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RELATION BETWEEN KNEADING MATRICES
OF A MAP AND ITS ITERATES

CHAITANYA GOPALAKRISHNA AND MURUGAN VEERAPAZHAM

ABSTRACT. It is known that the kneading matrix associated with a con-
tinuous piecewise monotone self-map of an interval contains crucial com-
binatorial information of the map and all its iterates, however for every
iterate of such a map we can associate its kneading matrix. In this paper,
we describe the relation between kneading matrices of maps and their it-
erates for a family of chaotic maps. We also give a new definition for the
kneading matrix and describe the relationship between the corresponding
determinant and the usual kneading determinant of such maps.

1. Introduction

Continuous piecewise monotone self-maps of a compact interval in the real
line provide interesting examples of discrete dynamical systems [3,4, 9, 10],
however their behaviour can be very complicated. As defined in [7], an element
f eC(I), where I = [a,b] is a compact interval in R and C(I) denotes the set
of all continuous self-maps of I, is said to be piecewise monotone if there exists
a partition a = ¢p < ¢1 < -+ < ¢y < g1 = b of T such that the restriction
of f to subintervals I; = [c;j_1, ¢;] is strictly monotone for 1 < j <m+ 1. Let
f € M(I), the set of all piecewise monotone mappings in C(I), and suppose
that the minimal choice for the ¢;’s is made so that f is not monotone in any
neighbourhood of ¢; for 1 < ¢ < m. Then the points ¢y, co, ..., ¢, are called
the turning points of f and the subintervals 1,7 =1,2,...,m + 1, the laps of
f- An f € M(I) with exactly one turning point is called a unimodal map. For
feM(I),let T(f) denote the set of turning points of f, |T'(f)| the number of
turning points of f and L(f) the set of laps of f.

The set M(I) is closed with respect to composition of maps. In fact,

(1.1) T(fog)=(T(9)Ug " (T(f))) N (a,b).
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So, in particular, if f € M(I), then f* € M(I) such that
(1.2) T(f*) ={x € (a,b) : f'(x) € T(f) for some 0 <1 <k —1}

for each k € N, where for each k& > 0, f* denotes the k-th order iterate of f
defined recursively by

f2:=1id; and f*:= fo fF1,

id; being the identity map on I. On the other hand, if f,¢g € C(I) such that
foge€ M(I), then g € M(I). In particular, if f € C(I) such that f* € M(I)
for some k € N, then f € M(I).

Milnor and Thurston, in their kneading theory [6,7] to study the iterates of
mappings in M(I), have associated with each element of M(I) a matrix and
a determinant called the kneading matrix and kneading determinant, respec-
tively. In some sense, this matrix contains most of the crucial combinatorial
information of the map and all its iterates [2,11]. Moreover, it is proved in [7]
that these matrix and determinant are invariant under orientation-preserving
conjugacy. Being an important area of research in symbolic dynamics, knead-
ing theory has been developed in various aspects, see for example, kneading
theory for piecewise monotone maps with discontinuities [11], tree maps [1],
triangular maps [5] and circle maps [8].

In this paper, we investigate some dynamical behaviours of mappings in
My (I), a specific yet very important subclass of M(I) consisting of all chaotic
maps whose restrictions to each of their laps are onto. The kneading matrix of
an f € M(I) with m turning points is an m X (m+ 1) matrix with entries from
the ring of formal power series with integer coefficients. Moreover, the iterates
of f satisfy the ascending relation

TN <IT) <IT) <
Therefore the process of finding the kneading matrices of higher-order iterates
of f involves tedious computations. In the next section, with a view to introduce
some notations and recall some definitions, we give a brief account of Milnor-
Thurston’s kneading theory for mappings in M(I). For arbitrary f,g € Mo(I),
in Section 3 we prove that the composite maps satisfy either of the matrix
identities
N(fog;t)=N(go fit) or N(fogit) = —=SkN(go f;1)Skt1
for some k € N, where Sy, denotes the k x k matrix [k;;] defined by

Lo i =k,
771 0 otherwise.

Then we prove the identities

(1.3) M(f:t) = LM (h; 1) Ry (m+1)
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and

(14) Mg =[Gt O M0 Raross

1x2
for mappings in Mo (I). Here h and h denote respectively the bimodal and
trimodal uniformly piecewise linear maps in Mq(I), Qkx; the zero matrix of
order k x I, I, the identity matrix of order k, Zj, the transpose of [I Iy - - I3]oxk
for even k, Ryx; the k x [ matrix [r;;] defined by

L1 ifi=j=lori=kandj=1 1<i<k1<j<l,
7771 0 otherwise,

and M(f;t) = N(f;t) — No(f;t), where No(f;t) is the m x (m + 1) matrix
[NJ;(f;)] given by

-1 ifj=4 1<i<m1<j<m+1,
NYi(fst)=q 1 ifj=i+1,1<i<m1<j<m+]1,
0 otherwise.

