1) N™E Jo0® ® My | ; nE
- A Eq7 ( - t) 1 — q,wt ']qux q,w gq7w lgw i
s} - 1/ i—1 jiTTL v
= m)‘jmeNWA ANv,q,w 3 wZ @ ,w *7(]’“) T 10
vzz:o ( mzz:o B - ! lgw {riy!

By equating the coefficients of {If—]y’,, we obtain rows 1 and 3 of formula (82).
A
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On the other hand, we can rewrite f, ., (¢) in the following way:

f (t) = _E QEQ’Wt(qu,th)()‘iquww (qu,w ) )
o 2 (NEqw(iqut) = 1)(MEqu(jgwt) +1)

_t [ 2Bgun(ijg.mt) A” g (i, )
2 \ VEqu(j,ut) +1 g (g0 ) '
By using the formula for a geometric sequence, we can expand (85) in two

ways:

(86)
o ()

<Z ?NWA M v,q,w (7’Q7wx j{ql;}q ) (Z SNWA At,m,q, w( ) (Z{q;::;z:n>

Jj—1 ;
2 - m _
— ) A T Eqt | | g0t Dow = L2 jy .t
2 2:() AJEqW(‘?qw ) ! ((q ! Jq,w > *
t = im, t
= 35 Z (jq,w)u Z A”ng:NVVA,)\J',ll,q,w iq,wx @q,w 7, -2
2 v=0 {V}q

m=0

(85)

I\DM*

~+

By equating the coefficients of {lf—;!, we obtain rows 2 and 4 of formula (82). O

Corollary 4.8 (A ¢,w-analogue of [15, (28) p. 313]). Ifi is even, then

- 2 &1\ (igw)k
TNWA,)\,nfl,q,w (quwi) = — {n}q kz_:o (k>q qZ BNWA Aeok,q,w (x)

X ONWA A, n—k,q,0 (%)

- 1—1 —
27 v n . Mg
(87) = - (.qi’) Z (=) " BNwA N 0w (33 Bgw = ) .
m=0

i{n}q igw
Proof. Put j =1 in formula (82) and multiply by —{n—Q}q. O
Corollary 4.9 (A ¢,w-analogue of [15, (29) p. 313)).
St’NWA,)\,nfl,q,w (.T)
2 & (n) (24.0)F x
= - ——BNWAN kgw | =— | ONWA A n—k,q.0(2)
(88) {n}q ,;J k), 2 "\ 240 e
= 1
(24,0)" T Mg w
= - - (_)‘)m’BNWA,)\Q,n, w5 S W = ’ .
{n}q mz::o ! 2q7w ! 2q,w
Proof. Put i = 2 in formula (87), and replace = by 5. O

q,w
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Corollary 4.10 (A ¢,w-analogue of [15, (31) p. 314]). If i is even, then

1 J—
; - tMyg,w
(89) Z Azm?NWA,)\Q,nfl,q,w (Zq,wx @q,w gqu >

s

m=0

-~ T Z() S

X BNWAN kg0 (2q.0T) ONWAAZn—k,q,0 (%)
n—1 n 1
- = k(= —k—
o (") @
q, q

X FNWA N2 kg (Tg,0T) SNWA N n—k—1,0.0(2)
1—1

= — 72 (quw)n Z(il)mAZm

{n}tq(2q0)""t i 0

= 2m
q,w
X ‘BNWA,)\i,n,q,w (Qq,wx 691170-’ - .

q,w

Il
.

[\)
E—/ =
3

|

L
HM\

Proof. Put j =2 in formula (82) and multiply by —W O
Nsqleq,w

Corollary 4.11 (A ¢,w-analogue of [15, (32) p. 314)).
1

2m,
Z(_l)m+1)‘mBNWA,>\7n,q,w (w Dgw 5 q,w)

24w
(90) "= ) R
{n}q(2 W) 2an w
— s ATFNWA N - Tgw | T Bgw = | -
(24.0)" mZO ! T 2
Proof. Put i = 2 in formula (89), replace x and \? b,
by {n}a(2q.0)"~ ! . 0O

(2q.0)
Corollary 4.12 (A g,w-analogue of [15, (33) p. 314]).
1

- jm
Z m)\JmBNWA A2,n,q,w (]q’wx DBg,w 5 q,w)

