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Spectral clustering: summary and recent research issues
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Abstract

K-means clustering uses a spherical or elliptical metric to group data points; however, it does not work
well for non-convex data such as the concentric circles. Spectral clustering, based on graph theory, is a
generalized and robust technique to deal with non-standard type of data such as non-convex data. Results
obtained by spectral clustering often outperform traditional clustering such as K-means. In this paper, we
review spectral clustering and show important issues in spectral clustering such as determining the number
of clusters K, estimation of scale parameter in the adjacency of two points, and the dimension reduction
technique in clustering high-dimensional data.
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73:13‘4"‘51a(ChlSte]filﬂg)2 = —Ev"&i% At A= SA 71 F 7S dE AR Ew A FY SUEA,
3t 5 ThFSE ool we] o]§= 1 gt} (von Luxburg,
2007). 53], ?.‘6‘*]%? -?455} Z1AENES EFRA AF AAYE o] &3 FAo s 854 AMEE L
Atk FHZ AFA 5 Foko 34l A8 LeCunn 5 (2015)2 NatureA|o] AA|8F Deep Learning©]
= XﬂE %—Ev-oﬂ/ﬂ 9 249 ngdl= S 2EFH 243 A X SH5 (unsupervised learning)©] A
¥ 583 93 & AR St Aketd, dEEY AT TEY AFECl o
e 2 54 AR} L A AAE B me M A
A= S5 98t 228 E 2A7F €2 © F83517] "ot 4
£ 5o, AFEE0l v A F4E A2 ARoA AT il AdE T2 A2 2579 A7 okt
FH Y FAloth. T, AgF At AAT7|el FddAd e AR FFHEL HAE 5ol &
2 o gol] o] &=t}
ZH2HFY BH2 Fol A5E E MY IFSE et Add 22 IF WY AEES AR
At (ARl theh metric 28004 ZHAE] 24E AY) thE 2F0 & ASEL ol
e 242 Mo} Gtk 2UAHYL e o8 AAE 4 BAR BARCA oy
ZF AT HopllA F83 EFOoR thRoX|a ittt #A] wo] ARSFHI & FH2HE
K- 28283 (K-means clustering), 4|53 28 2€ 3 (hierarchical clustering), A}7] 2323} #|
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% (self-organizing map), 18|31 A~HEH ELrﬂ/\lﬂa(spectraul clustering)5-°] It} o] FAANE &
3 K-H¢ 228 o] 7P g AREH I J ot FARE (similarity) 7F -+ H ) (spherical) E& ER
A (elliptical) 2 Fo = o] 7+ ZH2E 7 5 I (convex set) 2] FEJO AR ol= £ 2HE FA|
O8R4k A9, £3] AR 7} YA =2 (manifold structure) 9l Z-$-oll&= ]9 FHAgE= A=
et o7 el FeaEH tidt AAE =& 2o oz AT TAq & Aej= o] 9]
0 21 Zo)A % Hastie 5 (2008)¢] 14732 A3t}

2~dEY FHAEHYLE K- ZHaEHPe ad S & Has) £ ¥ ofdzt o8] FEjY Asy 14p
9 7= (high-dimensional data) 5o i E £ AFE YelUA H 2 AT AAFT BF&= df
2 Aved Zg|2EFo] o]&FH T Jrt. 2HNEH FH2EHFHo )it F7) =5 FoA] von Luxburg
(2007)¢] o] ALFH I ). B =FoAE 2 B2 AFAEY] #AE B Y= ~HEY FHa
ol tisl] &7] A &AL, of| EAF o] glom H2e A W FAJA a7fstaA} st

2. ~HEH ZYAHE

ST LE P2 T2 o] 2ol viEtE FaL glen, fargEe] v Y RE2 K-Haie ol %

g =
Ak WA B LAL S nA ] ARE @1, ..., 2a ©12F 3 7A@ = p-AFEoITh

2257 KA (adjacency) FEv £3] UEHZ(network) 2 BAID 4 Jom o3 YEYA
£ a2dz G = GV,E)2 Yepd £ gtk o714, V = {1,...,n}E FAH(vertex) ] Fgolx

Ex V x V7ol EAsh= W(edge)d] A= Uehdth. &3], WWH AR p-AQ AEQA x;, i =
L,...,n2 BN} oAl ay, i = 1,...,n, j = 1,...,nS ARG} jRA B=2) ko] GAIE &
= AF4L vepdtia &k Tk gy # aﬂol‘:ﬂ WFEEA (directed) Z#Z, ai; = aj;°lH vk
/J (undirected) ZejZ e} dhr}. T3, ai;7F 0 T 19 W HSHA w7k 18 A (unweighted adja-
cency)olgl 3k, AT A=l vl 3] o7 7}11 S e 71 AR A (weighted adjacency)©|

gk gtk Tk KAl A T2 03 1AM e Aste A w2 7P de /\F%E]% 7k 2l
HAL 7FA1S Ad(Gaussian kernel) 24 a;; = exp(—||x; — x,4||?/c) & —.—01 Atk o, 714 =
H & (scale) & HEH+= E‘FEH AR 2 FE 3] ARRY. O fos F A5 9] 2 4
o] AUigtelu AlEE Ae ARSHIE itk & =2olAe v ola Tk dRAES TP
WA ol A ]'%01?3/“% 7HgsHA ok Arge Wi =E7] wigolth. 4, iiA d5H|e