The identities (1.3) and (1.4) describe the relation between kneading matrices
of mappings in My(I) with that of uniformly piecewise linear maps whose
dynamical behaviours are relatively easy to investigate. We also prove similar
identities which relate kneading matrices of mappings in M (I) with that of
their iterates. Finally, in Section 4, we define the modified kneading matrix for
such maps and exhibit a relation between the corresponding determinant and
the usual kneading determinant.

2. Preliminaries

In this section, through a brief introduction to Milnor-Thurston’s kneading
theory, we introduce the notations and definitions that are used in our further
discussions. For the entirety of this section, unless otherwise stated, let f €
M(I) with

T(f)={c1,ca,..-,cm} and L(f) ={I1, I2,. .., I;mi1},

where I; = [¢j_1,¢;] for 1 < j < m+ 1. We recall several formal power series
associated with the map f, which serves as raw ingredients to develop this
kneading theory.

Let V' be the (m + 1)-dimensional vector space over Q with an ordered
basis the set of formal symbols I, I, ..., I,+1 and V[[t]] be the Q][[¢]]-module
consisting of all formal power series with coeflicients in V. For z € I and k > 0,
let

Ax(, f) _:{ I if fRa)el; 1<j<m+1and f*x) ¢ T(f),
v C; if fF)=¢, 1<i<m,

where C; :=
address of x.

2(I; + Iiy1) for 1 < i < m. The symbol Ag(z, f) is called the
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For each subinterval I’ of I, we write f & I’ (resp. f \(I') to mean f is
strictly increasing (resp. strictly decreasing) on I’. For each symbol I;, define
the sign by

it f
6(1-7’)_{ S1it N

and for each of the vector C; corresponding to the turning point ¢;, let €(C}) :=
0. For each = € I, let ex(z, f) := e(Ax(z, f)) for k > 0, and

Oo(x, f) = Aog(z, f) and Ok (z, f) : (H ez, f ) Ag(z, f) for k > 1.
The corresponding formal power series is defined by
Oz, fit) = Ox(x, f)t*
k>0

Consider V[[t]] in the formal power series topology in which the submodules
t*V[[t] form a basis for the neighbourhoods of zero. For each x € [a,b) and
k>0, let

=id;(z+), A(f¥(a+)) = gg;Ak(y, f)s ex(z+, f) == Liﬁlfk(y»f)

and O (z+, f) := ngjl 0r(y, f). The corresponding left-hand limits are defined
similarly. Then it follows that

ex(z+, f) = e(Ax(z+, f)) for x € [a,b), k >0,
and

ex(z—, f) = e(Ax(z—, f)) for = € (a,b], k >0,

where Ap(z+, f) and Ag(z—, f) denote A(f¥(z+)) and A(f*¥(x—)), respec-
tively. Moreover,

Ai(cit, f) = Ai(ci—, f)
for 1 <¢ < mand k € N. For each x € [a,b), let O(x+, f) := liiHH(y, f) and for
ylx
each z € (a,b], let O(z—, f) := li%ne(y, f). Then O(x+, fit) = >~ Ok (x+, f)t*F
yta =

for x € [a,b) and O(z—, f;t) = Y450 Ok(x—, f)t* for z € (a, b).

As defined in [7], the formal power series 6(c;+, f;t) — 0(c;—, f;t) is called
the i*® kneading increment v(c;, f;t) of f for 1 < i < m. The matrix N(f;t) =
[Ni;(f;t)] of order m x (m + 1), with entries in Z[[t]], obtained by setting

vici, fit) = No(f; )1 + Nio(f; ) Lo + - + Ny a1 (f5 ) Ing1, for 1 < i <m,

is called the kneading matriz of f. We can write the matrix N(f;t) as a power
series Zkzo[Ni];'(metk where the coefficients [NJ;(f;t)], [N} (f;t)], ... are
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matrices with integer entries. For k = 0, the matrix [NJ;(f;#)] is given by

-1 1 00 --- 0 0 O
o -1 10 --- 0 0 O

[Nz‘()j(f3t)]: : S - : o
o o o090 --- -1 1 0
0 o o0 0 --- 0 -1

mx(m+1)
and in fact, it is independent of the mapping f. Let Ny (f;t) denote the matrix
[Ni]}(f;t)] for k > 0, and M(f;t) == >, Ni(f;t)tF. For 1 < j < m +1,
let NU)(f;t) denote the m x m matrix obtained by deleting the 5" column of
N(f;t). Then the power series (—1)7+1(1 — e(Ij)t)f1 det (N (f;t)) is indeed
independent of the choice of j for 1 < 7 < m + 1 and this common expression,
denoted by D(f;t), is called the kneading determinant of f ([7]).

