KYUNGPOOK Math. J. 60(2020), 401-413
https://doi.org/10.5666 /KMJ.2020.60.2.401
pISSN 1225-6951  eISSN 0454-8124
© Kyungpook Mathematical Journal

Periodic Solutions of a System of Piecewise Linear Difference
Equations

WIROT TIKJHA*

Faculty of Science and Technology, Pibulsongkram Rajabhat University, Phitsanu-
lok, Thailand 65000, Centre of Fxcellence in Mathematics, PERDO, CHE, Thailand
e-mail : wirottik@psru.ac.th

EVELINA LAPIERRE

Department of Mathematics, Johnson and Wales University, 8§ Abbott Park Place,
Providence, RI, USA

e-mail : Evelina.Lapierre@jwu.edu

ABSTRACT. In this article we consider the following system of piecewise linear difference
equations: Tnt+1 = |Zn| — yYn — 1 and ynt1 = Tn + |yn| — 1. We show that when the initial
condition is an element of the closed second or fourth quadrant the solution to the system
is either a prime period-3 solution or one of two prime period-4 solutions.

1. Introduction

Nearly ten years ago we began studying the global behavior of the following
system of piecewise linear difference equations

Tpt1 = |Tn| +ayn +b
(N) ,n=0,1,...
Yn+1 = Tn +clyn| +d
where the initial condition (zg,yo) € R? and the parameters a,b,c, and d €

{-1,0,1}. Since each parameter can be one of three values, there are 81 systems.
Each system is designated a number N which is given by

N=27(a+1)+90b+1)+3(c+1)+(d+1)+1.
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Our purpose is to find patterns of behavior in order to better understand piece-
wise linear difference equations in general. We hope to develop methods to deter-
mine local asymptotic stability and global stability of such systems. The lack of
these methods is evident by the fact that the global behavior of the Lozi equation
and the Gingerbreadman Map (both can be expressed as a system of piecewise
linear difference equations) are still not completely known. See [1, 2, 3, 5, 6].

After determining the global behavior of many of the 81 systems, we noticed a
few trends. See [3, 4, 7, 8, 9]. Over half of the systems have exactly one equilibrium
point, while some have two or three, and the remaining systems either have none
or have infinitely many (which usually reside on a line). About a quarter of the
systems have periodic solutions that are similar to the solutions of System(7). We
were able to generalize a few systems; that is, we know their global behavior when
some of the parameters are elements of R, not just elements of {—1,0,1}. Within
the next year we hope to complete a monograph that will share our results, detailed
proofs, conjectures and open problems of all 81 systems.

Some of these systems are rather enigmatic. System(7) is one of them. It is the
special case of System(N) where a =b=d = —1 and ¢ = 1:

Tn+1 = |xn‘_yn_]-
(7) n=0,1,....
Yn+1 :xn+|yn|_1

After months of brute force calculations, we only had a partial result. Wirot Tikjha
shared this partial result in the 2016 International Conference on Difference Equa-
tions and Applications. See [7]. At the time of that presentation we knew the
behavior of the system for only a small set of initial conditions (a section of the
x-axis). Since the presentation, with the aid of computer simulations using random
initial values, we were able to extend the set of initial conditions to include the
closed second and fourth quadrant.

In this paper we show that when the initial condition (xg,yo) is an element in
the closed second or fourth quadrant System(7) has one prime period-3 solution
and two prime period-4 solutions given by

B 11 1, -3
s 3, 3
. ) 1, -1
Pi=| -, —-|,P= , and P} = ;
3 37 3 4 1 1 4 17 5
1 1 _
-5 -3 IR 5 3
ay, a2

where | b1, b2 | represents the consecutive solutions (a1, as), (b1, b2), and (c1, c2)
C1, C2
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of the system. Please note that at the end of this article we share our conjecture
for the global behavior of this system.