373 75 (degree)= di = 307 1 i 2 FolAlEdl ol iAA 59} tE AFAE T AHA
n% 83 Aot} oL, 7 FEX9 AR AEE EH7¥°J¢§ zt= 8 D = diag(di,...,dn)
g_]@/xg @Eﬂﬁi(degree matrlx) ]g}. —5]_;1:] zJM % Eéoﬂ/q o];q 614?:'3,9_ wil 6§x‘g__,i L=D-A
eh=eks 3d (Laplacian matrix) o2} HE20h 2lEdis PP A EL S LB HAA Wl T8
1o she] 19 o1 A5 Yoy it et Fo1 Al KRS S el 2% (fully
separated group) g A%, & 1E7 BE AF ai; =09 FF, ehEeke FE 9 A4 (rank)E= n— K7}
AThe Aol olg ol FPAIS AMo] AHA AL ABHE FoIW MEADE BE B3
£ Aol Pro) MEA o] IFm YR o) 4 S GU AL 0

ot o o

Lo, N |

1o] "ot E3H glEeks PHEL P X (positive semi-definite) o] B2 BE {3 (elgenvalue)ﬂ—
ouct A ek e, A 12 AYE A4 AR AT v 229 2% 09 oA B
A, LA n— 1] DRAE BT Gaolth, of FoIAE 00] ohd 7 2L ool mgAlo] 5l

£ 3-89 (eigenvector) & 5 W3] 552 HWE| (Fiedler vector)2} 3k1L, o= Ze|AeHx WA
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AZF JE Zlez A ) (Fiedler, 1973; Kim 5, 2008).
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2.2. AHEZ I A

5=

~dHEY FHAHPAY vuE Y3 WA K-H¢ FEAHDE R At K-8 2
HAHES FHAHY 5 7 @ol ARSEHE ez AESXE A3 plY He EF ¥F W
Se(quantitative) ol 7} 2HAH Felrh BB 4G A% S BEsde A3E ehich
Qupsid, K-3@ ZE2HZ AMHgEHE AzlEEE #2215 A (Euclidean distance)2] #|5¢
d(zi, ;) = ||z — x;|[? 22 Fo]A|7] djFoltt YolM= AFFxo] 2+ Zej2E 9 Fej7t B= Jg
o] opd A= v BHSAHA 23 A}E F1 (Zelnik-Manor3} Perona (2005)2] 13 19] o &
Fefo A7 & e %), 53] K7F Wt FeaE® A A7 $A% thE R0 ® e
LA S 2B Agl mE FeEA A5A o] A fitk. HE], 27] B9t AR = vl Wt
t}.

~dEY FHAEFHY ofolt]o]= Fiedler (1973)¢)] o) Ao 2 AP THZE o] &3 v
EQFoA AFEY BAof o3l AFAEY IFX &} AFHE 7 FE|AE Rl o] &5 7] ufEol o]H
ol5°] Rtk FAFLRE W X Kol thste] Z2E Pl st FHE 712 KRS w7
3} WEl (orthonormal vectors) f1,...,fx 2 FAH "2l n x K 38 F7l J& ul, 2HEE ¢

2~EH YL
min tr (FTLF) st. FTF=T1
F

o Sls) P& A= A0IE). Ny 5 (0020 ool AL 73} A=Y ALl omalived
2HEeF F#|2EF (unnormalized spectral clus-
tering) o] £2 /\}‘&QL ?l%i%tﬂ - 7?*] Hl‘ﬂ-/] dyuglEse 47 o237 2ot
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Figure 3.1. Data with type of convex set; K-means and spectral clusterings are applied when K = 2 and 3,
respectively.
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=7 gy

Figure 3.19] A5+ 85 A J=H9 (52X K-H7 SH2EHTG 2 EY FeaEHT ] A2
ZH2EHY & § dE AoAN FHAEY A K7 AR ARFHAY 245U B9 A4S
Uehfls zkg8olt)h. oS 3 E(X1) = (1, p2)", Cov(X1) = 02¢ o|¥z AFRIZ HE o =
0.1, 0.3 oiall Xi,..., X502 p1 = pe = 0L, Xis1,..., X002 11 = 2,00 = 0¥w], 2|31
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Figure 3.29] A5+ 49U R824 3709 549l ZH2 150709 HEol et ZF ZE2 73 [0,
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Figure 3.2. Data with type of concentric circles; K-means and spectral clusterings are applied when radii are 1.0,
2.8, 5.0, and 1.0, 2.0, 5.0, respectively.
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Figure 3.3. Data with type of concentric circles; spectral clusterings are applied when scale parameters of the
Gaussian kernel function are 1.0 and 3.0, respectively.
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