=0 q,w

oy (2{2;” "i (n; 1>q

k=0

X (5q,w)k(Eq,w)n_k_lgNWA,Aj,k,q,w (2q.0%) SNWA A2 n—k—1,q,0(F)

j=1 5—
n - _ — 2m
- (2{ }‘)Zn (Jq,w)n ' Z )‘QM?NWANm'—l,q,w <2q,wx Dew = q) .
q,w q,w

Proof. Put i = 2 in formula (82) and multiply by ﬁ 0
q,w

m=0
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Corollary 4.13 (A ¢,w-analogue of [15, (26) p. 315]). If ¢ is odd, then

(fg.)* (Ggw) " " Brwani kg (Jg.w) ONWA N kg (i)

= n = - n— - .
= Z (k) (Zq,w)k(.]q,w) kBNWA,)\i,k,q,w (Jq,wfﬂ) UNWA,)J,n—k,q,w('L)
(92)

. N : - jm
= (ZQWJ)TL Z(_l)mAJmBNWA,)\i,n,q,w <jq7w$ @q,w E qw)

i—1

= i} i,
= ('Lq,w)n ! )‘jm’BNWA7/\i,n7q7w <Jq,wx @q,w qw) (_1)m

m=0 q,w

Proof. We can rewrite f,,(t) in the following way:

(gqawt)lEq,Wt(qu,th)(Aiquyw(rjq,wt) - 1)
iV Equ(igwt) = D(MEquw(jgwt) +1)

_ 3 QE%Wt(qu,th) )\iqu,W(qu,wt) +1
- 2\ WEgu(fgut) +1 NEg o (igut) —1 |

By using the formula for a geometric sequence, we can expand (93) in two
ways:

fqyw (t) =
(93)

(94)
faw(t) )
it o B
= i ((iq,w)y ;z_jo/\jm‘BNWA,Ai,u,q,w <jq,w$ Bqw jZiw>> {Zq! (_?m.

By equating the coefficients of {5—;!, we obtain rows 2 and 4 of formula (82). O

5. More expansion formulas

Theorem 5.1. A triple sum of NWA q,w-Apostol-Euler polynomials is equal
to a double sum of NWA q,w-Apostol-Euler polynomials.

n = v vo (k) — (k—1) -
(95) Z (ﬁ) (ZQ7‘“) ' (]qw) 2?NWA,)\i,V1,q,w (](bwm) :}“NWA,)\J',Vg,q,w (’L‘Lwy)
q

lv]=n

X ONWA, M\ ,v3,q,w (7’) (jq,w ) v
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Z <V) ‘7% )” §g€W11X)AJ N—V,q,w ( q,wy)

v=0
i—

X )\JM( )mS-'I(\I\?\,A)\ Dgw (]q,wz Bgw —= qw) .

m=0 lq,w

,_.

Proof. Define the following function, note that f; ., (¢) is symmetric when i, j
have the same parity.

Egwt (i 4,0 (€ S0 9)1) (1) TATE 0 (ifg,0t) +1)

w(t) = : —
fool) VEyoligd) + DFOVEg oG of) + LF
k
_ ol—2k - 2
0 =2 Bl ee 0 (5

k— . L. _
2 " ((F)FINITE (7, o) + 1
X - — - — d .
)\JEq’w(jq’wt) +1 )\JEq,w(jqﬁwt) +1

By using the formula for a geometric sequence, we can expand f, ., () in two
ways:

0 (65), [ 21 2k (Z gjl(\fWA N (5 ) (Z{qyui?u>

oo y _ Jut)
(Z ONWA, N mg.w (%) (j{zn} i ) (Z 5NkW}1\),\7 Lq,w () (J{l,}q!) )

m=0
o 2172]{2 2k 2k Z m>\]m
= : - k 1
(97) (AZE%W(Z(LW ) ) ()\]Eq W( q t)
- s jim 5 -
X BEq,ot <<Jq,wx Dgw Jgwl Dgw qu> Zq7wt>
q,w
_ ol-2k ym A (k) = I
=2 Z )\j Z {l} | NWA Al q,w (quwx @q,w g )
q,w
.]q w k 1)
Z {n} I NWA M n,q,w (z,wy).
The theorem follows by equating the coefficients of {fl—;q, O