3. Kneading matrices of iterates of f

For each f € C(I), let Zp := {f* | k > 0}, the set of iterates of f. As noted
in the introduction, the kneading matrix N(f;t) of any f € M(I) contains
some important combinatorial information concerning all the elements of Z;
and hence that of Zyx for any k € N, because Zyx C Zy. Motivated by this
observation, we expect that N(f*;t) and N(f;t) are related for every k € N.
But the problem of finding a matrix equation that relates these two matrices
is not so trivial, as the order of these matrices are different and moreover
the problem of computing the kneading matrix of a map is very hard. In
this section, we derive matrix equations that relate the kneading matrices of
function and its iterates for a particular family of chaotic piecewise monotone
maps, namely

Mo(I) = {f € M(1) : F(T(f) U{a,b})  {a,b}},
the set of all continuous piecewise monotone self-maps of I which are onto on

each of their laps.
For each k € N and n1,ns,...,n; € NU{0}, let

k
S(ni,ng, ... ,ng) = ZSj(nl,ng, ce ),
j=1
where for 1 < j <k, let
Si(ni,ng,...,ng) = Z iy My * M-
1Si1<i2<“'<’ij§k‘
Proposition 3.1. (1) If fi, fo,..., fx € Mo(I), then

[T(frofao o fi)l = S(TU)LIT ()L - [T(f)])-
(2) If f € Mo(I) such that |T(f)| = m, then |T(f*)| = (m+1)*—1, Vk € N.
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(3) |T(f*)| = |T(f)|(mod 2), Vf € Mo(I) and ¥k € N.

Proof. We prove the first result by mathematical induction on k. For any
f1 € Mo(I), we have S(|T(f1)]) = S1(T(f1)]) = |T(f1)], and therefore the
result is true for k = 1.

To prove the result for k = 2, consider any fi, fo € My(I) such that
IT(f1)] = m1 and |T(f2)] = ma. If both m; and my are zero, then fi, fa
and hence fi o fy is strictly monotone on I, implying that |T(f; o f2)| =0 =
S5(0,0) = S(my,mz). If m; = 0 and mg # 0, then by (1.1), T(f1 0 f2) = T(f2),
and hence

IT(f1 0 f2)| =ma = 5(0,m2) = S(m1, ms).
If my # 0 and my = 0, then again by (1.1), T(f1 o fo) = f3 {(T(f1)) N (a,b).
Since f is strictly monotone on I, it follows that | f5 *(T(f1))N(a,b)| = [T'(f1)],
and therefore

IT(f1 0 f2)| = |T(f1)] =mi = S(m1,0) = S(m1, ma).
Now, let both m; and my be non-zero. Let
T(fl) = {01762a cee 7Cm1}7 T<f2) = {d17d27 e admz},

L(fl) = {Il,_[27 - ,Im1+1} and L(fg) = {Jl, JQ, ey Jm2+1},
where a = ¢y <1 < - <emy <Cmy41 =0b, I =[cj_1,¢5] for 1 <j <my+1,
a=dy<di <dg < -+ < dm2 < dm2+1 =band J; = [difl,di] for 1 <i<
ma + 1. Since f2(T(f2)) C {a,b}, by using (1.1), we have

mo
(3.1) T(frof2) =T(f2) ||| L] (£ (@ (f) N (dj,dj)) |

§=0
where LI indicates that the union is disjoint. Now for 0 < j < mo and 1 <
i < my, since fo is strictly monotone on (d;,d;41), there exists unique p; €
(dj,dj+1) such that fo(p;) = ¢;. That is, f5 '(¢;) N (dj,dj11) is a singleton set
for 1 <4 <mj and 0 < j < my. Hence from (3.1), we have

IT(fro fo)l = IT(f)l + Y 1fs H(T(f1) N (dj djrn)]
§j=0

ma2 M1

=ma+ Y > Iz (e) N (dg, dja)|
j=0i=1

ma My

LS DN

=0 i=1
= m9 + ml(mg + 1)
=mi +meo +mimeg = S(ml,mg).

Therefore the result is true for £k = 2. Now suppose that the result is true for
certain k > 2. In order to prove the result for k+1, consider any f1, fo, ..., fr+1
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in Mo(I) such that |T'(f;)| =mj for 1 <j<k+1. Let g= fiofao---0 fp.
Then by using the result for the case k = 2,

T(g o frrr)l = SUT(9)], mi+1) = S1(IT(9)]; mat1) + S2(IT(9)]; M)
(3-2) = [T(9)] + mrt1 + |T(9)] - M1

By induction hypothesis,
|T(g)| = S(mla ma, ... 7mk)'
Therefore by (3.2), we have

(33) |T(g o fk+1)| = S(ml,mg, R 7mk) + Mmpg41 + S(mhmg, . ,mk)mkﬂ.
Now
(34) Sl(ml,mg, RN mk+1) = Sl(ml, mao,... 7’I?’Lk) + M4,
(3.5) S;H_l(ml,mg, sy mk+1) = Sk(ml,m2, PN ,mk)mk_H
and
Sj(m1,m27--~7mk+1) = Sj(m17m2,~--,mk)
(3.6) + Si_1(my,ma, ..., mp)mp41

for 2 < j < k. Therefore by adding (3.4), (3.5) and (3.6), on simplification, we
obtain
S(mi,ma,...,mgr1) = S(mi,ma, ..., mg) + Miy1
+ S(mi,ma, ...y mg) M1
= [T(g o frs1)| (by (3-3))
= |T(fiofao- o frt1)l.

