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REMARKS ON A THEOREM OF CUPIT-FOUTOU AND
ZAFFRAN

JiIN HonG Kim

ABSTRACT. There is a well-known class of compact, complex, non-Ké&hl-
erian manifolds constructed by Bosio, called the LVMB manifolds, which
properly includes the Hopf manifold, the Calabi-Eckmann manifold, and
the LVM manifolds. As in the case of LVM manifolds, these LVMB
manifolds can admit a regular holomorphic foliation F. Moreover, later
Meersseman showed that if an LVMB manifold is actually an LVM man-
ifold, then the regular holomorphic foliation F is actually transverse
Kahler. The aim of this paper is to deal with a converse question and
to give a simple and new proof of a well-known result of Cupit-Foutou
and Zaffran. That is, we show that, when the holomorphic foliation F on
an LVMB manifold N is transverse Kahler with respect to a basic and
transverse Kahler form and the leaf space N/F is an orbifold, N/F is
projective, and thus N is actually an LVM manifold.

1. Introduction and main results

One well-known example of a compact, complex, non-Kéhlerian manifold
is the Hopf manifold, diffeomorphic to the product S?"~! x S' of spheres,
which can be obtained by taking the quotient of C™\{0} by a holomorphic to-
tally discontinuous action of Z ([14]). Another example is the Calabi-Eckmann
manifold which is given by the existence of complex structures on S2*~1 x §2/—1
([8]). To achieve it, Calabi and Eckmann consider the smooth fibration

52]4271 % SQl*l N (C]P)k—l % (C]P)l_l,

equipped with the torus fiber of the bundle with a structure of an elliptic curve.
In the paper [18], Lépez de Medrano and Verjovsky constructed a family of
compact, complex, non-symplectic manifolds which can be obtained by taking
the quotient of a open dense subset of CP™ by the holomorphic action of C.
This construction was extended to the case of a holomorphic action of C™ by
Meersseman in [19]. These non-Kéhlerian manifolds are called LVM manifolds.
Meersseman also constructed a holomorphic foliation F on each LVM manifold,
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and showed that F is transverse Kéahler with respect to the Euler class of a
certain S*-bundle (refer to [19, Theorem 7]).

Finally, in his paper [5] Bosio showed that Meersseman’s construction can
be generalized to more general holomorphic actions of C™, so that he obtained
the so-called LVMB manifolds N = N(L,Ey,.n) (see Section 2 for a precise
definition). The class of these manifolds properly includes the family of LVM
manifolds. So there exists an LVMB manifold which is not biholomorphic
to any LVM manifold (see, e.g., [9, Example 1.2]). It turns out that many
interesting properties of LVM manifolds continue to hold for LVMB manifolds.
In addition, as in the case of LVM manifolds there exists a holomorphic foliation
F on each LVMB manifold.

We say that an LVMB manifold N(L,¢&,, ) satisfies condition (K) if there
exists a real affine automorphism of the dual space (C™)* of C™ as a real vector
space R?™ sending each component of an admissible configuration £ to a vector
with integer coefficients. In the paper [9], Cupit-Foutou and Zaffran showed
that if the holomorphic foliation F on an LVMB manifold N = N(L, &)
is transverse Kéhler and N satisfies the condition (K), then N is actually an
LVM manifold. So it is natural to ask if, when the holomorphic foliation F
on an LVMB manifold N is simply transverse Kahler, N is actually an LVM
manifold.

In [15], recently Ishida gave a proof asserting that any LVMB manifold
equipped with a transverse Kahler foliation is indeed LVM. This present paper
can be regarded as a consequence of our attempt to give a more complex-
geometric proof of [15, Corollary 5.8]. The complex-geometric proof in its own
seems to be interesting, because by this way we can see how much LVMB
manifolds are different from usual compact Kéhler manifolds.

To be more precise, our primary aim of this paper is to give a complex-
geometric proof of the following theorem which immediately implies the main
result of Cupit-Foutou and Zaffran in [9] (see Section 2 for precise definitions
of some terminologies).

Theorem 1.1. Let N be an LVMB manifold, and let F be the holomorphic
foliation on N such that F is transverse Kdhler with respect to a basic and
transverse Kdahler form. If the leaf space N/F is an orbifold, then N/F s
projective, and thus N is actually an LVM manifold.

