
Commun. Korean Math. Soc. 35 (2020), No. 2, pp. 487–497

https://doi.org/10.4134/CKMS.c190254

pISSN: 1225-1763 / eISSN: 2234-3024

ON COMPLEX REPRESENTATIONS OF

THE CLIFFORD ALGEBRAS

Youngkwon Song

Abstract. In this paper, we establish a complex matrix representation

of the Clifford algebra C`p,q . The size of our representation is signifi-
cantly smaller than the size of the elements in Lp,q(R). Additionally, we

give detailed information about the spectrum of the constructed matrix
representation.

1. Introduction

Throughout this paper, C`p,q is the Clifford algebra on Rp,q which is the n-
dimensional pseudo Euclidean space with the quadratic form Q(v) =

∑p
i=1 v

2
i −∑p+q

i=p+1 v
2
i of signature (p, q), where p+ q = n. Dirac introduced matrices that

provided a representation of the Clifford algebra of Minkowski space.
In a series of papers, the real matrix representations and various properties

of the Clifford algebra C`p,q have been established and developed [1–3,5–8]. We
constructed matrix algebras Lp,q(R) and S2n(R) whose elements are real matrix
representation of the Clifford algebra C`p,q for some p and q, where p+ q = n.
The size of the matrix representation of the elements in the Clifford algebra
C`p,q is 2n × 2n. Thus, if we can reduce the size of the matrix representation,
then it would be easier to understand.

In this paper, we will construct a subalgebra R2n(C) of the matrix algebra
M2n(C) and show that R2n(C) is isomorphic to the Clifford algebra C`p,q for
some p and q. The size of the elements in R2n(C) is 2n−1 × 2n−1 which is
significantly smaller than the size of the elements in the algebra Lp,q(R).

Also, the theory of spectrum of matrices attracts more and more attention
because of its important role in various applications including quantum physics
and computer sciences [4, 9, 10]. In a second part of this paper, we give infor-
mation about the spectrum of the constructed matrix representation of the
elements in the Clifford algebra C`p,q.
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2. Complex matrix representations of the Clifford algebras

We begin by defining terms necessary to use. Let

TI =

{(
a b
b a

)
| a, b ∈ R

}
, TR =

{(
a −b
b −a

)
| a, b ∈ R

}
.

We will call the matrix in TI (orTR) by the I-type matrix (or R-type matrix)
[7].

Consider the following Pauli matrices.

σ0 =

(
1 0
0 1

)
, σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
.

Then,

σ1σ2 = σ3i = −σ2σ1, σ2σ3 = σ1i = −σ3σ2, σ1σ3 = −σ2i = −σ3σ1.
Now, we construct the subalgebra R2n(C) of the matrix algebra M2n(C) using
the Pauli matrices as follows:

For n = 1, let

A(1) = A1
1σ0 +A1

2σ1, B(1) = B1
1σ3 −B1

2σ2i,

where A1
1, A

1
2, B

1
1 , B

1
2 ∈ R. Also, define r(1) = A(1) +B(1)i and

R21(C) =
{
r(1) ∈M2(C) | A1

t , B
1
t ∈ R, t = 1, 2

}
.

For n = 2, replace A1
1 and A1

2 by A2
1σ0 +A2

2σ1 and A2
3σ3−A2

4σ2i, respectively.
Also, replace B1

1 and B1
2 by B2

1σ0+B2
2σ1 and B2

3σ3−B2
4σ2i, respectively. Then,

we obtain

A(2) =


A2

1 A2
2 A2

3 −A2
4

A2
2 A2

1 A2
4 −A2

3

A2
3 −A2

4 A2
1 A2

2

A2
4 −A2

3 A2
2 A2

1


= σ0 ⊗ (A2

1σ0 +A2
2σ1) + σ1 ⊗ (A2

3σ3 −A2
4σ2i),

B(2) =


B2

1 B2
2 −B2

3 B2
4

B2
2 B2

1 −B2
4 B2

3

B2
3 −B2

4 −B2
1 −B2

2

B2
4 −B2

3 −B2
2 −B2

1


= σ3 ⊗ (B2

1σ0 +B2
2σ1) + (−σ2i)⊗ (B2

3σ3 −B2
4σ2i).