Thus the result is true for £ 4+ 1 and therefore by mathematical induction it is
true for every k € N. This proves result (1).

In order to prove the second result, consider any f € Mgy(I) such that
|T(f)] =m and let k € N. Put m; =m for 1 < j <k. Then

. A
Si(ma,me,...,mg) = E m) = < mJ
1<i1 <ia<--<i; <k J

for 1 < j <k, and therefore

S(my,my,...,mg) = Z (I;_)mj = (m+1)F 1.

Jj=1

Hence by result (1), we have |T(f*)| = S(my,ma,...,my) = (m + 1)F — 1.
Result (3) follows from result (2) by noting that (m+1)* —1 = m(mod 2). O
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Now we introduce some particular subsets of Mo (I). Let

M A(I) = {f € Mo(I) : T(f) =0, f(a) = a and f(b) = b},
M () = {f € Mo(I) : T(f) =0, f(a) = b and f(b) = a},
Mp(I) :={f € Mo(I) : f is unimodal and f(a) = f(b) = a},
My(I) :={f € Mo(I): f is unimodal and f(a) = f(b) = b},
Mn(I) == {f € Mo(I) : T(f) # 0, f(a) = a and f(b) = b},
My (D) :={f € Mo(I) : T(f) # 0, f(a) = b and f(b) = a},
Mu(I) == {f € Mo(I) : T(f) # 0 and f(a) = f(b) = a},
Mw (1) == {f € Mo(I) : T(f) # 0 and f(a) = f(b) = b}.

Then My(I) is indeed the disjoint union of M »(I), M~ (I), Mn(I), My (I),
My (I) and My ().

Proposition 3.2. (1) If f,g € My(I), then fog € MO(I) This is also
true when Mo(I) is replaced by M (1), My (I ) pm(I) and Mw (I).
(2) If f,g € C(I) such that fog € Mo(I) and f~'({a,b}) C {a,b}, then
g € Mo(I).
(3) If f¥ € Mo(I) for some k € N, then f € Mo(I). This is also true when
Mo(I) is replaced by Mps(I) and My (I).

Proof. Let f,g € Mo(I). Since f,g € M(I), clearly fog e M(I). Also, since
f({a,b}) C{a,b} and g({a,b}) C {a, b}, we have (f o g)({a,b}) C {a,b}. Now,
consider any ¢ € T(f o g). Then by (1.1), either ¢ € T'(g9) or ¢ € g~ (T(f)) N
(a,b). If ¢ € T(g), then g(c) € {a,b}, implying that (f o g)(c) € {a,b}. If
ce g 1 T(f)) N (a,b), then g(c) € T(f), and hence (f o g)(c) € {a,b}. Thus

(fog)(T(f o g)U{a,b}) € {a,b},

and therefore f o g € Mgo(I). This proves the first part of result (1). Now
consider any f,g € My(I). Then by using result (1) for Mo(I), we have
fog e Mo(I). Also, f(a) = g(a) = a and f(b) = g(b) = b, implying that
(fog)(a) =aand (fog)(b) =0b. Hence foge My(I), proving result (1) for
M (I). The proofs for M (1), M(I) and My (I) are similar.

In order to prove the second result, consider any f,g € C(I) such that
fog e Mo(I) and f~1({a,b}) C {a,b}. Since fog € M(I), we have g € M(I).
Since (f o g)({a,b}) C {a,b}, we have g({a,b}) C {a,b}. Now it remains to
prove that g(T'(g)) C {a,b}. So,let c € T(g). Since T(g) C T(fog), we get that
(fog)(c) € {a,b}. Therefore g(c) € f~1({a,b}), implying that g(c) € {a,b},
because by assumption f~1({a,b}) C {a,b}.

To prove result (3), consider any f € C(I) such that f¥ € Mo(I) for some
k € N. If k = 1, then there is nothing to prove. So, let k& > 1. Since f* € M(I),
we have f € M(I).
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Case (a): Suppose that T'(f*) = (). Then T(f) = (), implying that f is strictly
monotone on I. Also, since f* is onto on I, sois f. Therefore f({a,b}) C {a, b},
and hence f € Mo(I).
Case (b): Suppose that T(f*) # 0. Then T(f) # 0. If a € f~*=V(a),
then f*~!(a) = a, implying that f(a) = f(f*1(a)) = f¥(a) € {a,b}. If
be f~*=1(a), then f*=1(b) = a, and therefore f(a) = f(f*~1(b)) = f*(b) €
{a,b}. If a,b ¢ f~+=1(a), then as f*~! is onto, there exists ¢ € (a,b) such
that ¢ € f~(*=1(a). This implies that ¢ € T(f*~!), and hence ¢ € T(f*),
since T(f*~1) C T(f*). Therefore f*(c) € {a,b} so that f(a) = f(f*1(c)) =
f¥(c) € {a,b}. This proves that f(a) € {a,b}. By a similar argument, it
follows that f(b) € {a,b}. Now, it remains to prove that f(T'(f)) C {a,b}.
So, let ¢ € T(f). Since f*~! is onto, there exists d € I such that f*~1(d) =
¢, implying that d € f~*=Y(¢). Then d € T(f*), since by (1.2) we have
F=E=(T(f)) C T(f*). So f*(d) € {a,b}, and therefore f(c) = f(f*~1(d)) =
f¥(d) € {a,b}. O
For each m € NU {0}, let Mpsm(I) :={f € My (I) : |T(f)] = m} and
Mwm (1), Mym(I), My, (I) be defined similarly.