A solution {(zy,, yn) 22, of a system of difference equations is called eventually
periodic with prime period-p or eventually prime period-p solution if there exists
an integer N > 0 and p is the smallest positive integer such that {(z,,yn)}22 v is
periodic with period-p; that is,

(Tntps Yntp) = (X, ypn) for all n > N.
2. Main Results

Set L1 = {(Ly)ly = 0}, L2 = {(Ly)ly < 0}, L3 = {(-Ly)
£y = {(-Ly)ly < 0}, L5 = {(z,~D]z € R}, % = {(&.y)le < 0,
Q4:{<$,y)|$207y§0}.

ly > 0},
y > 0},

Theorem 2.1. Let {(xn,yn) 52, be a solution of System(7) with (xo,yo) € Q2UQy.
Then {(zn, yn)}22, is eventually the prime period-3 solution Py or the prime period-
4 solution P} or P%.

The proof of the theorem is a consequence of the following lemmas.

Lemma 2.2. Suppose the initial condition (xg,y0) € L1 U Ly. Then solution of
System(7), {(Tn,yn) o is the prime period-4 solution P} .

Proof. Let (x¢,90) € £1. Then (z2,y2) = (—1,—1) € P}. Let (z0,0) € £4. Then

xry =20 —yo—1= -4 >0
Y1 =20+ [yo| — 1 = —yo — 2.

If y1 = —yo — 2 < 0, then

.172=|1‘1|—y1—1=1

yp=x1+ |ly1| —1=1.
Ifyy = —yo — 2 >0, then
ry=lT| -y —1=1
Yo =x1 + |y1| — 1= —2yo — 3 > 0.
Note that (z2,y2) € £1 and therefore (z4,y4) € P} O

Claim 2.3. Assume that there is a positive integer N such that yy = —xny —2 > 0.
Then {(Zn, Yn)}nen41 @8 the prime period-4 solution P?.

Proof. Suppose (zx,yn) satisfies the hypothesis, then

N1 =len|—yv —1l=—azy+ay+2-1=1

yN+1=93N+\?JN|—1=$N—$N—2—1=—3.
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Then the proof is complete. O

Lemma 2.4. Suppose the initial condition (zg,yo) € La. Then {(zn, yn) o2,
is eventually the prime period-4 solution P} or P}.

Proof. Let (x9,y0) € L. Then

z1=[zo| —yo—1=~yo >0
Y1 =0+ [yol —1=—-yo >0
T2 =|z1[—y1 —1=-1
ya=x1+ |ly1] — 1= -2y — 1.
Suppose y2 = —2yp — 1 < 0, then (z2,y2) € L£L4. We now apply Lemma 2.2. and
find that {(zy,y,)}3%, is the prime period-4 solution Pj.
Suppose y2 = —2yo — 1 > 0, that is yg < —%, then

1'3:|l‘2|7y271:2y0+1§0
ys =2 + |y2| — 1 = =2y — 3.

3
Suppose y3 = —2yp — 3 > 0, that is yg < 5 then

Ty =lz3[—ys —1=1
Yo =3+ |ys| — 1= =3,
and so (x4,y4) € P2, as required.
3 1
Suppose y3 = —2yg — 3 < 0, that is —3 <yo < 5 then we will progress using
mathematical induction. For each integer n > 0, let

_22n+1 —1 B _22n+1 +1 B _2271 +1

an = 92ntl ' °n T T 92nyl Cn = 92n

, and 6, = 22" — 1.
Observe that

3 .
—— =g < <a<...<-1 and lim a, =-1,
2 n—00

1
f§:b0>b1>b2>...>71 and lim b, = —1,

n— oo
O=cg>c1>cg>...>—-1 and lim ¢, =—1.
n—oo
Furthermore for each integer n > 1, let P(n) be the following set of statements.
When yo € (an—1,bn—1], we have
Lan = 1

Yan = 22"?/0 + 6n
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When yg € [¢p, bn—1], we have y4, > 0, and so the solution is eventually the prime
period-4 solution Pj.
When yo € (an—1,¢n), we have ys4,, < 0. Then

Tgnp1 = —22"yo — 6, > 0
Yant1 = —27"yo — 6, > 0
Tan4o = —1

Yanto = —22"Tyo — (26, +1).