As for the transverse Kéahler foliation F as in Theorem 1.1, it turns out that
the leaf space N/F is a quasifold in the sense of [21, Section 1]. If a quasifold
version of the Kodaira embedding theorem that seems to be currently out of
reach happens to be true, the proof of Theorem 1.1 given in Section 3 would
imply that, without the additional assumption that N/F is an orbifold, N is
an LVM manifold. Note that the orbifold condition of the leaf space N/F is
equivalent to the condition (K).

As an immediate consequence of Theorem 1.1, we have the following corol-
lary which recovers [9, Theorem 3.7].
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Corollary 1.2. Let N be an LVMB manifold satisfying condition (K), and
let F be the holomorphic foliation on N such that F is transverse Kdahler with
respect to a transverse, but not necessarily basic, Kdahler form. Then the leaf
space N/F is a projective orbifold and N is an LVM manifold.

Proof. Since by assumption the LVMB manifold N satisfies the condition (K),
the leaves of the foliation F of N transverse to a transverse Kahler form w
are compact complex tori of the same complex dimension, and the leaf space
N/F is an orbifold (see [20]). But then one can obtain a basic and transverse
Kaéhler form from w by taking the usual averaging procedure. Hence it is
immediate to see from Theorem 1.1 that the LVMB manifold N is actually
LVM, as desired. (I

We organize this paper, as follows. In Section 2, we collect basic definitions
and well-known properties of LVMB manifolds. Section 3 is devoted to giving a
proof of Theorem 1.1. Our proof is elementary, and uses an orbifold version of
the well-known Kodaira embedding theorem saying that every compact Kahler
orbifold with an integral Kéhler form is always projective (see, e.g., [1] and

[12]).

2. LVMB manifolds and transverse Kahler foliations

The aim of this section is to briefly recall the construction of the so-called
LVMB manifold and to set up some basic notations and definitions necessary
for the proof of Theorem 1.1 given in Section 3 (see [9] for more details).

To do so, let m and n > 2m be positive integers. Let £ = (I1,...,l,) be
n linear forms of C™ such that any subcollection of 2m + 1 elements of L is
an R-affine basis of (C™)*, where (C™)* denotes the dual space of C™. We
remark that our n corresponds to n — 1 in [9, Section 1].

Let Enn = {€a}a denote a family of subsets of [n] := {1,2,...,n}, each of
these subsets having the cardinality 2m + 1. Let us denote by (£, &y, ) these
data. To a given data (£, &), we can also give the following definitions:

o A subset A of [n] is acceptable if it contains an element of &, ,, and
the set of all acceptable subsets of [n] will be denoted by A.

o An element of [n] is indispensable if it belongs to every element of &, .

e For each z € C™, let I, denote the set of all i € [n] such that i € I, if
and only if z; # 0. One can then define two open sets S in C" and V
in CP" 1, as follows.

S={zecC"|I,c A}, V={z]cCP" I € A}

Since [n] € A, it is easy to see that S contains (C*)™ as an open subset.

e For each &, € &, we denote by C,, the convex hull in R?™ of the
l;’s for i € &,. Here I; is regarded as an element of R?™ by using the
natural identification I; — (Re(l;),Im(l;)) € R™ x R™ =2 R?™,
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It turns out that the open subset S of C" is given by the complement of an
arrangement of coordinate subspaces in C". Indeed, let P denote the simplicial
complex such that IS € P for I, € A. Then it follows from [23, Proposition 1.1
or Proposition 1.2] that

S§=C"-E,
where
E= U {zeC" |z, ==z, =0}
(i1,..,ik)EP
From now on, let d denote the complex codimension of E in C".
Note that there is a C* x C™-action on S defined by

C"xC")xS—>S8

2.1
( ) ((OZ,Z),(Zl,Zg,...,Zn)) = (O‘ell(z)zlaaelz(z)z%u~7aeln(z)zn)'

Then it has been shown in [5, 1.4] that the action of C* x C™ on § yields a
compact complex quotient manifold S/(C* x C™) if and only if the following
two conditions hold:
(1) (Imbrication Condition) For any £y, Es € Em,n, We have Cg N CG # 0.
Here C, (resp. Cg) means the relative interior of Cy (resp. Cp).
(2) (Substitute Existence Principle) For all &, € &, ,, and for all i € [n],
there is an element j € &, such that

(Ea\{7}) U{i} € Emn.