Lemma 3.3. For each m € N, the kneading matriz N(f;t) is independent of
the choice of f in Murm(I). This is also true when My (I) is replaced by
MW,m(I)7 MN,m(I) and MV&,m(I)'

Proof. Let m € N and f € M (I). Then

(b ifie{1,3,...,m},

f(cl)_{ a ifie{2,4,...,m—1},
and
(1) +1 for je{1,3,5,...,m},
WIZN =1 for je{2,4,6,...,m+1}.
Since f(a) = a and f(b) = a, we have
;) = a ifie{l,3,...,m}and k > 2,

Y7l a ifief{2,4,...,m—1}and k > 1.

Let i € {2,4,6,...,m — 1}. Note that Ag(c;+,f) = ILi+1 and from (3.8),
Ag(c;i+, f) = I for k > 1. Therefore by (3.7), ex(c;+, f) = 1 for k > 0. Hence
Oo(ci+, f) = Ao(cit, f) = Liy1, and

(3.7)

(3.8)

k-1
Or(cit+, f) = <H €l(ci+7f)> Ar(cit, f)
1=0
=(1-1---(k times)---1)- I, =14
for k > 1. This implies that

O(cit, f;1) = Y Oklcit, Ht* = Lipa + Lt + Lt + 1t° + -+
k>0



580 C. GOPALAKRISHNA AND M. VEERAPAZHAM

=+t + 24+ L+ L.

Also, Ao(c;—, f) = I; and since Ag(c;—, f) = Ar(ci+, f), we have Ag(c;—, f) =
I, for k > 1. Hence by (3.7), €o(c;—, f) = —1 and €x(c;—, f) = 1 for k > 1.
Therefore 0y(c;—, f) = I; and

Op(ci— f)=(-1)-1-1---(k—1) times---1)- [ = —1I; for k > 1.
This implies that
Olci—, f;t) =L —Lit —Lt* —LtP — - = (=t —t* =3 — - [ + I,
and therefore
v(ei, fit) = 0(cit, fit) — 0(ci—, f5t)
= (Iig1 + it + L2 + )f(Ivffltffltzfm)

= (I — L) 4+ 20t + 2117:2 + -
=2t +2t> + - — I + Liga.

By a similar argument as above, we obtain
V(Cia f7 t) = (2t2 + 2t3 + - )Il — Il + Ii_;,_l — QtImJ’_l

for each i € {1,3,5,...,m}. Hence the kneading matrix of f is given by

[—1 4262+ 2t3 + - —2t ]
2+ 2%+ - 0
262 4213 4 - —2t
(39)  N(fin=| HFA A 0 ,
: M,, :
2t +2t2 4. 0
22 + 263 + - - L=2t) omi
where
1 0 0 0 0 0]
-1 1 0 0 0 0
0 -1 1 0 0 0
M,=|0 0 -11 0 0
o 0 0 0 --- -1 1
[0 0 0 0 o 0 =1f oy

Since f € Murm(I) was arbitrary, (3.9) is true for every f € M, (1).
Therefore N(f;t) is independent of choice of f in Mpsm(I). A proof for the
cases where My () is replaced by My, (1), Mym(I) and My, (I) is
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exactly similar. In fact, it follows that, if f € My, (I), then

[ -1 D VI Ve B VE B
%+ 212 + ... 0
0 —2t — 2t2 — 23 —
(3.10)  N(f;t) = 2+ 224 .- 0 |
: M, :
0 —2t — 262 — 23 —
2
|2t + 2t + - - 1 |
it f € Mwm(I), then
[—1+2t 22 23 — ]
0 —2t — 2% — ...
2t _9t2 93 ...
(3.11) N(f;t) = 0 2t — 242 — ... 7
L M, :
0 —2t — 2% — ...
- 2— 3—...
- 2t 1 2t 2t 4 mx(m+1)
and iffe/\/lw)m(])’ then
[—1 42t 4+ 2t3 4 - - o2 o LT
M2+t 4+ ... —9t— o3 ...
2+ 263 + - - )
(3.12) N(f;0)=| 2 +20+- 2t — 263 — ...
: M,, :
26+ 23 + - - )
2 4 3
2+ 2t + - 1—92t—9¢ =L o man)
O

For each m € N, let Ny (t) := N(f;t) for some f € Mpm(I). The
matrices Ny, (t), Nnm(t) and Ny, (t) are defined similarly. For k& > 1, let
Sk be as defined in the introduction. Although any two elements f and g of
M (I) do not commute in general, the kneading matrices N(fog) and N(go f)
are related as specified in the following theorem.