Theorem 5.2 (Almost a ¢, w-analogue of [10, p. 3351]). Assume that ¢ and j
are either both odd, or both even. Then we have

. n ~ V(s n—v k .
(98) Z ( > (J%W) (Zq,w) ‘rfl(\TWi))\l n—v,q,w (]q,wy)
q

14
v=0
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_]—1 -

m m (k?) = qu,w
Z AT (=) T WA N g <2q7w33 Dgw =
m=0

q,w

. n = v n—v - -
= Z ( > (quw) (‘7‘170‘1) g:lifkwli),)\j,n—u,q,w (qu‘*’y)
q

14
v=0
i—1 ]m
jm¢_1ymag(k) = q,w
X Z A ( 1) :}'NWA,)\i,V,q,w j%wx @qf‘*’ = '
m=0 q,w

Proof. This follows from the previous proof, and then using the symmetry for
i and j. O

Theorem 5.3. A triple sum of NWA q,w-Apostol-Bernoulli polynomials is
equal to a double sum of NWA q,w-Apostol-Bernoulli polynomials.

n - v Vo [T e k —~
Z (1/) (ig.w) (Jq,w) 2(z7q7w) 3B1(\I\3\/A,)\i,l/1,q,w (]q,wx>
q

|lv|=n

X B1(\TVVA),)\7',112,q,u) (Z‘J:""y) SNWA,)\J',ys,q,w(Z)

(99) L N e ]
= Z (1/) (Zq,w) (]q,w) Bl(\IWA),)\j7n_y,q,w (Zq,wy)
q

v=0
1—1 an
jm (’f) - q,w
z : A BNWA,)\i7V,q,w Jq.w® EBq’W = :
m=0 lgw

Proof. Define the following symmetric function
(100)

bgw (t) Egwt (quw (z Dg,w y)t)()‘iqu,w (qu,wt) -1) k

()‘iEq,w (gq,wt) - 1)k()‘qu,w( t) - l)k

Jq,w

o A Py k-1
— )
:E w Z w x@ w t 7 qu j =
at(8q,0(@ P y)?) ()\lEq’w(iq,wt)—1> <AJEq,w( t)-1

T
. (A”Eq,w(ijq,wt) _ 1) 12k

Aqu,w (jq,wt) -1 (gq,w)k(jq,w)k_l .

By using the formula for a geometric sequence, we can expand ¢g ., (¢) in two
ways:

by (64) > (k) - (5 wt)l’
¢q7"" (t) - (Z 'BNWA,X",V,q,w (]q,wx) {qy q!

v=0

(101) X (Z SNWA,,\j,m,q,w(i)W>
m=0 a:
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00 = l 1-2k
(k—=1) - (Jgwt) t
X B J w ? 7wy = =
(; NWA N 1,q, ( q ) {l}q! (Zq’w)k(Jq’w)k—l
_ (igwt)” (Jgut)"
= k . - k—1
(>‘ Eq w(l t) — 1) ()‘JEqM(Jq,wt) - 1)

X Z NTE, ((jq’wx Do Tqwl Paw zW) @q’wt>
q

m=0 w

t172k

" o) Gy =

tl 2k ®)
— A\im
o (g (o)1 Z Z {l} ! BNVVA AL Lg,w
qw m=0 :
- jmq,w (]q,w) " l.B(kfl) -
X | Jgw?® Pgw tow Z {n}y! NWA A g, (Fa.wl)-
’ n=0

The theorem follows by equating the coefficients of {é—;,

Theorem 5.4 (A ¢,w-analogue of [17, p. 2994], [16, p. 551]).
n = I Vo [T v k g
> () (ig)" (g0)" ) Bl n g (Fa.o)
lv|=n q

k—1) - .
X .BI(\IWA N va,q,w ( q,wy) SNWA7/\j7V3:Q7W(Z)

= Z (Z’) (jq,w)’/l (gq,w)w( )VBBI(\?\sz N 1 ,q,w (gq’wx)
q

lv|=n

(102)

k—1) . )
BI(\IWA N vagw (Jg.0¥) SNWA N wg,0.0(F)-
Proof. Use the symmetry in ¢ ().
Theorem 5.5 (A ¢,w-analogue of [17, p. 2996]). We have