We say that the pair (£, &, ) is an LVMB datum if it satisfies the above two
conditions (1) and (2), and denote by N = N(L,&,,,) the compact complex
manifold S§/(C* x C™) of dimension n — m — 1, called an LVMB manifold.
Moreover, if, in addition, we have

mga 65771,71 C(Ol 7é Q)?

then the C* x C™-action on S is called an LVM-action. When the C* x C™-
action is LVM, the compact complex manifold N = N(L,&,, ) is called an
LVM manifold that is exactly the manifold constructed by Meersseman in [19].
Let M be a complex manifold equipped with a regular holomorphic foliation
F, and let w be a closed real 2-form on M. The foliation F is called transverse
Kihler with respect to w if the following conditions are satisfied:
e The form w is J-invariant, where J denotes the almost complex struc-
ture on the tangent bundle of M.
e For all z € M, the kernel of w(z) is the tangent to the foliation F.
e The quadratic form A(uy,us) = w(Jui, us) + v/ —1w(uy, us) is positive-
definite on the normal bundle NF of the foliation F.
Such a closed real 2-form w is said to be a transverse Kdahler form.

Next we briefly recall the notion of a basic differential form that we need in
this paper. We refer the reader to [11, Section 4] for more details. Let M be a
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complex manifold, as before. A p-form o on M is called basic with respect to
a vector field £ if we have

ea=0, Lea=0,

where £ denotes the Lie derivative. Then we can consider the basic de Rham
complexes as well as basic Dolbeault complexes on M whose cohomology groups
are called the basic cohomology groups. Similarly, we can also consider the basic
harmonic forms. Furthermore, results of El Kacimi-Alaoui in [10] show that
we have the isomorphisms between basic cohomology groups and the space of
harmonic forms, as expected.

When a complex manifold M admits a regular transverse Kahler foliation F
with respect to a basic and transverse Kahler form w, it follows from the third
item of the definition of a transverse Ké&hler foliation that the leaf space X
always admits the structure of a Kahler quasifold by using the normal bundle
NF of the foliation F and the transverse Kahler form w in the natural way.
More precisely, we have the following proposition which seems to be known to
some experts. For the sake of reader’s convenience, we give a sketch of the
proof.

Proposition 2.1. Let M be a complex n-dimensional manifold equipped with
a transverse Kdhler foliation F generated by m-dimensional leaves with respect
to a basic and closed real 2-form w. Then the leaf space X admits the structure
of a Kdhler quasifold of complex dimension n —m in the natural way.

Proof. To begin with the proof, let us first denote by 7 : M — X the projection
map with the quotient topology on X. Let (U,,®.) be a local coordinate
neighborhood of M with the coordinates

n
(W1, W2y« oy Wiy 21,22, -« s Zn—m) € C

such that (wi,ws,...,w,) € C™ are the coordinates along the leaves of the
foliation F. This kind of a local coordinate neighborhood for a transverse
foliation is usually called a foliation chart.

Let 7o := 7|u,, and let V,, := 74 (Uy,). Also let py 1 00 (Uy) — C*™™ be
the natural projection onto the last (n — m) components of ¢, (U, ). Then, by
using the standard representation theory we may assume that 7, restricted to
the normal slice NF of F in U, is a quotient map of NF of F by a discrete
subgroup I', of (C*)*~™. Here I',, is the maximal subgroup of (C*)™~" under
which w is invariant. The fact that I, is discrete can be also seen in other way,
since the intersection of a leaf of the foliation and the foliated chart should be
countable (see, e.g., the proof of a theorem in [22, Theorem 6]). If the discrete
subgroup T',, of (C*)®~™ happens to be finite, then the quotient space admits
an orbifold structure, while otherwise it admits just a quasifold structure as in
[21, Section 1] and [2].

Note also that if 'y, is closed, then we can show the finiteness of I',, by using
the well-known fact that any closed discrete subgroup of C* is always finite
(see, e.g., [7, Example 2.1.8]).
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Now the rest of the proof follows from the classical result of Holmann (see,
e.g., [20, Theorem 2.7]). To be a bit more precise, by using the same notation
as above let

Ya 1 Va = pa(pa(Ua)) CC"™, 0 7o (x) = pa © pal(T).
Here, clearly V,, and p, (4 (Uy)) are open subsets of X and C"~ ™ respectively,
and 1, is well-defined. When V,, N V3 # 0, note also that

Yo 0Pzt Yg(Va NV3) = Ya(Va N Va)
is biholomorphic. Therefore, the leaf space X admits the complex orbifold
structure of complex dimension n — m given by the collection of coordinate
neighborhoods (V,,, 1,)’s as above.