When yg € [by, ¢n), we have yg,12 < 0, and so the solution is eventually the prime
period-4 solution Pj.
When yo € (an—1,bn), we have yypn42 > 0. Then

Tan+3 = 22n+1y0 + (2577, + 1) <0
Yan+3 = *22n+1y0 - (2571 + 3)
When yo € (an—1,an], we have ys,13 > 0, and so the solution is eventually the
prime period-4 solution PZ.
Finally, when yo € (an, by, we have y4n4+3 < 0.
We shall now show that P(1) is true. For yg € (a;_1,b1-1] = (ag,bo] =

3 1
(—2, —2} , recall that z3 = 2yg+ 1 <0 and y3 = —2yg — 3 < 0, then
Ty =Ta = |23 —yz —1=1
yay = ya = a3 + |ys| — 1 = dyo +3 = 22Wyy + 4.
3 1
When yo € [c1,b1-1] = [c1,b0] = [—4,—2], then y4 = 4yo +3 > 0. We apply
Lemma 2.2. and find that {(x,,y,)}% is the prime period-4 solution P}.
3

When Yo € (CL1_1701) = (ao,cl) = —5,

3
—4), then y4 = 4yo + 3 < 0. Thus

Tayp1 = o5 = —dyo — 3= —2"Wyg — 61 > 0
Yay41 = ys = —dyo — 3 = —2°Wyg — 61 > 0

Ty(1)42 = Lo = -1
Yay+2 = ye = —8yo — 7= =22y, — (26, +1).
When yo € [b1,¢1) = [;, i), then yg = —8yg — 7 < 0. We apply Lemma 2.2.

and find that {(z,,y,)}3% ¢ is the prime period-4 solution Pj.

3 7
When Yo € (a1_17b1) = (ao,bl) = (27 8), then Yy = —8yg — 7 > 0. Thus
Tyyes = a7 = 8yo + 7 =22WTyg 4 25, +1 <0
Ya()rs = yr = —8yo — 9 = —22 Wy — (25, +3).
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3 9
When yo € (a1-1,a1] = (ap,a1] = (-2, _8]’ then y; = —x7 —2 = —8yg — 9 > 0.
We apply Claim 2.3. and find that {(z,,y,)}2% g is the prime period-4 solution PZ.

9 7

When yo € (a1,b1] = (—8, —3/ then y7 = —8yp — 9 < 0. Hence P(1) is true.
Next, we assume that P(N) is true. We shall show that P(N + 1) is true. Since

_22N+1 —1 _22N+1 +1

P(N) is true, we know that when yo € (an,by] = <

22N+1  ° 92N+1 | W€
have
Tangs =22V Ty + (268 +1) <0
yan+s = —2°NTyo — (208 +3) < 0.
Then,
TyN+1) = Tan+a =1
Y4(N+1) = Y4AN+4 = 22NNy 4 45y + 3 = 22Ny 4 6n .
Note that
Ongq = 22VHD) 1 = 92NH2 1 — 92NH2 _ g4 3 — 46y + 3.
722N+2 + 1 722N+1 4 1
If yo € [ent1,b(vi1)-1] = [en41,0n] = { 2INT2 0 9aNAI ], then

Applying Lemma 2.2., we see that {(zy, yn)}nZyn 6 IS the prime period-4 solution
P}

_22N+1 -1 _22N+2 11
If yo € (a(N+1)—1,CN+1) = (an,CN+1) = ( SINFT T gaNT ), then

Y4N 4 = 22(N+1)y0 +0Nt1 = 22N+2yo +22N+2 1 <.

Thus,
T4(N+1)+1 = TAN45 = 22V g — Sy >0
Y4(N+1)+1 = YaN+5 = —22 Ny Sni >0
T4(N4+1)42 = Tan+6 = —1
Yani1)re = Yanse = —22N DTy (25 +1).
_22N+3 + 1 _22N+2 + 1
If yo € [byy1,CN41) = NTI NI ), then

YiN+6 = _22(N+1)+1y0 _ 26N+1 1= _22N+3y0 _ 22N+3 + 1 S 0.
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Applying Lemma 2.2., we see that {(z,, yn)}nZ 4y IS the prime period-4 solution
Pi.