(103)
n i—1 j—1
Z( ) Z /\l+m Zq, .]q, ) —v
q1=0 0

v=0 m=

L m,
q,w (k) H q.w
BNWA,A,n—V,q,w lq,wY 69(1,“1 =
lq,w ]q,w

1
l+m = —v
AT (Jgw)” (igew)”
0

(k) = J
X BNWA,A,u,q,w (Jq,wx @q,w =

14—

30,5
il, Jjm,

(k) = g\ (k) = gw
X BNV\/'A,A,u,q,u.) s 5 - 3NVVA7)\,n_V7q,U_J Jq,wy ®q¢w = .
Jq,w lq,w

m=
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Proof. We can expand the following symmetric function ¢y, () by using the
formula for a geometric sequence:
(104)
P ()
— Eq,Wt(qu,w(x EBq w y) )(Al q,w(qu,wt) - 1)(Aqu,w(7jq,wt) - 1) t2k72
(AEqw(iguwt) = 1)F(AEqw (jg,ut) — ¥
1

(;q,w)kil(jq,w)kil
_ _ _ k—1
)‘quw(iq,wt) -1 AE,, w(Jq w ) -1
/\iquw(iijq L) —1 )\JEq’w(Z]q L) —1
% “a, “Ja,
AEq o (quwt) -1 AE o (igwt) — 1

i—1

j—1 Z ¢ k—1 3 ¢ k—1
- S (=) (et
(i) (g o1 =2 = AEq o (igut) — 1 AEW(]W)—1

3
Ilaw \ < - imgw | -
X Eq wt ]q wT Bqw 7 q,wt Eq,wt lqwY Pgw = jq,wt
(Lw Jq,cu

w
1
_ lOO Zq7 )t (k—1) ﬁqw
- = NWA,\,v1,q,w q,w q,w =
g (2 3 B B (e

v1=0 qu

m 3 jq’ )t (k—1) %Qw
(ZA Z {va}q! BNWA;)\sz?qw qu@qw = .

vo=0 q,w

X Eqwt (qu,w<x Dg.w Y)t)

The theorem follows by using the symmetry in ¢, ,(t) and changing k£ — 1 to
k. O

Theorem 5.6 (A ¢,w-analogue of [17, p. 2997]). We have
i—1

n n i oo o -
Z (V> Z(Zg,w]q,w) B1(\§€\)/\7A A,n—v,q,w ( fvay)
q

v=0 =0

Jj—1
k jl
X Z /\l+m‘B§\ﬂ3vA7)\,y7q7w (]q Wl Bgw qu Bq.w Mg, w)

lq,w

(105) ,
VAT (k)
= (7/) Z(]‘LW)V(Z‘Z) )” VBNWA A,n—v,q,w (jq,wy)
v=0 q =0

i—1 -
I+maq (k) H ilgw —
X A BNWA A\, V,q,w lg,w® @Q;W - @%W Mgw | -

q,w

m=0

Proof. Similar to above. (I
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Theorem 5.7 (A ¢,w-analogue of [16, p. 552]). We have

— 12( ) )" Gy

(lQ» ) .]q,

(k=1) . Zf L () - il
X Bawa s n—mg (ig.v) A BNWA N g (Jq, T Bgw zq>
(106)

N

(]QW) qw m=0

(k—1) il (k) ﬁ%
X BNwa N n—mqw Jq,wy Z A" BNWA A g (’q,wm Bgw = > .

q,w

Proof. We can expand the following symmetric function t,,,(t) by using the
formula for a geometric sequence:

Eqwt(rjqw( EBq,w y) )()‘”Eq» (quw )_ ) 2k 1
()\ZE (qw )_ 1) (AJEQW(qu )

1)*
= (et =)
)
(%
(107) Jou! 0w\
/\qu w(]q,w ) -1 /\qu w(] )
= k = k—1
B 1 < lgwt ) Jquwt
(gq,w)k(jq,w)k_l NEgw (gq,wt) -1 NEqw Gq,wt) -1

1—1 ] B 7 B B _
x Z AIE, ot ( (jq’wx Dy, Jg L. ) iq,wt> Eqwt ((igwy) Tgwt)
=0

q,w

Ygw(t) =

k

= EQ1Wt(qu,w(m @QWJ y)t)

