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EQUIVALENCE CONSTANTS FOR THE [,-NORMS AND
THE [,-SYMMETRIC MULTILINEAR OPERATOR NORMS
OF VECTORS IN C®

SuNG GUEN KiMm

ABSTRACT. We investigate the best equivalence constants for the I;-
norms and the lg-symmetric multilinear operator norms of vectors in
C™ which are induced by symmetric n-linear forms. In this paper, we
provides estimates which are either best possible or close to best possible.

1. Introduction

In the following all scalars are complex. Let m,n > 2 and 1 < p,q < co.
We write [} for the Banach space of all n-tuples (21, ..., 2n) equipped with the
l,-norm. For m x n matrix A = (a;;), we denote the [,-coefficient norms by

1
A=Y Y layl")?, (1<p<oo)
1<i<m1<j<n
and

oo = ma o, sl (P=00).

We denote the [,-operator norms by

HAHp = sup{||A(z1, . .. ,zn)th Gz, 2)llp < 1}.

The problem of determining the equivalence constants for the [,-coefficient
norms and the /,-operator norms was raised by Goldberg [4] who showed that
for 1 <p,q < o0,

]|, < mmexG =30 pmaxter =50 4]

where ¢’ denotes the index conjugate to q. He also proved that these inequalities
are sharp.

Goldberg left an open question: Determine the best constant ¢ = ¢(m, n, p, q)
such that c|Al, < ||A]|, for all m x n matrices A.
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Feng [2,3] and Tonge [5] investigated the equivalence constants for the [,-
coefficient norms and [,-operator norms of complex m x n matrices, and pro-
vided estimates which are either best possible or close to best possible.

We denote ES(”lf,) by the Banach space of symmetric n-linear forms on lf,
equipped with the norm

1T .2y = sup IT((x1,91), - (Tn,yn))|-  (see [1])
[(zi,y)llp=1, 1<i<n

For j =0,...,n, we let

Fj((xlvyl)w"a(xnayn)) = Z xll"'mljyk1"'yktnfj7
{1kt kn—}={1,....,n}

where (z;,1;) € I2 for 1 < i < n. Then, {Fy,...,F,} is a basis for L("2).
Hence, dim(L,("12)) =n+ 1. If T € L,("12), then

T = i aij
7=0

for some ay, ..., a, € C. By simplicity, we denote T = (ayg, . ..,a,)".
We define the l,-symmetric multilinear operator norm on C"*1 by

1Gos- - 2l rizy o= IT oz,

where (20,...,2,) € C"" and T = (20, ..., 2n)" € Ls("12).
Since the norms ||-||g and [|-|[z,(n12) are equivalent on Cn*l there are A > 0
and B > 0 such that for all (zo,...,z2,) € C"*1,

All(z0, -+, 2a)llg < (20, - 2a) 2o miz) < Bll(20- -5 20)lg-
Let
Agpginy = 5up{A > 0: A||(20,-- -, 2n)llg < 120, - > 2) |l 2. (n12)
for all (zg,...,2,) € C"T1}
and

B(p,q:n) = inf{B >0: H(Zo, ey zn)Hﬁs("l%) < BH(ZQ, ey Zn>||q
for all (zg,...,2,) € C"T1Y.
We say that A, 4:n) and By, q.n) are the best equivalence constants for the norms

| 1lg and [ - ||z, (niz) on C™F1.
In this paper, we show that for n > 2,

a n) = v Or ever <p< oo
( ) B(p,oo n) 2n(1— ) f y 1 p 3
(b) (nJrl)_% S Apgn) S1for1<p<oo,1<g<o0;
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(C) 2n(1—%)(n+ 1)_% S B(p,q:n)
<P ar ()
1<j<n-—1
for 1 <p,q < 0.
2. Results
Theorem 2.1. Let 1 <p < oo, n>2. Then
Blpoomy = 2"179).

Proof. Let T € Ly("12) with T = (ao, ..., a,)" for some ag,...,a, € C. Let

(zi,y:) € I2 with || (i, yi)|l, = 1 for 1 <4 < n. It follows that
|T((l’1,y1)7 L) (Ina yn))'
< D0 lagl (@), (@0, 0)

0<j<n

S ||(a03 o ~,an)||oo Z ‘Fj((xlayl)a ey (xnayn)”

0<j<n
< J(ao, s an)lle Y ( > |, |-l
0<§<n {l1,..lj ks kin— i }={1,...,n}
= [[(ao, .-, an)lloc (lz1| +[y1]) ¥ -+ X (Jzn| + [yn])

| |yk1‘ e |ykn—j‘)

_1 1 _1 1
<@g, - - yan)lloo 22 (|21 P + |11 ]P) 7 x -+ x 207 (|2n|P + |yn|P)»