In addition, it is now easy to see that on each V,, we can give a Kahler
structure wg, induced from the closed real 2-form w, which may be singular
along the singular locus of V, (see, e.g., [11, Section 3] for certain similar cases).
Note also that the induced Ké&hler form w, is the same as the restriction of
the globally defined closed real 2-form w to the normal slice of the foliation
F on each U, which is invariant under the finite subgroup I',, of (C*)"~™.
This implies that there is a well-defined global singular Kéhler form on the leaf
space X. Therefore, the leaf space X is actually a Kéhler orbifold of complex
dimension n — m, as desired. ([

In view of Proposition 2.1, from now on we shall assume that the leaf space X
of a transverse Kéhler foliation F with respect to a basic and closed differential
2-form is a Kahler orbifold, without further mentioning.

Given an LVMB datum (£, €, ), we next consider the vector fields n; (1 <
j < m) of C™ given by

nj = ZRe(lz)z’t 92,
i=1 ’
where I; = (I1,...,1,...,1"™). Let & (1 <j <m) be m holomorphic commut-

ing vector fields on C™ given by

"0
§i(z) = Zlfzz’g,
i=1 ¢

associated to the holomorphic action of C™ on C™ defined in (2.1), and let R
be the holomorphic vector field on C™\{0} defined by

= 0
i=1 ¢

Then the holomorphic vector fields R, &1, ..., &m, M1, - - -, Bm o0 C™ all commute
to each other, and are linearly independent at each point of C™. So their
projections 7, ..., 7, are linearly independent on each point of an LVMB
manifold N, and generate a regular holomorphic foliation F of dimension m
on N.
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Generalizing the result of Loeb and Nicolau in [17], Meersseman shows in
[19, Theorem 7] that the regular holomorphic foliation F of dimension m on an
LVM manifold N is actually transverse Kahler with respect to the Euler class
of the S'-bundle m; : M; — N and a Kihler form w that is the projection of
the standard Kéhler form on C™ onto N. Here 71 : My — N is the pullback of
the bundle S2"~1 — CP"~! by the smooth embedding of N into the projective
space.

As another remarkable result related to the transverse Kéahler foliation, we
can mention that if an LVM manifold M admitting a regular transverse Kahler
foliation also satisfies the condition (K), then it has been shown in [20] that M
admits the structure of a holomorphic principal Seifert bundle with compact
complex tori as fibers over the projective toric orbifold. As in the remark given
in [20, Theorem A] the condition (K) is optimal in the sense that the transverse
Kahler foliation F without the condition (K) does not necessarily have compact
leaves.

Remark 2.2. As mentioned above, it follows from the construction that there
is a fibration on an LVMB manifold N induced from the foliation F such that

C"— N — X.

Assume that the foliation F is transverse Kahler with a closed 2-form w. Since
C™ is not compact, it is not always possible to make w to be basic by taking
the usual averaging procedure.

Example 2.3. Note that the standard Hopf surface obtained by taking the
quotient of C%\{(0,0)} by the group generated by a diagonal matrix, for ex-

ample,
a 0
(O a) , a>1

can possibly provide an example showing that the leaf space N/F in Proposition
2.1 is a quasifold, but not an orbifold. Indeed, the Hopf manifold is an LVM
manifold which admits a transverse Kéahler foliation given by the flow of a well-
chosen linear vector field on C2. Such a foliation contains at least two elliptic
leaves corresponding to two axes of C2. Now it is possible to perturb the
foliation above in such a way that the Hopf surface contains only two elliptic
leaves and its holonomy group, say I', appeared in the proof of Proposition
2.1, is infinite. See also [16, Example 1.3] for a similar example.