Now, define

r(2) = A(2) +B(2)i =


A2

1 +B2
1i A2

2 +B2
2i A2

3 −B2
3i −A2

4 +B2
4i

A2
2 +B2

2i A2
1 +B2

1i A2
4 −B2

4i −A2
3 +B2

3i
A2

3 +B2
3i −A2

4 −B2
4i A2

1 −B2
1i A2

2 −B2
2i

A2
4 +B2

4i −A2
3 −B2

3i A2
2 −B2

2i A2
1 −B2

1i


and

R22(C) = {r(2) ∈M4(C) | A2
t , B

2
t ∈ R, t = 1, 2, 3, 4}.
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For n = 3, replace A2
1 and A2

3 by A3
1σ0+A3

2σ1 and A3
5σ0+A3

6σ1, respectively.
Also, replace A2

2 and A2
4 by A3

3σ3 −A3
4σ2i and A3

7σ3 −A3
8σ2i, respectively.

Furthermore, replace B2
1 and B2

3 by B3
1σ0 + B3

2σ1 and B3
5σ0 + B3

6σ1, re-
spectively. Also, replace B2

2 and B2
4 by B3

3σ3 − B3
4σ2i and B3

7σ3 − B3
8σ2i,

respectively. Then, we obtain an 8× 8 matrix r(3) = A(3) +B(3)i, where

A(3) = σ0 ⊗
{
σ0 ⊗ (A3

1σ0 +A3
2σ1) + σ1 ⊗ (A3

3σ3 −A3
4σ2i)

}
+ σ1 ⊗

{
σ3 ⊗ (A3

5σ0 +A3
6σ1) + (−σ2i)⊗ (A3

7σ3 −A3
8σ2i)

}
,

B(3) = σ3 ⊗
{
σ0 ⊗ (B3

1σ0 +B3
2σ1) + σ1 ⊗ (B3

3σ3 −B3
4σ2i)

}
+ (−σ2i)⊗

{
σ3 ⊗ (B3

5σ0 +B3
6σ1) + (−σ2i)⊗ (B3

7σ3 −B3
8σ2i)

}
.

Thus, the matrix representations of A(3) and B(3) are the following 8× 8 ma-
trices:

A(3) =



A3
1 A3

2 A3
3 −A3

4 A3
5 A3

6 −A3
7 A3

8

A3
2 A3

1 A3
4 −A3

3 A3
6 A3

5 −A3
8 A3

7

A3
3 −A3

4 A3
1 A3

2 A3
7 −A3

8 −A3
5 −A3

6

A3
4 −A3

3 A3
2 A3

1 A3
8 −A3

7 −A3
6 −A3

5

A3
5 A3

6 −A3
7 A3

8 A3
1 A3

2 A3
3 −A3

4

A3
6 A3

5 −A3
8 A3

7 A3
2 A3

1 A3
4 −A3

3

A3
7 −A3

8 −A3
5 −A3

6 A3
3 −A3

4 A3
1 A3

2

A3
8 −A3

7 −A3
6 −A3

5 A3
4 −A3

3 A3
2 A3

1


,

B(3) =



B3
1 B3

2 B3
3 −B3

4 −B3
5 −B3

6 B3
7 −B3

8

B3
2 B3

1 B3
4 −B3

3 −B3
6 −B3

5 B3
8 −B3

7

B3
3 −B3

4 B3
1 B3

2 −B3
7 B3

8 B3
5 B3

6

B3
4 −B3

3 B3
2 B3

1 −B3
8 B3

7 B3
6 B3

5

B3
5 B3

6 −B3
7 B3

8 −B3
1 −B3

2 −B3
3 B3

4

B3
6 B3

5 −B3
8 B3

7 −B3
2 −B3

1 −B3
4 B3

3

B3
7 −B3

8 −B3
5 −B3

6 −B3
3 B3

4 −B3
1 −B3

2

B3
8 −B3

7 −B3
6 −B3

5 −B3
4 B3

3 −B3
2 −B3

1


.