1 1
(igw)* (g )’g‘1

o Vltl’l _ 7
il (tq.w) ™ 1 (k) - Jiqw
<Z )\j Z {Vl} ' BNWAv)‘ivVlvlJ:UJ (‘7‘17‘*’:6 69‘17‘*) E > >

v1=0

] w k <
x Z q{z/g}l Bl(\fwi)m g (aw)

vo=0

iS50

(ig,w)"( q

_ _ gl
'G . : il
X Z)\j tqw ‘71}7 )” mBNVVA At m,q,w (Jlbwm EB‘Z’W ~qw>

q,w
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- tn
.Bl(\?Wllk AN n—m,q,w ( q,wy)) {T}q'

The theorem follows by using the symmetry in ¢, ., (t). d

6. Mixed formulas

Theorem 6.1 (A ¢,w-analogue of [10, (3.9) p. 3356]). A triple sum of mized
q,w-Apostol polynomials is equal to a double sum of mized q,w-Apostol polyno-
mials.

n = vi( s 12 y
) (ﬁ)q@q,w) Gy B r g (ass?)

lv]=n

k) 1 - R Yax 3
X 5ENVVA))J V2,q,w ( q,wy) O-NWA»/\j7V3,q-,w(l)(-]q,w)us

(108) - = - T s ;
= § (:) (Z’Lw)y(]q,w)n Ug:l(\IkW; N n—v,q,w ( ‘Iv“y) : : Ajm(_l)m
q m=0

v=0
(k) - IJMgw
BNWA Av,q,w Jqw® ®q7w = .
tgw

Proof. Define the following function

g (t) — EQ,wt(qu,w(x @q,w y)t)((_ )i+1)‘ijE (quw ) )
e (/\iEq,w (gq,wt) — 1)k ()‘qu W(Jq t) 4+ 1)k
gl-k _ gt g
(109) = WEQ7Wt(ZJQ7w(x @q,w y)t) ()\ Eq7 (Zq . ) _ 1)

k_
2 L (C1) T NTE () + 1
X - — - — J .
)\JEq’w(jq’wt) +1 )\JEq,w(jq,wf) +1

By using the formula for a geometric sequence, we can expand g4 . (t) in two
ways:

by (65) 21—k > (k) - (5 ’wt)”
9q.w(t) "= t)k ZBNWA,M,u,q,w (]q,wx) {qy}q!

Z v=0

ONWA, N ,m,q, w( )Uq) t)m>

(110) ( {m}q
—1 = ﬁq wt !
X (z it o) 557 )
1=0 a
21 k

igwt 2k—1

k
 (igut)t (/\ZE w(iqwt) — 1) ()\J‘Eq’w(quwt) + 1)k_1
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i—1 -—
y - - Jm -
X Z (=1)"N™Eg we < (Jq,wx Dgw Jqw¥ Pgw iq’w> Zq,wt>

m=0 q,w
21—/{: i—1
- (—1)m
(igwt)® mz::o
o0 = 141
im lq,w t k - IMg.w
x X ¢ )1 fB1(\1\)7VA Nodgw | Jaw® Paw =
IR NWAALa .
1=0 a,
o)t
(k—1)
X Z {TL} [ ‘?NWA N n,q, w( ‘1>‘*’y)’
The theorem follows by equating the coefficients of {:L—;q, O

Theorem 6.2 (A ¢,w-analogue of [10, p. 3353]). Under the assumption that
i is even, a triple sum of mized q,w-Apostol polynomials is equal to another
triple sum of mized q,w-Apostol polynomials.

(111)

n\ =g k) . (k1) -
Z (ﬁ) (Zq*w)yl (jq,w)VZBNWA AN vy ,q,w (]q w ) STNWA AN vg,q,w ( qva)
|v|=n q
X SNWA.,)J,ug,q,w(i)(jq,w)US
{n}q(g%w)k (’I’L - 1) = v Vo
= - = k—1 Z — (Zq,w) (jq,w)
2(211,01) lv|=n—1 v q
— k—1 g k = .
X (j‘LW)Va‘Bl(\IWA) A vy ,q,w (-]Qywy) glif\aVA,Aj,ug,q,w (Z‘L"-’x) SNWA, A, vg,q,w <]>
Proof. We can write g, (t) as follows:

by (64),(109) 21_’C > (k) - (igwt)”
gq,w(t) = <Z fBNVVA,)J,l/,q,w (Jq, ) {ql/}q

Gyt
(ZSNWAMM, ()l )

- l
(k—1) T (.7 ,wt)
‘(;FNWA N Lg,w ( q7wy) {ql}q!

