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THE BASIC KONHAUSER MATRIX POLYNOMIALS

Ayman Shehata

Abstract. The family of q-Konhauser matrix polynomials have
been extended to Konhauser matrix polynomials. The purpose
of the present work is to show that an extension of the explicit
forms, generating matrix functions, matrix recurrence relations and
Rodrigues-type formula for these matrix polynomials are given, our
desired results have been established and their applications are pre-
sented.

1. Introduction

The study of special functions of matrices is a very popular topic in
the literature of matrix analysis. In the last two decades, this study
has been made more systematic with the consequence that many basic
results of scalar orthogonality have been extended to the matrix case.
Recently, q-calculus was been used as a bridge between physics and
mathematics. Therefore, there is the significant increase in activity in
an area of the q-calculus due to its applications in physics, mathematics,
and statistics (see [1, 2, 3, 4, 6, 7, 8, 9, 10, 13, 16, 21, 37, 38]). In [5], the
q-Konhauser polynomials are a q-analog of the Konhauser polynomials,
introduced by Al-Salam and Verma. In [22, 23, 24, 25], Salem extended
q-special functions of complex variable to q-special matrix functions.
In [36], the authors have discussed a family of new q-extensions of the
Humbert functions.

Motivated by their work, q-Konhauser polynomials given in [5], has
been studied systematically and comprehensively in the literature. The
q-extension in [5, 20, 35] and matrix extension in [12, 26, 27, 28, 29, 30,
31, 32, 33, 34, 39] of these Konhauser matrix polynomials has been given.
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In the present paper, we construct to q-Konhauser matrix polynomials
and to derive different families of generating matrix functions for these
matrix polynomials and give some results for these matrix polynomials.
The main results of our discussion are presented in Sections 2-4.

1.1. Preliminaries

Here in the presentation, we recall some properties and notations,
which will be used throughout this work below. All this paper, the
symbols CN×N denote the complex space of all square complex matrices
of common order N , for N ∈ N where N and C are the sets of natural
and complex numbers. For a matrix A in CN×N , its spectrum σ(A)
denotes the set of all eigenvalues of A.

For the purpose of this work, we denote by µ(A) the logarithmic norm
of A, which is defined as [14]

µ(A) = max

{
z; z eigenvalue of

A+AT

2

}
,(1)

where AT denotes the transpose conjugate of A. We denote by the
number µ̃(A)

µ̃(A) = µ(−A) = min

{
z; z eigenvalue of

A+AT

2

}
.(2)

From [14], it follows that ‖eAt‖ ≤ etµ(A) for t ≥ 0. Hence, tA =
exp(A ln t), we have

‖tA‖ =

{
tµ(A), if t ≥ 1,

tµ̃(A), if 0 ≤ t ≤ 1.
(3)

Recently, Salem [22, 23, 25, 24] gave some following required some defi-
nitions related to q-analysis:

Definition 1.1. Let A be complex square matrix in CN×N , then the
q-analogue of A is defined as

[A]q =
I − qA

1− q
; 0 < |q| < 1, q ∈ C − {1}, qA = eA log q.(4)

Definition 1.2. The q-shifted factorial matrix function (A; q)n (the
q-extension of the Pochhammer symbol (A)n) is defined by

(A; q)n =

n−1∏
k=0

(I − qkA), n = 1, 2, . . . ; (A; q)0 = I,

(‖qkA‖ < 1, 0 < |q| < 1, q ∈ C − {1}),

(5)
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for any complex square matrix A (see [22]). The generalization of (5) is

(A; q)∞ = lim
n→∞

n−1∏
k=0

(I − qkA) =

∞∏
k=0

(I − qkA),

(‖qkA‖ < 1, 0 < |q| < 1, q ∈ C − {1}),

(6)

converges. From (5) and (6), we can easily the relation

(A; q)n = (A; q)∞[(Aqk; q)∞]−1.(7)

Lemma 1.3. If B(k, n) is a matrix in CN×N for k, n ∈ N0 = N∪{0},
the following relations are satisfied (see, Defez and Jódar [11])

∞∑
n=0

∞∑
k=0

B(k, n) =
∞∑
n=0

n∑
k=0

B(k, n− k)(8)

and
∞∑
n=0

n∑
k=0

B(k, n) =
∞∑
n=0

∞∑
k=0

B(k, n+ k).(9)

The following results and definitions will be required in our investi-
gation. Let Dq be the q-derivative defined by means of the following

Dqf(x) =
f(x)− f(qx)

(1− q)x
.(10)

By mathematical induction it is easy to verify the relation

(xk+1Dq)
nxA = (qA; qk)nx

A+nkI .(11)

Note that the q-shifted factorial is defined as

[aq−n]n = (−a)nq−
1
2
n(n+1)

[
q

a

]
n

,(12)

and in general

[aq−kn]n = (−a)nq
1
2
n(n−1)−kn

[ q
a

]
kn[ q

a

]
(k−1)n

.