Now, if we let r(3) = A(3) +B(3)i, then r(3) is the following matrix:

A3
1 +B3

1i A3
2 +B3

2i A3
3 +B3

3i −A3
4 −B3

4i A3
5 −B3

5i A3
6 −B3

6i −A3
7 +B3

7i A3
8 −B3

8i
A3

2 +B3
2i A3

1 +B3
1i A3

4 +B3
4i −A3

3 −B3
3i A3

6 −B3
6i A3

5 −B3
5i −A3

8 +B3
8i A3

7 −B3
7i

A3
3 +B3

3i −A3
4 −B3

4i A3
1 +B3

1i A3
2 +B3

2i A3
7 −B3

7i −A3
8 +B3

8i −A3
5 +B3

5i −A3
6 +B3

6i
A3

4 +B3
4i −A3

3 −B3
3i A3

2 +B3
2i A3

1 +B3
1i A3

8 −B3
8i −A3

7 +B3
7i −A3

6 +B3
6i −A3

5 +B3
5i

A3
5 +B3

5i A3
6 +B3

6i −A3
7 −B3

7i A3
8 +B3

8i A3
1 −B3

1i A3
2 −B3

2i A3
3 −B3

3i −A3
4 +B3

4i
A3

6 +B3
6i A3

5 +B3
5i −A3

8 −B3
8i A3

7 +B3
7i A3

2 −B3
2i A3

1 −B3
1i A3

4 −B3
4i −A3

3 +B3
3i

A3
7 +B3

7i −A3
8 −B3

8i −A3
5 −B3

5i −A3
6 −B3

6i A3
3 −B3

3i −A3
4 +B3

4i A3
1 −B3

1i A3
2 −B3

2i
A3

8 +B3
8i −A3

7 −B3
7i −A3

6 −B3
6i −A3

5 −B3
5i A3

4 −B3
4i −A3

3 +B3
3i A3

2 −B3
2i A3

1 −B3
1i


.

Let

R23(C) = {r(3) ∈M8(C) | A3
t , B

3
t ∈ R, t = 1, 2, . . . , 8}.

Continuing the process successively, we obtain

A(n) = σ0 ⊗A(n−1)
1 + σ1 ⊗B(n−1)

1 ,
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B(n) = σ3 ⊗A(n−1)
2 + (−σ2i)⊗B(n−1)

2

for some A
(n−1)
j and B

(n−1)
j , j = 1, 2. Now, define r(n) = A(n) +B(n)i and

R2n(C) = {r(n) ∈M2n(C) | An
t , B

n
t ∈ R, t = 1, 2, . . . , 2n}.

Also, let S2n(R) be the set consisting of A(n) and define T2n(R) by the set
consisting of B(n) in the process. Then, the following properties can be proved.

Proposition 2.1. Let r(n) ∈ R2n(C). Then,

(1) r(n) =

(
E F
F E

)
+

(
G −H
H −G

)
i, for some E,F,G,H ∈M2n−1(R).

(2) (i) The t-th row of 2× 2 block entries of r(n) is of the following shape;

(Pt1, Qt2, Pt3, . . . , Qt2n−1) + (Xt1, Yt2, Xt3, . . . , Yt2n−1)i, if t is an odd integer,

(Qt1, Pt2, Qt3, . . . , Pt2n−1) + (Yt1, Xt2, Yt3, . . . , Xt2n−1)i, if t is an even integer,

(ii) The `-th column of 2× 2 block entries of r(n) is of the following shape;
P1`

Q2`

P3`

...
Q2n−1`

+


X1`

Y2`
X3`

...
Y2n−1`

 i, if ` is an odd integer,


Q1`

P2`

Q3`

...
P2n−1`

+


Y1`
X2`

Y3`
...