As a much simpler example that we have recently learned, let I' be a lattice
generated by two vectors (a, b) and (c,d) in C? with coordinates z; and 23 such
that a, b, ¢, and d are all non-zero constants, and let M = C2/T". Let F be the

holomorphic foliation on M generated by 821. Then F is transverse Kahler

with respect to the closed 2-form —ﬁdzg A dzo. With a suitable choice of

a, b, ¢, and d, each leaf of F is not closed, and so the leaf space M/F is not an
orbifold, but a quasifold.
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Remark 2.4. Tt is important to note that by Proposition 2.1 there is no difficulty
in applying an orbifold version of the Kodaira embedding theorem as well as
other well-known theorems in complex geometry to the leaf space X, when X
admits an integral Hodge class. This fact will play an important role in the
proof of Theorem 1.1 given in Section 3.

3. Proof of Theorem 1.1
The aim of this section is to give a proof of our main Theorem 1.1, as follows.

Proof of Theorem 1.1. In order to prove it, assume that N admits the trans-
verse Kahler foliation F, and let X denote the leaf space of the foliation F on
N. For the rest of the paper, the de Rham cohomology and Dolbeault coho-
mology of the leaf space X will always mean those of the complexes of basic
forms, unless stated otherwise.

With these understood, it also follows from a work [10] of El Kacimi-Alaoui
that, roughly speaking, the cohomology of the complex of basic forms on S is
the same as the de Rham cohomology of the leaf space X obtained from the
complexes of basic differential forms on N. In particular, we have

HE (S, 0s) = H3(X, Ox),
where Og (resp. Ox) denotes the sheaf of germs of holomorphic functions on

S (resp. X).
Indeed, consider the following short exact sequence on S

(3.1) 0— O — 05 55 Oy — 0.

Here, Oy, is the image of Og in O?Z"LH, and O denotes the sheaf of germs
of holomorphic functions on & which are invariant along the linear foliation
generated by R, &1,...,&m, M, ..., Mm. Moreover, let Lg, L¢,, and L,, denote
the Lie derivatives with respect to R, &;, and 7);, respectively. Then L is given
by

L=Lr®L; D DL, LY D DLy,
Thus it follows from the short exact sequence (3.1) that we have

H3(X,0x) = H3(S,08") = H}(S,05).
We next claim that we have
H3(X,0x) = 0.

To prove the claim, as before let d denote the complex codimension of E in
C™. Then we divide the proof of the claim into two cases, and besides we will
complete the proof of Theorem 1.1 for each case.
So we first assume that d is greater than or equal to 2. Then, in particular,
S is a 2-connected open subset in C". We next consider the homotopy sequence
of the fibration
C*xC"™—S8— N.
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Since S is 2-connected, it is easy to see that
m(N) 2 m(C*xC™) 27, m(N)2m(S)=0.
Thus, by the Hurewicz isomorphism theorem ([6], p. 225) we have
H?(N;7Z) = my(N) 2 Z.
Moreover, by considering the fibration induced from the foliation F on N
C"—N-—=>X

we also have m;(N) = 7;(X) for all non-negative integers i. Thus, by applying
the Whitehead’s theorem ([13], p. 346) we have H(N;R) = H'(X;R) for all
non-negative integers i. In particular, we have H?(X;R) = R. We note that if
d > 1, then this fits well with the computation given in [9, Proposition 3.4] or
[5, Proposition 2.1] for the cases dealt with in their papers.

Since N is assumed to admit a transverse Kahler foliation F, as mentioned
above and in Section 2, it is well known (see, e.g., [11]) that, by using a work
[10] of El Kacimi-Alaoui and the notion of basic differential forms, the Hodge
decomposition theorem on the leaf space X holds, as follows.

(3.2) Hpp(X,C) = HY*(X) & Hy'(X) & H2'(X).

On the other hand, since H?(X,R) 2 R and H})’l(X) # 0, it follows from (3.2)
that we have

H3(X,0x) =0,
as claimed. This implies that we have

~ ~ 7711
R H*(X,R) = Hy (X).

Since H?(X,Q) C H?(X,R) = H(,%’l(X), we can conclude that there should be
an integral Kahler form on X whose lift to IV is a basic and transverse Kéhler
form. Hence it follows from the assumption of Theorem 1.1 that our orbit space
X is, in fact, a Kéhler orbifold with an integral Kéhler form, so X should be
projective by an orbifold version of the Kodaira embedding theorem ([1] and
[12, p. 191]).