Using (12), one gets the identity

[a]m−n =
[a]mq

1
2
n(n+1)[ q1−m

a

]
n
(−a)nqmn

=
[aq−n]m

[a]−n
.(13)



428 Ayman Shehata

If n is a positive integer, in [15], the basic binomial theorem can be
considered from another point of view as

(1− x)(n) = (1− x)(1− qx) . . . (1− qn−1x)

=

n∑
r=0

[q]n
[q]r[q]n−r

(−1)rxrq
1
2
r(r−1).

(14)

Let A be a matrix in CN×N satisfying the condition

Re(µ) > −1, for all eigenvalues µ ∈ σ(A)

and λ is a complex number with Re(λ) > 0, k ∈ N, the Konhauser

matrix polynomials Z
(A,λ)
n (x; k) and Y

(A,λ)
n (x; k) are dened by Varma et

al. [39]

Z(A,λ)
n (x; k) = Γ(A+ (kn+ 1)I)

n∑
r=0

(−1)r(λ x)rk

r!(n− r)!
Γ−1(A+ (kr + 1)I)

(15)

and

Y (A,λ)
n (x; k) =

1

n!

n∑
r=0

r∑
s=0

(−1)s(λx)r

s!(r − s)!

(
1

k
((s+ 1)I +A)

)
n

.(16)

2. Definition and some new results for first kind q-Konhauser

matrix polynomials Z
(A,λ)
n (x; k|q)

This section is devoted to introduce some generating matrix func-
tions, recurrence matrix relations, and Rodrigues type formula for the

first kind q-Konhauser matrix polynomials Z
(A,λ)
n (x; k|q) for 0 < |q| < 1

and q in C − {1}.

Definition 2.1. Let A be a matrix in CN×N satisfying the spectral
condition

µ̃(A) > −1, for all eigenvalues µ ∈ σ(A)(17)

and λ be a complex number with Re(λ) > 0, 0 < |q| < 1; q ∈ C − {1}
and q−k /∈ σ(qA) for all 0 ≤ k ≤ n, n ∈ N0. We define the first kind
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q-Konhauser matrix polynomials in the form

Z(A,λ)
n (x; k|q) =

[qA+I ]nk
(qk; qk)n

n∑
m=0

(q−nk; qk)m
(qk; qk)m

q
1
2
km(km−1)I+km(A+(n+1)I))

×
(

[qA+I ]km

)−1
(λ x)mk.

(18)

Remark 2.2. When q −→ 1 in eq. (18), we obtain the Konhauser

matrix polynomials Z
(A,λ)
n (x; k) dened in (15).

Now, we demonstrate the current Lemma to use in the following
proofs theorems

Lemma 2.3. Let A be complex square matrix in CN×N , 0 < |q| <
1; q ∈ C−{1} and q−n /∈ σ(qA), n ∈ N0. Let A is a positive stable matrix
or µ(A) > 0 satisfying the condition A + nI is an invertible matrix for
all integers n ≥ 0. Then the identities are valid

(A; qk)n =(−A)np−
kn(n−1)

2 (A−1; pk)n,

(‖A‖ < 1, ‖A−1‖ < 1, p =
1

q
).

(19)

Proof. For p = 1
q , we have

(A; qk)n =

n−1∏
r=0

(I−qrkA) = (I−A)(I−qkA)(I−q2kA) . . . (I−qkn−kA)

=(I−A)(I−p−kA)(I−p−2kA). . .(I−pk−knA) = (Apk−kn; pk)n

=(−A)np−
1
2
kn(n−1)(A−1; pk)n.

Thus,

(A; qk)n =(−A)np−
1
2
kn(n−1)(A−1; p)n,

for k = 1, it reduces to

[A]n =(−A)np−
1
2
n(n−1)(A−1; p)n.