X2n−1`

 i, if ` is an even integer.

Here, Pt`, Xt` ∈ TI and Qt`, Yt` ∈ TR for all t and `.

Proposition 2.2. Let r
(n)
1 , r

(n)
2 ∈ R2n(C) and let Mt` + Nt` i be the (t, `)-th

2× 2 block entry of r
(n)
1 r

(n)
2 . Then,

(1) Mt`, Nt` ∈ TI if t+ ` is an even integer.
(2) Mt`, Nt` ∈ TR if t+ ` is an odd integer.

Proof. We will prove (1) in the case that t and ` are all odd integers and

the other cases can be proved similarly. Let r
(n)
1 = A

(n)
1 + B

(n)
1 i and r

(n)
2 =

A
(n)
2 +B

(n)
2 i for some A

(n)
1 , A

(n)
2 ∈ S2n(R) and B

(n)
1 , B

(n)
2 ∈ T2n(R). Note that

Mt` = (t-th row of 2× 2 blocks of A
(n)
1 ) (`-th column of 2× 2 blocks of A

(n)
2 )

−(t-th row of 2× 2 blocks of B
(n)
1 ) (`-th column of 2× 2 blocks of B

(n)
2 ),

Nt` = (t-th row of 2× 2 blocks of A
(n)
1 ) (`-th column of 2× 2 blocks of B

(n)
2 )

+(t-th row of 2× 2 blocks of B
(n)
1 ) (`-th column of 2× 2 blocks of A

(n)
2 ).
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Now, let

t-th row of 2× 2 blocks of A
(n)
1 = (Pt1, Qt2, Pt3, . . . , Qt2n−1),

t-th row of 2× 2 blocks of B
(n)
1 = (Xt1, Yt2, Xt3, . . . , Yt2n−1),

`-th column of 2× 2 blocks of A
(n)
2 = (P

′

1`, Q
′

2`, P
′

3`, . . . , Q
′

2n−1`)
T ,

`-th column of 2× 2 blocks of B
(n)
2 = (X

′

1`, Y
′

2`, X
′

3`, . . . , Y
′

2n−1`)
T ,

for some Pt`, P
′

t`, Xt`, X
′

t` ∈ TI and Qt`, Q
′

t`, Yt`, Y
′

t` ∈ TR. Then,

Mt` = (Pt1, Qt2, Pt3, . . . , Qt2n−1)(P
′

1`, Q
′

2`, P
′

3`, . . . , Q
′

2n−1`)
T

− (Xt1, Yt2, Xt3, . . . , Yt2n−1)(X
′

1`, Y
′

2`, X
′

3`, . . . , Y
′

2n−1`)
T ,

Nt` = (Pt1, Qt2, Pt3, . . . , Qt2n−1)(X
′

1`, Y
′

2`, X
′

3`, . . . , Y
′

2n−1`)
T

+ (Xt1, Yt2, Xt3, . . . , Yt2n−1)(P
′

1`, Q
′

2`, P
′

3`, . . . , Q
′

2n−1`)
T .

Note that Pts(P
′

s`)
T , Qts(Q

′

s`)
T , Xts(X

′

s`)
T , Yts(Y

′

s`)
T , Pts(X

′

s`)
T , Qts(Y

′

s`)
T ,

Xts(P
′

s`)
T , Yts(Q

′

s`)
T are all in TI and hence Mt`, Nt` ∈ TI . �

Lemma 2.3. Let r(n) = A(n) + B(n)i for some A(n) ∈ S2n(R) and B(n) ∈
T2n(R). Then, A(n)B(n) ∈ T2n(R).