Further, observe that our leaf space X is a toric orbifold. To see it, note first
that by Proposition 2.1 X is an orbifold of complex dimension n — (2m + 1).
Moreover, since C™ admits a holomorphic action of (C*)"™ under the multipli-
cation and S is an open subset of C" invariant under the holomorphic action
of (C*)™, it follows from the construction that our LVMB manifold N admits
a holomorphic action of (C*)"~™~1. Thus the leaf space X now admits a
holomorphic action of (C*)*~(2m+1) "as desired.

Recall that the associated polytope of a projective toric manifold is a Delzant
(or moment) polytope which is, in particular, polytopal. Clearly this fact
applies to our toric projective manifold (or orbifold) X, and so the associated
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polytope of X is polytopal. Therefore, N is actually an LVM manifold by
[4, Theorem 3.10].

We next assume that d is equal to 1. This implies that there is an indis-
pensable element ¢ € [n], say i« = 1. So we may write

§=C"x8&,

where S’ = C"~! — E/ and F’ is an arrangement of coordinate subspaces in
C™! whose complex codimension d’ is at least two. Note that we have

m(S)2Z, m(S)=2ni(S), i >2.
As in the above arguments, it is also easy to see that
ma(S) ¥ mo(S') 2 Z.
Now, as before we consider the homotopy sequence of the fibration
C*xC™"—S —N.

Then we can obtain

— 7T2((C* X (Cm) =0— 7T2(S) =7 — 7T2(N)

—m(C*xC™ =2 — m(S)=Z — m(N) — 0.

By the standard diagram-chasing of (3.3), it is not difficult to obtain the fol-
lowing two possibilities:

m2(N) 2 Z and 71 (N) =0, or ma(N) =7Z x Z and m(N) = Z.

(3.3)

Once again, by considering the fibration induced from the foliation F on N
C"—N—> X,

we have m;(N) = m;(X) for all non-negative integers i. Thus, by applying
the Whitehead’s theorem ([13], p. 346) we have H'(N;R) = H'(X;R) for
all non-negative integers i. In particular, we have H?(X;R) = R or R @ R.
Once again, this fits well with the computation given in [9, Proposition 3.4] or
[5, Proposition 2.1] for the case of d = 1.

Next, we apply the Hodge decomposition on the leaf space X, as follows.

H}p(X,C) = HY*(X) e Hy' (X) & H'(X).

Since H%(X;C) 2 C or C&® C, Hg’Q(X) & Hg’O(X), and Hé’l(X) is non-
trivial, we should have Hg’2(X ) =0, as claimed.

Finally, the rest of the proof goes exactly as in the case of d > 2. That is,
since H2(X,Q) C¢ H?(X,R) = Hé’l(X), there should be an integral Kéhler
form on X whose lift to N is a basic and transverse Kéhler form. Hence once
again our orbit space X is a Kahler orbifold with an integral Kéahler form, so

ITheorem 3.10 in [4] is stated in a slightly different way, but, as is well-known, it says
that if the associated underlying simplicial complex of X is polytopal as in our case, then N
is an LVM manifold. For instance, see [3]
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that X is projective by an orbifold version of the Kodaira embedding theorem.
Therefore, N is actually an LVM manifold by [4, Theorem 3.10].
This completes the proof of Theorem 1.1. (I

Acknowledgements. The author is very grateful to the anonymous reviewers
for providing valuable comments on an earlier version of this paper. This study
was supported by research fund from Chosun University, 2019.

[1]
2]

(8

[9

(10]
(11]
(12]
(13]
14]
(15]

[16]
(17]

(18]

References

W. L. Baily, On the imbedding of V -manifolds in projective space, Amer. J. Math. 79
(1957), 403-430. https://doi.org/10.2307/2372689

F. Battaglia and E. Prato, Generalized toric varieties for simple monrational convex
polytopes, Internat. Math. Res. Notices 2001 (2001), no. 24, 1315-1337. https://doi.
org/10.1155/51073792801000629

F. Battaglia and D. Zaffran, Foliations modeling nonrational simplicial toric varieties,
Int. Math. Res. Not. IMRN 2015 (2015), no. 22, 11785-11815. https://doi.org/10.
1093/imrn/rnv035

L. Battisti, LVMB manifolds and quotients of toric varieties, Math. Z. 275 (2013),
no. 1-2, 549-568. https://doi.org/10.1007/s00209-013-1147-8

F. Bosio, Variétés complexres compactes: une généralisation de la construction de
Meersseman et Lépez de Medrano-Verjovsky, Ann. Inst. Fourier (Grenoble) 51 (2001),
no. 5, 1259-1297.