Similarly, we can obtain

(A; pk)n =(−A)nq−
1
2
kn(n−1)(A−1; qk)n ; p =

1

q
.

For k = 1, it reduces to

(A; p)n =(−A)nq−
1
2
n(n−1)[A−1]n ; p =

1

q
,(20)
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the desired identity follows.

Theorem 2.4. The first kind q-Konhauser matrix polynomials

Z
(A,λ)
n (x; k|q) has the generating matrix functions

∞∑
n=0

(
[qA+I ]nk

)−1
Z(A,λ)
n (x; k|q)tn =

f (A)(t(λ x)k)

(t; qk)∞
,(21)

where

f (A)(u) =
∞∑
r=0

q
1
2
kr((kr+r)I+2A)

(qk, qk)r
(−u)r

(
[qA+I ]kr

)−1
.

Proof. We consider the sum

∞∑
n=0

[
[qA+I ]nk

]−1
Z(A,λ)
n (x; k|q)tn =

∞∑
n=0

n∑
r=0

1

(qk; qk)n

× (q−nk; qk)r
(qk; qk)r

q
1
2
kr(kr−1)I+kr(A+(n+1)I))

(
[qA+I ]kr

)−1
(λ x)rktn

=
∞∑
n=0

∞∑
r=0

1

(qk; qk)n+r

(q−nk−kr; qk)r
(qk; qk)r

q
1
2
kr(kr−1)I+kr(A+(n+r+1)I))

×
(

[qA+I ]kr

)−1
(λ x)rktn+r.

By relation (20), we have

(q−nk−kr; qk)r = (−1)rq−nkr−
1
2
r(r+k)(qnk+k; qk)r

and

(qnk+k; qk)r
(qk; qk)n+r

=
(qn+k; qk)r

(qnk+k; qk)r(qk; qk)n
=

1

(qk; qk)n
.
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Also, we get

∞∑
n=0

(
[qA+I ]nk

)−1
Z(A,λ)
n (x; k|q)tn =

∞∑
n=0

∞∑
r=0

(−1)r

(qk; qk)n

× (q−nk; qk)r
(qk; qk)r

q−
1
2
r(k+r)q

1
2
kr(kr−1)I+kr(A+(n+1)I))

×
(

[qA+I ]kr

)−1
(λ x)rktn+r =

∞∑
n=0

tn

(qk; qk)∞

×
∞∑
r=0

q
1
2
kr((kr+r)I+2A)

(qk, qk)r

(
− t(λ x)k

)r(
[qA+I ]kr

)−1
=

1

(t; qk)∞

∞∑
r=0

q
1
2
kr((kr+r)I+2A)

(qk, qk)r

×
(
− t(λ x)k

)r(
[qA+I ]kr

)−1
=
f (A)(t(λ x)k)

(t; qk)∞
,

where

f (A)(u) =
∞∑
r=0

q
1
2
kr((kr+r)I+2A)

(qk, qk)r
(−u)r

(
[qA+I ]kr

)−1
.

It proves (21).

Theorem 2.5. Let Z
(A,λ)
n (x; k|q). Then we get

Z(A,λ)
n (xy; k|q) =[qA+I ]kn

n∑
r=0

(yk; qk)r
(qk; qk)r

(
[qA+I ]kn−kr

)−1
× yk(n−r)Z(A,λ)

n−r (x; k|q).

(22)
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Proof. Replacing x by xy on the left hand member in (21), we get

∞∑
n=0

(
[qA+I ]nk

)−1
Z(A,λ)
n (xy; k|q)tn =

f (A)(t(λ xy)k)

(t; qk)∞

=
(tyk; qk)∞
(t; qk)∞

f (A)(t(λ xy)k)

(tyk; qk)∞

=
(tyk; qk)∞
(t; qk)∞

∞∑
n=0

(
[qA+I ]nk

)−1
Z(A,λ)
n (x; k|q)(tyk)n

=

∞∑
n=0

∞∑
r=0

(yk; qk)r
(qk; qk)r

tr
(

[qA+I ]kn

)−1
Z(A,λ)
n (x; k|q)(tyk)n

=
∞∑
n=0

n∑
r=0

(yk; qk)r
(qk; qk)r

(
[qA+I ]k(n−r)

)−1
Z

(A,λ)
n−r (x; k|q)tnyk(n−r)

=

∞∑
n=0

tn
n∑
r=0

(yk; qk)r
(qk; qk)r

(
[qA+I ]k(n−r)

)−1
Z

(A,λ)
n−r (x; k|q)yk(n−r).