(112)

k—1
1g ol
- %mEq,wt(Uqw(x Bg.w Y)t) ( : = ) — 1)

(1g.wt) ANEq o (tgwt
k g _
2 AN Egw(ifgut) — 1
% _ - : Jq,
)\JEq7w(jq7wt) +1 )\’Eq?w(iq’wt) —1
by(64) 2~k

(gq,wt)kfl
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(k) = (jq,wt)u
(Z SFNVVA AN v,q,w (Zq,w,’E) {V}q!
(]q, t)m
X (Z SNWA,Ai,m,q,w( ) {m}q

m=0
- (igwt)’
(Z BNWA AiLLg,w (Jq,wy) {ql}q! :
The theorem follows by equating the coefficients of {:L—}q, O

Theorem 6.3 (A ¢,w-analogue of [10, p. 3353]). Under the assumption that
i is even, a double sum of mixed q,w-Apostol polynomials is equal to another
double sum of mized q,w-Apostol polynomials.

(113)
n 1—1
n\ = s n—pelk—1) - im m
Z<V> (tg.w)" (Ugw)" ™ INWA N g (ig.0) ZAJ (=1)
v=0 q m=0
- JMge
XBNWA)\Lqu <Jq,wx@q,w iq )
q,w
_ ) S (Y s ki kgD .
= *W i (igw) (Jquw) NWA, i n—k— 1,qw(3q,wy)
q,w k=0 q

j—1 _
m (k) - m, w
XZ)‘ ?NWAmkqw<Zq,w~T@q,w — )>.
Proof. We can expand gq UJ( ) as follows:

by (109)

9qw(t) "= (z k 1 qwt(”qw(m@qu))

_ k
(ki) (e
NEq Zq7 -1 MNEg Gq’wt) +1
NITE, o zng )—1
/\’Eq wligwt) —1
_ ( . ) 2"
(iq,w Pt AN Equ(igwt) — 1 ()\qu’w Gq,wt) + l)k

; _
(
i im = imq.w - -—
q

(114) x

1

,w

-1 o0 T
= Z Z | l\fw}\))\b ,,q,w (jq,wy)
m= =0

q,w
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-~ Uae)"t" 2y - Mg
X Z Wg'NWA)\Jm’q’w(lq’wx By =—22).
= " qw
The theorem follows by equating the coefficients of {7577;' -
o]

Theorem 6.4. Assume that U on the left hand side is a vector with three
components and with length n.

n - I Vo /T v k -
119 50 (5) 0 G0 G I s )
pi=n \"/q

k—1 - .
X CB&WA),Aj,VQ,q,(JJ (Z(Iv‘*’y) SNWA7)\J7V37Q7UJ(Z)

= Z (Z) (ng)y(jq’w)niygg\?\;ﬂi),)\j,n—l/,q,w (ngy)
q

v=0
i—1 ﬁ
E jmagp(k) = a,w

X A ?NWA,)\i,V,q,w Jq,w® @q’w i .
m=0 q,w

Proof. Define the following function

U, () = Eq7wt(7jq,w($ Dq,w y)t)(/\iqu,w (qu7wt) -1) ot
q.w (NEqw(igwt) + 1)F(MEq, (G, o) — 1)F

2 k 7ot o
— Jq,w
116) = Eq (i, (2 ®gw y)t : - , i
(116) gt ( Jq, (T Bgw y)t) <)\’Eq,w(lq,wt)+1) ()\]Eq’woq)wt)_l)
)‘iqu,W(qu wt) -1 Z_k
X - —= — .
)‘]quw(]q,wt) -1 (]q,w)k_l

By using the formula for a geometric sequence, we can expand ¥, (t) in
two ways:

by(64) [ o= (k) - (igwt)”
0000 ($5 8100
v=0

|
q

(Jgwt)™

11 i,m,q,w )~
(117) % (g_:OSNWA,A-, a5 >
[e's) - 1 —k
(k—1) = (]q,wt) 2
x B J w t 7wy =
(?_0: NWA,M g, (ig.ov) ") Gt

_ 2k Ggut)* i i
(AiEq,w(gq’wt) - 1)k ()‘qu,wgq,wt) - 1)k_1 m=0

= = Mg\ = 2=k
X Eq,wt ]q’wm @q,w ]qu @q@) = Eikd Zq’wt —_ =
lgw (jq,w)
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o0 - _
[-F Jjm
j K i J T D Ti’lv“
= Ugu) = {l}ql NWAN L | Jaw® Paw 5

GQ7“’)ntnnB(k—1) =
: Z T}q' NWAAN\n,q,w(Zq,wy)-
n=0 .