R. Bott and L. W. Tu, Differential forms in algebraic topology, Graduate Texts in
Mathematics, 82, Springer-Verlag, New York, 1982.

M. Brion, Some structure theorems for algebraic groups, in Algebraic groups: structure
and actions, 53—126, Proc. Sympos. Pure Math., 94, Amer. Math. Soc., Providence, R,
20171.

E. Calabi and B. Eckmann, A class of compact, complex manifolds which are not alge-
braic, Ann. of Math. (2) 58 (1953), 494-500. https://doi.org/10.2307/1969750

S. Cupit-Foutou and D. Zaffran, Non-Ké&hler manifolds and GIT-quotients, Math. Z.
257 (2007), no. 4, 783-797.

A. El Kacimi-Alaoui, Opérateurs transversalement elliptiques sur un feuilletage rieman-
nien et applications, Compositio Math. 73 (1990), no. 1, 57-106.

A. Futaki, H. Ono, and G. Wang, Transverse Kahler geometry of Sasaki manifolds and
toric Sasaki-Einstein manifolds, J. Differential Geom. 83 (2009), no. 3, 585-635.

P. Griffiths and J. Harris, Principles of Algebraic Geometry, reprint of the 1978 original,
Wiley Classics Library, John Wiley & Sons, Inc., New York, 1994. https://doi.org/
10.1002/9781118032527

A. Hatcher, Algebraic Topology, Cambridge University Press, Cambridge, 2002.

H. Hopf, Zur Topologie der komplexen Mannigfaltigkeiten, in Studies and Essays Pre-
sented to R. Courant on his 60th Birthday, January 8, 1948, 167-185, Interscience
Publishers, Inc., New York, 1948.

H. Ishida, Torus invariant transverse Kahler foliations, Trans. Amer. Math. Soc. 369
(2017), no. 7, 5137-5155.

, Towards transverse toric geometry, preprint (2018); arXiv:1807.10449v1.

J. J. Loeb and M. Nicolau, On the complex geometry of a class of non-Kdhlerian man-
ifolds, Israel J. Math. 110 (1999), 371-379.

S. Lépez de Medrano and A. Verjovsky, A new family of complex, compact, non-
symplectic manifolds, Bol. Soc. Brasil. Mat. (N.S.) 28 (1997), no. 2, 253-269. https:
//doi.org/10.1007/BF01233394


https://doi.org/10.2307/2372689
https://doi.org/10.1155/S1073792801000629
https://doi.org/10.1155/S1073792801000629
https://doi.org/10.1093/imrn/rnv035
https://doi.org/10.1093/imrn/rnv035
https://doi.org/10.1007/s00209-013-1147-8
https://doi.org/10.2307/1969750
https://doi.org/10.1002/9781118032527
https://doi.org/10.1002/9781118032527
https://doi.org/10.1007/BF01233394
https://doi.org/10.1007/BF01233394

602 J. H. KIM

[19] L. Meersseman, A new geometric construction of compact complex manifolds in
any dimension, Math. Ann. 317 (2000), no. 1, 79-115. https://doi.org/10.1007/
5002080050360

[20] L. Meersseman and A. Verjovsky, Holomorphic principal bundles over projective toric
varieties, J. Reine Angew. Math. 572 (2004), 57-96. https://doi.org/10.1515/crll.
2004.054

[21] E. Prato, Simple non-rational convez polytopes via symplectic geometry, Topology 40
(2001), no. 5, 961-975. https://doi.org/10.1016/S0040-9383 (00)00006-9

[22] M. Spivak, A Comprehensive Introduction to Differential Geometry, Vol. 3, Piblish or
Perish Inc., Texas, 1999.

[23] J. Tambour, LVMB manifolds and simplicial spheres, Ann. Inst. Fourier (Grenoble) 62
(2012), no. 4, 1289-1317.

JIN HoNG KiMm

DEPARTMENT OF MATHEMATICS EDUCATION
CHOSUN UNIVERSITY

GWANGJU 61452, KOREA

Email address: jinhkim11@gmail.com


https://doi.org/10.1007/s002080050360
https://doi.org/10.1007/s002080050360
https://doi.org/10.1515/crll.2004.054
https://doi.org/10.1515/crll.2004.054
https://doi.org/10.1016/S0040-9383(00)00006-9