Theorem 3.4. If f,g € Mo(I), then either N(fog;t) = N(go f;t) or N(fo
g;t) = =SmN(go f;t)Smy1 for some m € N.

Proof. Consider any f,g € Mo(I). Without loss of generality, we assume that
either |T(f)] # 0 or |T(g)| # 0. Let |T(f)] = my and |T'(g)|] = ms such
that mq, me > 0, but not both zero. Since S(mi, mg) = S(ma, my), we have
|T(fog)=|T(go f)|- Let this common number be m.

Now, suppose that both m; and ms are odd. Then it suffices to consider
the following cases.
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TABLE 1. Comparison of N(f og;t) and N(go f;t)

l Parity [ fe [ g€ [ foge€e [ gofe [N(fog; t)[N(go f;t)[Conclusionl
Mt ma (DIMNmg (DMat,m (DMt (D] Nazm (t) | Naaym (£) ()

m1 odd Mas,my (DM, (DIMag,m (DMw,m ()] Nazm () | Nwom () [ (+%)

ma evenMw,m, (I)IMnN,my (DIMw,m (IIMw,m(I)| Nw,m(t) | Nw,m(t) (%)
Mw,my (DM g (DM, (DMt (D] Nwym (8) | Nam(8) | (%)
M, my (D)Mo (DIMNm (DM m (D] Nnym(t) | Nvym () (*)

m1 even My m, (1)IMy . (DM (DIMyLn (D] Ny (8) | Ny (8) (*)

mo even./\/lwyml (I) MV[,mQ (I) M]\Lm(f) MN,m(I) NN,m(t) NN,m(t) (*)

Case (a): If f € Mum, (1) and g € Mg, (1), then fog, go f € Murm (1),
and hence by Lemma 3.3, N(f o g;t) = Ny m(t) = N(go f;1).
Case (b): If f € M, (I) and g € My, (I), then fog € Mps,(I) and
gof e Mwnm(I). So, by Lemma 3.3, N(f o g;t) = Nam(t) and N(go f;t) =
Nw,m(t). This implies
N(fog;t) = Nym(t) = =S Nw,m(t)Sm+1 = —SmN(go f;t)Sm+1-

Case (c): If f € My, (1) and g € My, (I), then fog, go f € Mwn,(I).
So, again by Lemma 3.3, N(f o g;t) = Nwnm,(t) = N(go f;t).

Remaining instances for the parity of mi, ms and the corresponding cases
can be discussed similarly. A summary of premises and the corresponding

conclusions is given in Table 1, where (%) and (%) denote the equations N(f o
g;t) =N(go f;t) and N(f og;t) = =S, N(go f;t)Sm+1, respectively. O

Lemma 3.5. Let f,g € M(I) such that N(g;t) = =S, N(f;t)Sm+1 for some
m € N. Then D(g;t) = D(f;1).

Proof. By hypothesis, there exists m € N such that N(g;t)= —S,,, N(f;t)Sm+1-
So, we have |T'(f)| = |T(g)] = m. Let

T(f) = {017 Coy e 7C’m}a T(g) = {dldea DRI d’m};

L(f) = {117]27 e >Im+1} and L(g) = {Jh Jo, .o, Jm+1};
where a =cop <c1 < - <c¢m < Cmt1 =0b, I; = [¢j_1,¢] for 1 < j <m—+1,
a=dy<di <dpy <---<dp <dm+1:bandJi:[di_1,di] for1 <i<m-+1.
Without loss of generality, assume that f is strictly increasing on I;. We have

D(f;t) = (1) (1 — (1))~ det (N (f31))
(3.13) = (1—t)~tdet (N (f31)),
and
D(g;t) = (=1)™ (1 — e(Jpi1)t) " det (N (g3 1))
(3.14) = (=12 (1 = e(ynpa)t) " det (N0 (g;1)).
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Since N (g;t) = —SmN(f;t)Smi1, we get that N+ (g;t)=—8,, NV (f;1)S,,
and therefore

det (N(m+1)(g; t)) = (—1)"(det Sy, )* det (N(l)(f; t))
(—1)™ det (N (f31)),

where the last equality is true, because det S,, = (—1)L%Z). Hence from (3.13)
and (3.14), we obtain

(3.15) D(g;t) = (1= e(Jmyn)t) (1= )D(f3t).
Moreover, €(Jpy+1) = €(I1), and so €(Jm41) = 1, because €(I;) = 1. Therefore
(3.15) implies that D(g;t) = (1 —t)~*(1 — t)D(f;t) = D(f;t). O

Corollary 3.6. D(f og;t) = D(go f;t) for every f,g € Mo(I).