On equating the coefficients of tn on both sides, we obtain (22).

Theorem 2.6. The first kind q-Konhauser matrix polynomials

Z
(A,λ)
n (x; k|q) satisfy the matrix relation[

Dk
p(λ x)A+IDp

]
Z(A,λ)
n (x; k|q)

= (−λ)k[qA+I ]nk

(
[qA+I ]nk−k

)−1
(λ x)AZ

(A,λ)
n−1 (x; k|q).

(23)

Proof. Differentiating it on both sides of (18) with respect to x and
replacing p by 1

q , we get

DpZ
(A,λ)
n (x; k|q) =

[qA+I ]nk
(qk; qk)n

n∑
r=0

(q−nk; qk)r
(qk; qk)r

q
1
2
kr(kr−1)I+kr(A+(n+1)I))

(
[qA+I ]kr

)−1
Dp(λ x)rk

=
[qA+I ]nk
(qk; qk)n

n∑
r=1

(q−nk; qk)r
(qk; qk)r

q
1
2
kr(kr−1)I+kr(A+(n+1)I))

×
(

[qA+I ]kr

)−1
λrk
[
xrk − (px)rk

x

]
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=
[qA+I ]nk
(qk; qk)n

n∑
r=1

(q−nk; qk)r
(qk; qk)r

q
1
2
kr(kr−1)I+kr(A+(n+1)I))

×
(

[qA+I ]kr

)−1
λrkxrk−1

[
1− prk

]
=

[qA+I ]nk
(qk; qk)n

n∑
r=1

(q−nk; qk)r
(qk; qk)r−1

q
1
2
kr(kr−1)I+kr(A+(n+1)I))

×
(

[qA+I ]kr

)−1
λrkxrk−1(−1)qrk.

Multiplying both sides by xA+I and differentiating k times with respect
to x with base pk (replacing p by 1

q ), we get

[
Dk
p(λ x)A+IDp

]
Z(A,λ)
n (x; k|q) =

[
Dk
px

A+I

]
DpZ

(A,λ)
n (x; k|q)

=
[qA+I ]nk
(qk; qk)n

n∑
r=1

(q−nk; qk)r
(qk; qk)r−1

q
1
2
kr(kr−1)I+kr(A+(n+1)I))

×
(

[qA+I ]kr

)−1
(−λ)qrk

[
1− prk

][
Dk
p(λ x)A+I

]
(λ x)rk−1

=
[qA+I ]nk
(qk; qk)n

n∑
r=1

(q−nk; qk)r
(qk; qk)r−1

q
1
2
kr(kr−1)I+kr(A+(n+1)I))

×
(

[qA+I ]kr

)−1
(−λ)qrk

[
1− prk

]
Dk
p(λ x)A+rkI

=
[qA+I ]nk
(qk; qk)n

n∑
r=0

(q−nk; qk)r
(qk; qk)r−1

q
1
2
kr(kr−1)I+kr(A+(n+1)I))

×
(

[qA+I ]kr

)−1
(−λ)qrkλrk

[
1− prk

][
1− pA+rk

]
×
[
1− pA+rk−1

]
. . .
[
1− pA+rk−k+1

]
xA+(rk−k)I

=
[qA+I ]nk
(qk; qk)n

n∑
r=0

(q−nk; qk)r
(qk; qk)r−1

q
1
2
kr(kr−1)I+kr(A+(n+1)I))

×
(

[qA+I ]kr

)−1
λrk(−λ)kqrk(pA+(rk−k+1)I ; p)k(λ x)A+(rk−k)I .
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Using (20) and multiplying it in numerator and denominator of right
hand member by (qA+I ; qk)(n−1)k, we get

[
Dk
p(λ x)A+I

]
DpZ

(A,λ)
n (x; k|q) =

[qA+I ]nk
(qk; qk)n

(λ x)A

n∑
r=1

(q−nk+k; qk)r
(qk; qk)r−1

q
1
2
kr(kr−1)I+kr(A+(n+1)I))

(
[qA+I ]kr

)−1
× λrk(−1)qrk(λ x)rk−k(−λ)kq−kA−krI+

1
2
k(k−1)I [qA+I+k(r−1)I ]k

= (−1)k+1 [qA+I ]nk
(qk; qk)n

(λ x)A
n∑
r=0

(q−nk+k; qk)r+1

(qk; qk)r

× q
1
2
k(r+1)(k(r+1)−1)I+k(r+1)(A+(n+1)I))