_22N+1 -1 _22N+3 +1
If yo € (a(n41)—1,bN+1) = (an,bny1) = ( 92NT1 ' 32N13 >, then
y4N+6 — _22(N+1)+1y0 _ 26N+1 _ 1 — _22N+3y0 _ 22N+3 + 1 > 0,
thus
T4N+1)43 = TAN+7 = 22INFDHLy 0 4 (20841 +1) <0
Ya(N41)43 = Yan4r = =22y (95 4+ 3).
_22N+1 -1 _22N+3 -1
If yo € (anvt1)—1,an+1] = (an,an41] = ( SN a3 }, then
We note that ysni7 = —xan4+7 — 2 > 0. Applying Claim 2.3., we see that

{(@n,yn)}22 4N 1s is the prime period-4 solution Pf.

_22N+3 -1 _22N+3 +1
If yo € (a(n+1), bn+1] = (an41,bnv4a] = ( 2INT3 ' 92N+3 }7 then
YAN 47 = _22(N+1)+1y0 _ (25N+1 + 3) — _22N+3 _ 22N+3 —1<0.

Hence, P(N + 1) is true. Therefore P(n) is true for all n > 1.
Note that lim a, = lim b, = lim ¢, = —1 and (1,-1) € P}. |
n—oo n—oo n—r oo
Lemma 2.5. Suppose the initial condition (zo,yo) € L3. Then {(Tn,yn)}oy is
eventually the prime period-4 solution P} or P?.

Proof. Suppose (zg,y0) € £3. Then by direct computations we see that xo = 1.
We now apply Lemmas 2.2. and 2.4., and see that {(zn,yn)}o>, is eventually the
prime period-4 solution P} or PZ. a

Claim 2.6. Assume that there is a positive integer N such that xxy = yn > 0.
Then, {(zn,yn)} N is eventually the prime period-4 solution P} or P}.

Proof. Suppose that (zy,yn) satisfies the hypothesis, then xy;1 = —1. We apply
Lemmas 2.2. and 2.5., and see that {(z,,y»)}52 5 is eventually the prime period-4
solution P} or P}. 0

Lemma 2.7. Suppose the initial condition (xo,y0) € L5. Then {(Xn,yn)}5y is
eventually the prime period-3 solution Ps or the prime period-4 solution P} or P}.

Proof. Suppose that (xg,y0) € L5 and suppose further that o > 0. Then z; =
y1 = xo. We apply Claim 2.6., and find that {(z,,yn)}>2, is eventually the prime
period-4 solution P} or PZ.
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Now suppose that (zg,yp) € L5 but 2o < 0. Then

1 =lxgl —yo—1=—20+1—-1=—2¢>0
yi=x0+ |yl —1=zp+1—-1=21<0
xo=lr1]—pn—1=—x0—20—1=—-219—1
yp=x1+ |y1| —1=—20—20—1=—220— 1.
If 29 =ys = —2x9— 1 >0, that is g < f%, then we can apply Claim 2.6. and
see that {(2n,yn)}5, is eventually the prime period-4 solution P} or PZ.

If x0 = yo = —2x9 — 1 < 0, that is —3 < xg < 0. Then

3= |2l —y2—1=2x0+14+220+1—-1=4zp+1
y3:$2+|y2‘71:72$071+21‘0+171:71.

If z3 = 429 + 1 > 0, then since (x3,y3) € L5 by the above case, we see that
{(zn,yn)}2, is eventually the prime period-4 solution P} or P}.

1 1
If 3 = 429 + 1 < 0, that is —3 < z9 < - then we will progress by using
mathematical induction.
For each integer n > 0, let

_22n+1 —1 _22n+2 +1 22n —1
n = 577 0n = 5 —F55—5 and 0, =
3 x 22n+1 3 x 22n+2 3

Observe that

1
—§=ao<a1<ag<...<—§ and lim a, = —=

n— 00 3’
1 1 1
——=by>by >by>...>—- and lim b, = —
4 3 n— 00

Furthermore for each integer n > 1, let P(n) be the following set of statements.
When zg € (an—1,bn—1), we have

T3n+1 = _22n$0 —0, >0
Y3nt+1 = 22711,0 + 6, <0
T3n42 = —22n+1$0 — (26n + 1)

Y3n+2 = —22n+1$0 — (2§n + 1)

When 2y € (an—1,a,], we have Z3n12 = ysnt2 > 0, and so by Claim 2.6.
{(xn,yn) 2, is eventually the prime period-4 solution P} or PZ. When zy €
(an,bpn—1), we have x3, 12 = Ysnt2 < 0, and so

L3n4+3 = 227HPZQSO +40, +1

Y3nr3z = —1.
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When zy € [by,bp—1), we have x3,4+3 > 0, and so by Claim 2.6. {(zn,¥yn)}oe, is
eventually the prime period-4 solution P} or P?.
Finally, when zq € (an,by,), we have 3,43 < 0.