Proof. Since f,g € My(I), by Theorems 3.4, it follows that either N(fog;t) =
N(go f;t)or N(fog;t)=—S,N(go f;t)Smy1 for some m € N. In the first
case, the equality D(fog;t) = D(go f;t) follows from the definition of kneading
determinant, while in the second, this equality follows from Lemma 3.5. ]

3.1. Relation between N (f*;t) and N(f;t)

Although we aim to describe a relation between N(f¥;t) and N(f;t), in
view of the relation N(f;t) = No(f;t)+M(f;t), where No(f;t) is independent
of choice of f, it suffices to describe a relation between M (f*;t) and M(f;t).
So in what follows, we prove results for M(f;t) instead of N(f;t).

For k,1 > 1, let e; denote the matrix [0,0,...,0,1]1xx and Iy, Ogxi, Rrxi
be as defined in the introduction. As defined in [10], f € M(I) is said to be
uniformly piecewise linear if it is linear on each of its laps with slope +a« for
some positive real a. For k > 1, let fnx, fark, fw,x and fiy; be the uniformly
piecewise linear maps in My (1), M x(I), Mwi(I) and My (), respec-
tively. The following theorem describe the relation between kneading matrices
of elements of My (I) with that of bimodal/trimodal uniformly piecewise linear
maps, whose dynamical properties are relatively easy to investigate.

Theorem 3.7. (1) If f € My (I), then
(3.16) M(f;t) = LM (fn,2; 1) Rax (m+1)-
(2) If f € Mpym(I), then

Tm-1 O
M(f;t) = @M; ( Lll)X1 M (far33t) Ras(ma1)-

This is also true when My, (I) is replaced by My, (I).
(3) If f € My, (1), then

(3-17) M(f; t) = ImM(fv&,2§ t)R3><(m+1)-
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Proof. Let f € My m(I). Since fy2 € My 2(I), from (3.10) we have

O 072t72t272t37...
M(fN,27t)_|:2t+2t2—|—-~ 0 0 :|2><3.

Put

0 —2t — 212 — 243 — ...
A:[ 9 } andB:[ } .
2t +2t“ 4 -+ ax1 0 ax1

Then M(fn2;t) = [A Ox1 B| and by (3.10), we have

2x3’
[A B
A B
M(f;t) = | . o
. mx(m—1)
_A B mx(m+1)
_]Ig
I, 10 0 0
= | [A Qs B, |0 0 00
]I. 0 0 0 1 3 (1)
L7221 mx2

= LM (fn2;t) R3x (m1)-

This proves result (1). Now let f € My, (I). Since fars € M 3(I), from
(3.9) we have

U243 L. 0 0 —2
M(fusit)= | 2t+22+4-- 0 0 0
2 3
241234 ... 0 0 —2t s
Put
2% + 213 4 - } [_%]
A: |: 2 andB: .
2+ 2% + - - - 0 -
Then

. _ A ©2><1 ©2><1 B
M(fM,Svt) - |:2t2_|_2t3_|_ 0 0 —2t 3><47
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and by (3.9), we have

A B
A B
M(f;t) = : Omx(m1)
A B
2 3
12t + 263 4 - Sl
f L
Iz
= A O2x1 0251 B R
= O(m-1)x1 22193 ... 0 of| Raxmr)
Iz
_©1><2 1 mx3
_Imfl @m—l 1
- _@1><2 ( 1 - M(fM,3;t)R4><(7n+1)-

The proofs of result (2) for My, (I) and that of result (3) are similar. O
Theorem 3.8. (1) If f € My, (I), then
M(f*5t) =T Ouxm-2)|M(fit) Romy1yx 1), Yk > 1,

where | = (m + 1)¥ — 1. This is also true when My (I) is replaced by
My i (I) and k is a positive odd integer.
(2) If f € Marm(I), then
Zim1 Og_1ys(m—
M(f%:1) = @l1><12 ‘ JLX_(Q 2N M(f30) Rimyyxasn)s Yk = 1,
where | = (m + 1)* — 2. This is also true when My, (I) is replaced by
Mwm(I).

Proof. Let f € Mn,»(I) and k € N. Then by result (1) of Proposition 3.2,
¥ € Mum(I) and from result (2) of Proposition 3.1, |T(f*)| = (m + 1)* — 1.
Thus f € My (m+1)+—1(I), and therefore by Lemma 3.3,

A B
(it A B
b O
A Blicarny

where | = (m + 1)k — 1,

0 —2t — 2t — 243 — ...
A_[2t+2t2+~-~LX1 andB_[ 0
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This implies that

Iy A B
(1) Iy A B
M(f;t)=|. . . Rims1yx@+1)
: @lx(m—2) : ®m><(m—1) :
]12 Ixm A B mx(m+1)

=T Oux(m-2)|M(f; ) Rimi1yx@+1)s

proving first part of result (1). The proofs of second part of result (1) and
result (2) are similar. O

3.2. Relation between D(f*;t) and D(f;t)
Lemma 3.9. Let m € N. Then

(3.18) det(Nyy), (1)) = det(Nyy),, (£)) = 1 — (m + 1)t
and
m m 1-— 1)t
aet(V Y (1)) = det (g 1) = L DL
Proof. Follows by mathematical induction, using (3.9), (3.11), (3.10) and
(3.12). O

Theorem 3.10. If f € Mg (1) U My, (1) UMy (1), then

1—(m+ 1)kt

(3.19) D(f*;t) = T (m+ 1)t

D(f;t) for k € N.
This is also true when My (1) is replaced by My, ,,,(I) and k is any positive
odd integer.