(
[qA+I ]k(r+1)

)−1
× λ(r+1)k(λ x)rkq−kA−k(r+1)I+ 1

2
k(k−1)I [qA+I+krI ]k

= (−1)k+1 [qA+I ]nk
(qk; qk)n

(λ x)A
n∑
r=0

(q−nk+k; qk)r
(qk; qk)r−1

× q
1
2
kr(kr−1)I+kr(A+(n+1)I))

(
[qA+I ]kr+k

)−1
λk

(λ x)rkq
1
2
kr(kr−1)I+kr(A+nI)[qA+I+krI ]k

= (−λ)k
[qA+I ]nk

(qk; qk)n−1
(λ x)A

∞∑
r=0

(q−nk+k; qk)r
(qk; qk)r

q
1
2
kr(kr−1)

×
(

[qA+I ]kr

)−1
(λ x)rkqkr(A+I+(n−1)I) = (−λ)k[qA+I ]nk

×
(

[qA+I ]nk−k

)−1
(λ x)A

[qA+I ](n−1)k

(qk; qk)n−1

n−1∑
r=0

(q−nk; qk)r
(qk; qk)r

× q
1
2
kr(r−1)I+kr(A+I+(n−1)I))

(
[qA+I ]kr

)−1
(−λ)k(λ x)rk

= (−λ)k[qA+I ]nk

(
[qA+I ]nk−k

)−1
(λ x)AZ

(A,λ)
n−1 (x; k|q).

Hence, from (23), we have the desired result.
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Theorem 2.7. The first kind q-Konhauser matrix polynomials sat-
isfy the matrix recurrence relation

q
1
2
k(2A+(k+2n+1)I)(λ x)kZ(A+kI,λ)

n (x; k|q)

+ (1− qk(n+1))Z
(A,λ)
n+1 (x; k|q) = [qA+(kn+1)I ]kZ

(A,λ)
n (x; k|q).

(24)

Proof. Multiplying (18) by q
1
2
k(2A+(k+2n+1)I)(λx)k with replacing A+

kI for A and multiplying (18) by (1− qk(n+1)) with replacing n+ 1 for
n, we get

q
1
2
k(2A+(k+2n+1)I)(λx)kZ(A+kI,λ)

n (x; k|q) + (1− qk(n+1))Z
(A,λ)
n+1 (x; k|q).

Substituting for Z
(A+kI,λ)
n (x; k|q) and Z

(A,λ)
n+1 (x; k|q) from (18), we get

q
1
2
k(2A+(k+2n+1)I)(λx)kZ(A+kI,λ)

n (x; k|q) + (1− qk(n+1))Z
(A,λ)
n+1 (x; k|q)

= q
1
2
k(2A+(2n+k+1)I)(λ x)k

[qA+(k+1)I ]nk
(qk; qk)n

n∑
r=0

(q−nk; qk)r
(qk; qk)r

× q
1
2
kr(kr−1)I+kr(A+(n+k+1)I))

(
[qA+(k+1)I ]kr

)−1
(λ x)rk

+ (1− qk(n+1))
[qA+I ](n+1)k

(qk; qk)n+1

n+1∑
r=0

(q−kn−k; qk)r
(qk; qk)r

q
1
2
kr(kr−1)I+kr(A+(n+2)I))

×
(

[qA+I ]kr

)−1
(λ x)rk

=
[qA+I ]nk[q

A+(nk+1)I ]k
(qk; qk)n

(
[qA+I ]k

)−1 n∑
r=0

(q−nk; qk)r
(qk; qk)r

× q
1
2
kr(kr−1)Iqkr(A+(k+n+1)I))

(
[qA+(k+1)I ]kr

)−1
(λx)(r+1)kq

1
2
k(2A+(2n+k+1)I)

+
[qA+I ](n+1)k

(qk; qk)n

n+1∑
r=0

(q−nk; qk)r(1− q−kn−k))
(qk; qk)r(1− q−nk+kr−k)

× q
1
2
kr(kr−1)I+kr(A+(n+2)I))

(
[qA+I ]kr

)−1
(λ x)rk
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=
[qA+I ]nk[q

A+(nk+1)I ]k
(qk; qk)n

n∑
r=0

(q−nk; qk)r
(qk; qk)r

q
1
2
kr(kr−1)I+kr(A+(k+n+1)I))

×
(

[qA+I ]k(r+1)

)−1
(λ x)(r+1)kq

1
2
k(2A+(k+2n+1)I)

+
[qA+I ]nk[q

A+(nk+1)I ]k
(qk; qk)n

n+1∑
r=0

(q−nk; qk)r(1− q−kn−k)
(qk; qk)r(1− q−nk+kr−k)

× qkr(A+(n+2)I))

(
[qA+I ]kr

)−1
(λ x)rk.