We shall show that P(1) is true.

1 1
For g € (an—1,bn—1) = (ag,bo) = (—2,—4), recall that 3 = 420 +1 < 0
and y3 = —1. Then,
T3(1)41 =g = —dro — 1 = —22(1)560 -5 >0

Y3(1)+1 = Y4 =4zo +1= 22M g0 +6, <0
1'3(1)+2 = x5 = —81’0 —3= —22(1)+1.’E0 — (251 + ].)

Y3(1)+2 = Ys = —8x9 —3 = —22(WH g (261 + 1).

1 3

If 29 € (a1-1,a1] = (ap,a1] = }, then 25 = y5 = —8x¢9 — 3 > 0, and

28
so we apply Claim 2.6. and see that {(2,,yn)}52 is eventually the prime period-4
solution P} or P}.
3 1
If 9 € (a1,b1-1) = (a1,bp) = <_8’_4>’ then z5 = y5 = —8xp — 3 < 0, and
S0

T3(1)+3 = L6 = 1629 +5 = 22(1)+2$0 +461 +1
Y3(1)+3 = Y6 = — L.

) 1
If 9 € [b1,b1-1) = [b1,bo) = {_16’_4)’ then zg = 169 +5 > 0, and
(z6,ys) € L5. Applying earlier work in this proof we see that {(xn,,yn)}%, is
eventually the prime period-4 solution P} or P}.
3 5
Ifzo € (a1,01)=—<,——
o € (a1,b1) ( 2 16
Suppose that P(N) is true. We shall show that P(N + 1) is true.
Since P(N) is true, we know that o € (a(nv41)-1,bwv4+1)-1) = (an,by) =
_22N+1 -1 _22N+2 +1
and
3 x 22N+1 7 3w« 92N+2 ?

), then zg = 1629 + 5 < 0. Hence P(1) is true.

TL3IN+3 = 22N+2I‘0 + 45]\[ +1<0

Ysn43 = —1.

Note that

22(N+1) -1 22N+2 —4 3 (22N -1
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Then

TN+ = Tanga = —22N T2 =46y — 1= =22V Vg0 — 5y >0
Ys(n1y+1 = Yansa = 222 4 40y +1 = 22V g0 4 5y <0
T3(N4+1)4+2 = T3N+5 = —22NFDH gy — (20541 + 1)

Y3(N+1)+2 = YaN+5 = —92(NFD+ g0 (20N11 +1).

_22N+1 -1 _22N+3 -1
If 29 € (a(n41)-1,anv+1] = (an,ant1] = ( 3 X 22NT1 3 X 92N 13 } then

722N+3 -1
Tants = Yan4s = 22NV g (20N +1) = 22V 3, 4 (3) =0

and so we apply Claim 2.6. and see that {(z,,yn)}52, is eventually the prime
period-4 solution P} or PZ.

_22N+3 -1 _22N+2 +1
If zg € (aN_;,_l,b(NJrl),l) = (an+1,bN) = < 3 % 22NT3 ' 3 % 92N12 ), then

_22N+3 -1
zants = yangs = —22NVTIH g — (205 1 +1) = =22V a0 + <3) <0

and so

T3(N+1)43 = TIN+6 = 2INHD+250 4 Afn4q + 1

Y3(N+1)43 = YsN+6 = —1.