Proof. First, consider the case that f € M (), where m € N, and let k € N
be fixed. By definition,

(3.20) D(f;t) = (1 — (1)) " det(N M (f31)).
Since f € M m(I), we have ¢(f;) = 1 and N(f;t) = Naqm(t). This implies

that N(D(f:t) = N](\}?m(t) and therefore by (3.18), det(NW(f;t)) =1 — (m +
1)t. Hence by (3.20),

(3.21) D(f;t) = (1 —t)" (1 — (m+ 1)t).

Since f € Marm(I), by Propositions 3.2 and 3.1, we have f* € My (161 (1).
Therefore N (f*;t) = Nas,(m+1)+—1(t) and €(I7) = 1, where I7 is the first lap of
f*. This implies by (3.18) that, det( N (f*;¢)) = 1 — (m + 1)*t and therefore
(3:22) D(f*1) = (1 — ()~ det(NO(f51)) = (1 — )71 (1 = (m + 1)),

So, (3.19) follows from (3.21) and (3.22). The proofs for other cases are similar.
O
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4. Modified kneading matrix

As observed in Section 2, the kneading matrix of an f € M(I) is defined
using only the kneading increments corresponding to the turning points of f.
In what follows, we use the ‘kneading data’ associated with endpoints a and b
of I, with suitable one-sided limits, to define a new kneading matrix for f.

Let v(co, f;t) := 0(co+, f;t) and v(cpmy1, f3t) := —0(¢mi1—, f;t). Then the
modified kneading matriz of f, denoted by N'(f;t), is defined by

N(,)l(f;t) Néz(th) Né,m+1(f§t)
N'(f;t) = N(f;t) ;
Noi11(fit) Nppro(fst) - Ny (fit) (m+2)x (m+1)
where the entries Nj;(f;t), i = 0,m + 1, j = 1,2,...,m + 1 are obtained by
setting

v(co, fit) = Noy (fit)Iy + Noo(fit) I + - - + N(l),m+1(f§ t) Ly
and
v(ems1, f31) = Ny 1 (F50) 10+ Ny o () I 4+ Nyt et (F3 ) I
For 1 <i<m-+2, let N(’i)(f; t) denote the (m + 1) X (m + 1) matrix obtained
by deleting the i*" row of N'(f;t).

Theorem 4.1. (1) If f € Murp(I) U Mw,(I), then

(4.1) D(f;t) = det N,y (f;1), i =1,m +2.
(2) If f € Mym(I) UMy, (I), then
(4.2) D(f;t) = (=1)"det N(;) (f5t), i =1,m+2.

Proof. Let f € Murm(I), where m € N. Since f(co) = f(¢m+1) = a, we have
f¥(co) = f¥(cm+1) = a for each k € N. Also, Ax(co+, f) = I1, and therefore
ex(ci+, f) =1 for k > 0. Hence 0y (co+, f) = I; for kK > 0. This implies that

v(co, fit) = O(co+, fit) = [ + It + Lt* + Lt + - -
=1 +t+t+t2+- ).
Also, Ao(cm+1—, f) = Imt1 and Ax(cmi1—, f) = I for k > 1. Therefore
eo(Cm+1—, f) = —1 and ex(epmy1—, f) = 1 for k > 1. Hence Oy(ct1—, f) =
I+t and Ok (cpmy1—, f) = —I; for k > 1. This implies that
V(emit, fit) = =0(cmi1—, fit) = —Lpga + It + Lt* + Lt + -
=X+ +3+ ) — L.
Moreover, since f € My (1), we have N(f;t) = Nasm(t). Thus
1+t+t*4+--- 0 0 0 0
N'(f;t) = N (f5t) :

2 4 43
t+t*+t°+--- 0 0 0 -1 (m42)x (m+1)
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and hence

det N{,pyo) (f3t) = (14t + 82+ )det NV (f31)
(1—t)"tdet NO(f:1)

(=)' (1 = e(L)t) " det NV (f5t)
D(f;t).

Also, sine m is odd, we have

det NV (f:8) = —(1 = )1+ 1)~ det NO"FD(f:1).

Therefore

det Ny (f31) = (=1t + 2 4 - ) det N (f:¢)
+ (—1)mHDHED (1) det N (f:1)
= (t+ 2+ )1 =) (1 +t)  det NI (f51)
— det N (£:¢)
= — (1+t) " det NI (f;1)
= (=1L = e(Lga)t) ~H det NOEU(f5)
= D(f3t).

This proves (4.1) for f € Mg, (I). The proofs of (4.1) for f € My, (I) and
that of result (2) are similar. O
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