Proof. Obviously A(1)B(1) ∈ T21(R). Assume that A(m)B(m) ∈ T2m(R). From
the construction, A(m+1) ∈ S2m(TI ∪ TR) and B(m+1) ∈ T2m(TI ∪ TR) as
2m × 2m matrices with 2 × 2 block matrix entries. Note also that (p, q)-th
2×2 block matrix entry of A(m+1)B(m+1) can be obtained by virtue of the rule
to get (p, q)-th real entry of A(m)B(m). Thus, by the mathematical induction
hypothesis, the 2× 2 block entries of A(m+1)B(m+1) preserve the relationships
about the structure between row and column entries of T2m(TI ∪ TR). Also,
(p, 1)-th 2×2 block entries of A(m+1)B(m+1) are in TI if p is an odd integer and
(p, 1)-th 2 × 2 block entries of A(m+1)B(m+1) are in TR if p is an even integer
by proposition 2.2. Therefore, the lemma is proved. �

Theorem 2.4. R2n(C) is a subalgebra of the matrix algebra M2n(C).

Proof. In order to prove the theorem, it is enough to show that R2n(C) is

closed under the multiplication. Let r
(n)
1 , r

(n)
2 ∈ R2n(C). We will show that

r
(n)
1 r

(n)
2 ∈ R2n(C) by the mathematical induction for n.

If n = 1, then r
(1)
1 = A

(1)
1 +B

(1)
1 i and r

(1)
2 = A

(1)
2 +B

(1)
2 i for some A

(1)
1 , A

(1)
2 ∈

S21(R) and B
(1)
1 , B

(1)
2 ∈ T21(R). Thus,

r
(1)
1 r

(1)
2 = (A

(1)
1 A

(1)
2 −B

(1)
1 B

(1)
2 ) + (A

(1)
1 B

(1)
2 +B

(1)
1 A

(1)
2 )i.

Since A
(1)
1 A

(1)
2 −B

(1)
1 B

(1)
2 ∈ TI and A

(1)
1 B

(1)
2 +B

(1)
1 A

(1)
2 ∈ TR, we have r

(1)
1 r

(1)
2 ∈

R21(C).
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Assume that it is true for n = m. That is, if r
(m)
1 = A

(m)
1 + B

(m)
1 i and

r
(m)
2 = A

(m)
2 +B

(m)
2 i for some A

(m)
1 , A

(m)
2 ∈ S2m(R) and B

(m)
1 , B

(m)
2 ∈ T2m(R),

then

r
(m)
1 r

(m)
2 = (A

(m)
1 A

(m)
2 −B(m)

1 B
(m)
2 ) + (A

(m)
1 B

(m)
2 +B

(m)
1 A

(m)
2 )i ∈ R2m(C).

Now, let r
(m+1)
1 , r

(m+1)
2 ∈ R2m+1(C) and

r
(m+1)
1 = A

(m+1)
1 +B

(m+1)
1 i, r

(m+1)
2 = A

(m+1)
2 +B

(m+1)
2 i

for some A
(m+1)
1 , A

(m+1)
2 ∈ S2m+1(R) and B

(m+1)
1 , B

(m+1)
2 ∈ T2m+1(R). Since

r
(m+1)
1 r

(m+1)
2 = (A

(m+1)
1 A

(m+1)
2 −B(m+1)

1 B
(m+1)
2 )

+ (A
(m+1)
1 B

(m+1)
2 +B

(m+1)
1 A

(m+1)
2 )i,

it is enough to show that

A
(m+1)
1 A

(m+1)
2 −B(m+1)

1 B
(m+1)
2 ∈ S2m+1(R),

A
(m+1)
1 B

(m+1)
2 +B

(m+1)
1 A

(m+1)
2 ∈ T2m+1(R).