(by Holder’s inequality)
= |(ag, - -, an)|e 2" 7%),

which shows that

n(1_1
HTHCS("lZ) = H(ao, .. ,an)| Lo(n12) <2 (1=3) ||<a07 -

for all a; € C. Hence, B, 00:n) < on(1=3),
Claim: (%) [|(L,..., 1),z > 27075,
It follows that

1A, Do) = sup | D Fil@nw),

l(ziya)llp=1, 1<i<n 0<j<n

s an)[loo

ey (Tnsyn))|

> 3 F((277,27%),..., (277,27 %))

0<i<n
=(), W2
0<j<n

_ 2n(1—%)'
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Therefore,
n(l—1
20D < (1, Dlle, o
< Bpoom (L5 1) lso
= Bp,oom)
< 2n(1—%) 0
Theorem 2.2. Let1 <p<oo,1<qg<oo,n>2. Then
(n + 1)_% < A(pﬂ:n) <1.
Proof. Note that
Apgn) = Apam1(1,0,...,0)[lg < [I(1,0,...,0)] comz) = 1.

Hence, A¢, g:n) < 1. Let T € [ﬁs(”lf,) with T' = (aq, . . ., ay)! for some ag, ..., a,
e C.
It follows that

||(a07"’7an)|[,s("l?)) = sup |T((‘r17y1)77(xn7yn)>‘

l(@iyi)llp=1, 1<i<n

Y

max{|T(ez,...,e2,€1,...,e1)]: 0<i<n
and ey appears ¢ times}
= [I(ao, - - - an)lloo
> (n+1)7 (a0, . an)lls,
which shows that (n + 1)7% < Awpgin)- O
Since A(p 00:n) = 1, the estimates of Theorem 2.2 are best possible.

Lemma 2.3. Let 1 <p < oo, 1 < g < oo, n>2. Suppose that (x;,y;) € lf,
with ||(zi,yi)|lp =1 for 1 <i <n. Then, for 1 <j<n-—1,

_1 .20+ 1
|Fj((z1’y1)7'"7(xnayn))‘ S21 P [%]7
where ["C;rl] is the largest integer less than or equal to "C;+1,

Proof. 1t follows that
|Fj((x17y1)a ceey (xn7yn))|
> T R T B 770 K (7

{li,ly ke kn— i }={1,....,n}

> (lzx. | + [yr. ])

nCj+1
—1

IN

IN

1<s<] 1<ks<n

2% (|zk, p)% (by Holder’s inequality)

IN

P+ |yr,

1<s<[F), 1<k <n
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-y
1<s< 251
2Ci+1
—9l—% [Ji‘k].

2 (]

Note that ||F0|£S(nl§) =1= ||Fn||ﬁs(nl§). By Lemma 2.3, ||Fj‘|£s(nl§) <
2177 [2Ct for 1 < j<n—1.
Theorem 2.4. Let 1 <p< oo, 1 <g<oo,n>2. Then
Ci+1, o 11

n(1-2 -1 1-1 — n
207 (0 +1)70 < By gy < 2170 42070 B0 (2
1<j<n—1

Proof. Let T € Ly("12) with T' = (ag, ..., a,)" for some ag,...,a, € C. Let
(i, i) € 12 with || (24, 4:)|l, = 1 for 1 <4 < n. It follows that

‘T((xla yl)v LR (mnayn)”

< Z |aj||Fj((zlay1)7'"7(xn;yn))‘
0<j<n
< (@0, - - s an) ([ Fo((@1,91)s - -, (@ny yn))| 7T

+|Fn(($1ay1>7~-~7(xnayn) |q71
+ Z |Fj((x1,y1),...,(:En,yn))|q%1)1_% (by Holder’s inequality)

1<j<n—1
< ll(aos - an)llg((Jz1] + |y1])

1y oCi+ 10 a1
i Z (201-3) [JT])q—l)l ¢ (by Lemma 2.3)

1 nUj 1., a q_1 .
+ Z (20-%) [Cji])qfl)l a (by Holder’s inequality)

‘ 2
1<j<n—1

_1 _ nCi+1. ¢ 1

= (a0, an)o 2079 4270 3T (),
1<j<n—1
which shows that for every (ao,...,a,) € C**i,
TNz, i2) = lao, - - - an)ll 2, mi2)
n i 1 _qa _1_1
<Pt S (R o, anl
1<j<n—1

Hence, By, g:n) < (2(1_%) +2r71 Zlgjgn—l([ncéﬂ])“%l)l_% forevery 1 <p <
oo and 1 < ¢ < 0.
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By (*) in the proof of Theorem 2.1, we have
n(l—1 1
2"17s) < 1L, 1)”65(’”5) < Bpgm I, Dllg = Bep,giny (n + 1)1,

n(1—1)
which implies that 2— < B, 4.n) for every 1 <p<ooand 1 < ¢ <oc. O
(n+1)49

We do not know whether the estimates of Theorem 2.4 are best possible.
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