_22N+4+1 _22N+2+1
If 2o € [bny1, bvr1)-1) = [bv+1,bn) = [ 3 X 22N 11 5 5 92N T2 >7 then

22N+4 -1
T3Nt+6 = 2NHADF200 4 45y yy + 1 = 22N gy 4 — 3 >0,
and (x3n+6,Ysn+6) € L5 so by previous work in this proof {(z,,yn)}52, is even-
tually the prime period-4 solution P} or P}.
_22N+3 -1 _22N+4 41
If To € (aN-‘rlabN-‘rl) = ( 3 % 22N +3 ) 3 % 22N +4 )a then

22N+4 -1

T3N+6 = 22(N+1)+2$0 +4dn +1= 22N+4$0 + —s < 0.

Hence, P(N + 1) is true. Therefore P(n) is true for all n > 1.
Please note that

1
lim a, = lim b, = —=
n— o0 n—o00 3
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1
and (zo,y0) = (—3,—1) € Pj. O

Lemma 2.8. Suppose the initial condition (zo,yo) € Q2. Then {(Tn,yn)}oy is
eventually the prime period-4 solution P} or P?.

Proof. Let (x9,yo) € Q2. Then

x1=|ro| —yo —1=—20 —yo — 1
Y1 =20+ [yo| —1=z0+yo — L.
Case 1: Suppose —x = yo, then (z1,y1) = (—=1,—1) € P}.

Case 2: Suppose —xg > Yo, then y1 = g +y9 — 1 < 0.
Suppose further that ;1 = —zg — yo — 1 < 0, then

xgz\xl\—yl—lzl
yo =21 + |y1| — 1 = =229 — 2yo — 1.
We see that (z2,y2) € £1 U Lo, Applying Lemmas 2.2. and 2.4., we see that

ZTnyUYn) 1o, is eventually the prime period-4 solution P} or PZ.
Yn)in=0 y 4 4
Now suppose that 1 = —xg — yg — 1 > 0, then

chz\ml\—y1—1:—2x0—2y0—1>0
y2:x1+|y1|—1:—2xo—2y0—1>0
I3 = ‘mg‘fygflifl
ys = 2o + |y2| — 1 = —4dag —4yo — 3 > 0.
We apply Lemma 2.5., and see that {(z,, yn) }22, is eventually the prime period-
4 solution P} or Pj.
Case 3: Suppose —zxg < yg, then
Ty =—x9g—Yyo—1<0

To = |1’1|—y1—1:1.
We apply Lemmas 2.2. and 2.4., and the proof is complete. O

Lemma 2.9. Suppose the initial condition (zo,yo) € Q. Then {(Tn,yn)}oy is
eventually the prime period-3 solution Pi or the prime period-4 solution P} or P%.

Proof. Let (x0,90) € Q4. Then,

= |wo| —yo—1=20 —90 — 1

Y1 =0+ yo| =1 =20 —yo — 1.

Suppose xo — yo — 1 > 0, then we apply Claim 2.6. and see that {(z,,yn)}2,
is eventually the prime period-4 solution P} or Pf.

411
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Suppose that g —yo — 1 < 0, then
Y2=x1+ |y1| — 1= -1

We see that (z2,y2) € L5. By Lemma 2.7. {(z,,yn)}22 v is eventually the prime
period-3 solution P4 or the prime period-4 solution P} or P}. O

3. Discussion and Conclusion

Returning our attention to the original family of System(N), number 7 of this
group is one of the most interesting systems. Initially, when we only understood
its behavior for a small set of initial conditions (a segments on x-axis), we were
only able to prove that every solution was eventually prime period-4. See Ref. [7].
Now that we are able to include the closed second and fourth quadrant in the set
of initial conditions we see that this is one of the few systems that exhibit solutions
of varying periodicity. Although we have not yet proved the global behavior of
System(7) we have a conjecture.

Conjecture 3.1. Let {(x,,yn) % be a solution of System(7) with (zo,y0) € R?.
3

1 .
55 )" eventually the prime
period-3 solution P§ or P3, or the prime period-4 solution P} or P{ where

Then {(zn, yn)}o2, is the unique equilibrium

EE 501 -1, -1 b
3 5 .
1 1 3 1 L -l

P3_ 37 3 7P3 57 7P4 aandP4 _1’ 5

1, 1

1 1 1 7
11 17 -5, 3
3’ 3 5’ 5 -1, 1
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