Note that

A
(m+1)
1 = σ0 ⊗A(m)

1 + σ1 ⊗B(m)
1 , A

(m+1)
2 = σ0 ⊗A(m)

2 + σ1 ⊗B(m)
2 ,

B
(m+1)
1 = σ3 ⊗A(m)

3 − σ2i⊗B(m)
3 , B

(m+1)
2 = σ3 ⊗A(m)

4 − σ2i⊗B(m)
4

for some A
(m)
t , B

(m)
t , t = 1, 2, 3, 4. Thus,

A
(m+1)
1 A

(m+1)
2 = σ0⊗ (A

(m)
1 A

(m)
2 +B

(m)
1 B

(m)
2 ) +σ1⊗ (A

(m)
1 B

(m)
2 +B

(m)
1 A

(m)
2 ),

B
(m+1)
1 B

(m+1)
2 = σ0⊗ (A

(m)
3 A

(m)
4 −B(m)

3 B
(m)
4 )−σ1⊗ (A

(m)
3 B

(m)
4 −B(m)

3 A
(m)
4 ),

A
(m+1)
1 B

(m+1)
2 = σ3⊗(A

(m)
1 A

(m)
4 +B

(m)
1 B

(m)
4 )−σ2i⊗(A

(m)
1 B

(m)
4 +B

(m)
1 A

(m)
4 ),

B
(m+1)
1 A

(m+1)
2 = σ3⊗(A

(m)
3 A

(m)
2 −B(m)

3 B
(m)
2 )+σ2i⊗(A

(m)
3 B

(m)
2 −B(m)

3 A
(m)
2 ).

By the mathematical induction hypothesis, A
(m)
t A

(m)
s − B(m)

t B
(m)
s ∈ S2m(R)

and hence B
(m)
t B

(m)
s ∈ S2m(R) since A

(m)
t A

(m)
s ∈ S2m(R). Thus, A

(m)
1 A

(m)
2 +

B
(m)
1 B

(m)
2 , A

(m)
3 A

(m)
4 − B

(m)
3 B

(m)
4 , A

(m)
1 A

(m)
4 + B

(m)
1 B

(m)
4 , and A

(m)
3 A

(m)
2 −

B
(m)
3 B

(m)
2 are all in S2m(R).

On the other hand, A
(m)
t B

(m)
s + B

(m)
t A

(m)
s ∈ T2m(R) by the mathemati-

cal induction hypothesis. Thus, B
(m)
t A

(m)
s ∈ T2m(R) by Lemma 2.3 and we

obtain A
(m)
1 B

(m)
2 +B

(m)
1 A

(m)
2 , A

(m)
3 B

(m)
4 −B(m)

3 A
(m)
4 , A

(m)
1 B

(m)
4 +B

(m)
1 A

(m)
4 ,

A
(m)
3 B

(m)
2 −B(m)

3 A
(m)
2 are all in T2m(R). Thus, A

(m+1)
1 A

(m+1)
2 −B(m+1)

1 B
(m+1)
2

∈ S2m+1(R) and A
(m+1)
1 B

(m+1)
2 + B

(m+1)
1 A

(m+1)
2 ∈ T2m+1(R). Therefore,

r
(m+1)
1 r

(m+1)
2 ∈ R2m+1(C) and the theorem is proved. �
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Theorem 2.5. The subalgebra R2n(C) of M2n(C) is isomorphic to the Clifford
algebra C`p,q for some p and q. Concretely,

(1) R2n(C) ∼= C`[n
2 ]+2,[n

2 ] if n is an odd integer.

(2) R2n(C) ∼= C`n
2 ,n2 +1 if n is an even integer.

Here, [x] is the greatest integer less than or equal to the real number x.

Proof. Define A(m) ∈ S2n(R) and B(n) ∈ T2n(R) as follows:

(t, 1)-th entry of A(m) =

{
1, t = 2m

0, otherwise

(t, 1)-th entry of B(n) =

{
1, t = 2n

0, otherwise.