The theorem follows by equating the coefficients of {277}1‘ (I
.
Similar formulas with  polynomials can easily be constructed.

Theorem 6.5. Assume that U on the left hand side is a vector with three
components and length n.

n - vi (T Vo (T % k T
5 (1) G G G 5 g G
q

lv|=n

k—1 - .
X Bfwm)m g (10.0Y) SNWA N g .0 (1)

(118) n = ey _
Z( ) qu) ‘BSCW}KAJN, qu(%‘*"y)

v=0
i—1 Trn
X )\Jmf]{l(\ﬂsz Nwguw (jqwa: Dq,w W) )
m=0 q,w
Proof. Use ¥, ,(t) again. 0

Theorem 6.6 (A ¢, w-analogue of [10, (3.11) p. 3356]). A triple sum of mized
q,w-Apostol polynomials is equal to a double sum of mixed q,w-Apostol polyno-
mials.

n = 2% 2 v k g
Z ( ) (’L%W) 1(]q,w) z(jq, ) 3?1(\I\ZVA Aty ,q,w (]q’wx)
|= q

i=n
k-1 g .
B%\IWA))\J V2,q,w ( q,wy) NNWA, NI v3,q,0 (7’)

(119) 4 S .
= Z (I/) (Zq1“") (JQ’W) ‘Bl(\IWA))\J n—uv,q,w ( q,wy)
v=0 q

i1 —
— m
jm (k) - J q,w
x N FNWA N g (Jq,wx Dgw z > :

m=0

Proof. Define the following function

Egwt (g0 (T ©g.0 ) (AN Equ(ijgt) — 1)

Tl = B Ga) + DF Vg Ggat) — DF
(120) = Equwt(igw(@ Sqw y)t) ()JE wliguwt) + 1)
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k—1 —
Jqwt AV E g w(ifgut) — 1 1
)‘7Eq w(]q,w ) -1 )‘qu,w(Eq,wt) -1 2k(jq w)k_l .
By using the formula for a geometric sequence, we can expand f, ., (¢) in two
ways:

by (64) (k) - (igwt)”
fq,w(t) - (Z BNWA Av,q,w (jq,wx) {q]/}q!

v=0

(121) X (Z SNWA,AJ,m,q,w( )(3{%}?‘)’”>

= l
(k—1) = (]q,wt) 1
(ZBNWAM taeo (o) {l}q! (G, )1

qu)

_ Qk (jq7 Z )\jm
(VB (gut) +1)" (VEgw(Gyut) = 1)

- - .jimqw - 1
X Equt | | Jgw® Bqw Jgwy Paw = | 1 e S ]
" << o o e o lqaw qw 2k(jqw)k_1

1—1 [e’e) E an
q, w) (k) = q,w
Z {l}q ‘rfNWA N Lgyw <3q,wm Bgw = )
=0

- Z 2k ( lg,w

m—=0 ]q w)

‘m

qu "t Rh-1) -
Z {n},! Bywa /\J,n,q,w(ZQ7wy)'

The theorem follows by equating the coefficients of {ﬁ—}q, O

7. Discussion

Many of the proofs use the formula for a geometric sequence in ¢, w-form and
the generating function for the g, w-Appell polynomials and the power sums.
The integers ¢ and j are crucial for the formulas; by the generating function,
if X, v appears as index in a polynomial, certainly the factor (iy,,)" will also
appear. If the orders of two polynomials in a formula are k and k — 1, the
last one with index M, and argument iq .y, a function oxwa xi m.q.w(i) OF
SNWA, A m,qw (1), together with (j, )™ will appear. If a polynomial has \’, v
as index, it will have (jq,w) in the function argument, and vice versa. Most of
the g-transformations can be generalized to the gq,w case, a general exception
is when the ¢, w-addition is expanded and coefficients of the dummy variable ¢
are equated.
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