Also, define αm ∈ R2n(C) as follows:

αm =


I2n , m = 0
A(m), m = 1, 2, . . . , n
B(n) i, m = n+ 1.

Since the entries in the first column of αm ∈ R2n(C) determines the other
entries of αm, we can express αm as follows:

Let K1 = −σ2i and for m ≥ 2, let

Km =

(
O2m−1 −Km−1
Km−1 O2m−1

)
∈M2m(R)

and

Tm−1 =

(
O2m−1 Km−1
Km−1 O2m−1

)
∈M2m(R).

Then,

α1 =


σ1 O2 · · · O2 O2

O2 σ1 · · · O2 O2

...
...

. . .
...

...
O2 O2 · · · σ1 O2

O2 O2 · · · O2 σ1

 ∈M2n(R)

and, for 2 ≤ m ≤ n,

αm =


Tm−1 O2m · · · O2m

O2m Tm−1 · · · O2m

...
...

. . .
...

O2m O2m · · · Tm−1

 ∈M2n(R).
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Also, for n ≥ 2,

αn+1 =


O2 O2 · · · O2 −σ2
O2 O2 · · · σ2 O2

...
...

. . .
...

...
O2 −σ2 · · · O2 O2

σ2 O2 · · · O2 O2

 ∈M2n(C)

if n is an even integer and

αn+1 =


O2 O2 · · · O2 σ2
O2 O2 · · · −σ2 O2

...
...

. . .
...

...
O2 −σ2 · · · O2 O2

σ2 O2 · · · O2 O2

 ∈M2n(C)

if n is an odd integer. Note that we can express αm in tensor form as follows:

α1 = σ0 ⊗ σ0 ⊗ σ0 ⊗ · · · ⊗ σ0 ⊗ σ1,
α2 = σ0 ⊗ σ0 ⊗ · · · ⊗ σ1 ⊗ (−σ2i),
α3 = σ0 ⊗ σ0 ⊗ · · · ⊗ σ1 ⊗ (−σ2i)⊗ (−σ2i),

...

αn = σ1 ⊗ (−σ2i)⊗ · · · ⊗ (−σ2i)⊗ (−σ2i),
αn+1 = (−σ2i)⊗ (−σ2i)⊗ · · · ⊗ (−σ2i)⊗ (−σ2i) i.

Since σ2
0 = σ2

1 = I2 and (−σ2i)2 = −I2 for all m with 1 ≤ m ≤ n, we obtain

α2
m =

{
−I2n , if m is an even integer
I2n , if m is an odd integer

and

α2
n+1 =

{
−I2n , if n is an even integer
I2n , if n is an odd integer.

Moreover, for all m and ` with 1 ≤ m, ` ≤ n+1 and m 6= `, αm α` = −α` αm

since σ1σ2 = −σ2σ1. Hence α1, α2, . . . , αn, αn+1 can be considered as the vector
generators of a Clifford algebra. Since S2n(R) ∼= C`[n

2 ]+1,[n
2 ] if n is an odd

integer and S2n(R) ∼= C`n
2 ,n2

if n is an even integer [6], we now can conclude
that R2n(C) ∼= C`[n

2 ]+2,[n
2 ] if n is an odd integer and R2n(C) ∼= C`n

2 ,n2 +1 if n

is an even integer. �

Example 2.6. For n = 3, R23(C) ∼= C`3,1 and the vector generators are

α1 = σ0 ⊗ σ0 ⊗ σ1, α2 = σ0 ⊗ σ1 ⊗ (−σ2i),

α3 = σ1 ⊗ (−σ2i)⊗ (−σ2i), α4 = (−σ2i)⊗ (−σ2i)⊗ (−σ2i)i.
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Also, the corresponding matrix representations are the following 8×8 matrices.

α1 =



0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0


, α2 =



0 0 0 −1 0 0 0 0
0 0 1 0 0 0 0 0
0 −1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 −1
0 0 0 0 0 0 1 0
0 0 0 0 0 −1 0 0
0 0 0 0 1 0 0 0


,

α3 =



0 0 0 0 0 0 0 1
0 0 0 0 0 0 −1 0
0 0 0 0 0 −1 0 0
0 0 0 0 1 0 0 0
0 0 0 1 0 0 0 0
0 0 −1 0 0 0 0 0
0 −1 0 0 0 0 0 0
1 0 0 0 0 0 0 0


, α4 =



0 0 0 0 0 0 0 −i
0 0 0 0 0 0 i 0
0 0 0 0 0 i 0 0
0 0 0 0 −i 0 0 0
0 0 0 i 0 0 0 0
0 0 −i 0 0 0 0 0
0 −i 0 0 0 0 0 0
i 0 0 0 0 0 0 0


.

As one can see, the matrix representations of the vector generators have
simple and regular patterns and so it makes it easy to investigate a lot of
the algebraic properties. For example, tr(αm) and det(αm) can be calculated
automatically for all m = 1, 2, . . . , n+ 1.

Theorem 2.7. Let α1, α2, . . . , αn+1 be the matrix representations of vector
generators of the Clifford algebra constructed in the proof of theorem 2.5. Then,

(1) tr(αm) = 0, m = 1, 2, . . . , n+ 1.
(2) det(αm) = 1 or det(αm) = −1, m = 1, 2, . . . , n+ 1.

3. Spectrum of matrix representations of the Clifford algebras

In this section, we give some information about the spectrum of the con-
structed complex matrix representation. The spectrum of A is denoted by
spec(A).

Theorem 3.1. Let A =
∑n+1

m=1 bmαm. Then, A has 2n complex eigenvalues.

Proof. Note that det(A− λI2n) = 0 generates 2n degree equations. Since C is
an algebraically closed field, the result follows. �

Theorem 3.2. Let A =
∑n+1

m=1 bmαm. Then,

spec(A) ⊂

{
z ∈ C | |z| ≤

n−1∑
`=1

|b`|+ |bn + bn+1i|

}
.

Proof. Let A = (ats)2n×2n . Then, R1(A) =
∑

s6=1 |a1s| =
∑n

`=1 |a12` | and

R1(A) = Rm(A) for all m = 1, 2, . . . , n+ 1. Thus,

spec(A) ⊂
2n⋃

m=1

{
z ∈ C | |z − amm| ≤

n∑
`=1

|a12` |

}
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by the Geršgorin theorem [5]. But, amm = 0 for all m = 1, 2, . . . , n + 1 and
|a12` | = |b`| for all 1 ≤ ` ≤ n− 1 and |a12n | = |bn + bn+1i|. Hence{

z ∈ C | |z − amm| ≤
n∑

`=1

|a12` |

}
=

{
z ∈ C | |z| ≤

n−1∑
`=1

|b`|+ |bn + bn+1i|

}
and we prove the theorem. �

Corollary 3.3. (1) spec(αm) ⊂ {z ∈ C | |z| ≤ 1} for all 1 ≤ m ≤ n+ 1.

(2) Let A =
∑n+1

m=1 αm. Then, spec(A) ⊂
{
z ∈ C | |z| ≤ n− 1 +

√
2
}

.

Specially, we can easily obtain the spectrum of the pure imaginary generator
αn+1.

Example 3.4. If n is an odd integer, then spec(αn+1) ⊂ {−1, 1}.

Proof. Let λ ∈ spec(αn+1). Then, (αn+1−λI2n)X = O for some X 6= O. Note
that (αn+1 − λI2n)(αn+1 − λI2n)T = (λ2 − 1)I2n and so det(αn+1 − λI2n)2 =
(λ2 − 1)2

n

. Thus, we obtain λ = −1 or λ = 1. �

Example 3.4 shows that eigenvalues of the pure imaginary generator occur
on the boundary of the Geršgorin disc.
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