Now the coefficient of (λ x)kr in the above expression is

[qA+(nk+1)I ]k[q
A+I ]nk

(qk; qk)n

[
(q−nk; qk)r−1
(qk; qk)r−1

q
1
2
k(r−1)(kr−k−1)

×
(

[qA+I ]kr

)−1
qk(r−1)(A+(n+k+1)I)+ 1

2
k(2A+(2n+k+1)I)

+
(q−nk; qk)r
(qk; qk)r

q
1
2
kr(kr−1)I+kr(A+(n+2)I))

(
[qA+I ]kr

)−1
× 1− q−kn−k

1− q−kn+kr−k

]
=

[qA+(nk+1)I ]k[q
A+I ]nk

(qk; qk)n

(q−nk; qk)r
(qk; qk)r

× q
1
2
kr(kr−1)I+kr(A+(n+1)I))

(
[qA+I ]kr

)−1
×
[

(1− qkr)q
1
2
k(2A+(2n+k+1)I)

1− q−kn+kr−k
q−k(A+nI+

1
2
(k+1)I) +

1− q−kn−k

1− q−kn+kr−k
qkr
]

=
[qA+(nk+1)I ]k[q

A+I ]nk
(qk; qk)n

(q−nk; qk)r
(qk; qk)r

q
1
2
kr(kr−1)I+kr(A+(n+1)I))

(
[qA+I ]kr

)−1
×
[

1− qkr

1−q−kn+kr−k
+
qkr−q−kn+kr−k

1− q−kn+kr−k

]
=

[qA+(nk+1)I ]k[q
A+I ]nk

(qk; qk)n

(q−nk; qk)r
(qk; qk)r

× q
1
2
kr(kr−1)I+kr(A+(n+1)I))

(
[qA+I ]kr

)−1
.

Hence,

[qA+(nk+1)I ]k[q
A+I ]nk

(qk; qk)n

n∑
r=0

(q−nk; qk)r
(qk; qk)r

q
1
2
kr(kr−1)I+kr(A+(n+1)I))

(
[qA+I ]kr

)−1
= [qA+(nk+1)I ]kZ

(A,λ)
r (x; k|q).
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Thus, we obtain (24). Therefore the first kind q-Konhauser matrix poly-
nomials satisfy the matrix recurrence relation (24).

Remark 2.8. The formula (18) for k = 1 is now

Z(A,λ)
n (x; 1|q)

=
[qA+I ]n
(q; q)n

n∑
m=0

(q−n; q)m
(q; q)m

q
1
2
m(m−1)I+m(A+(n+1)I))

(
[qA+I ]m

)−1
(λ x)m

=
[qA+I ]n

[q]n

n∑
m=0

[q−n]m
[q]m

q
1
2
m(m+1)I+m(A+nI))

(
[qA+I ]m

)−1
(λ x)m

= L(A,λ)
n (x|q).

Thus, for k = 1, Z
(A,λ)
n (x; 1|q) reduces to q-Laguerre matrix polynomials

L
(A,λ)
n (x|q) [25].

Remark 2.9. The properties (20), (21), (22) and (23) reduce for k =
1, to corresponding properties for the q-Laguerre matrix polynomials
[25].

3. Definition and some new relations for second kind q-

Konhauser matrix polynomials Y
(A,λ)
n (x; k|q)

This section is devoted to introduce some recurrence relations and
Rodrigues type formula for the second kind q-Konhauser matrix poly-

nomials Y
(A,λ)
n (x; k|q) for 0 < |q| < 1 and q in C − {1}.

Definition 3.1. We define the second kind q-Konhauser matrix poly-
nomials in the form

Y (A,λ)
n (x; k|q) =

1

[q]n

n∑
r=0

r∑
s=0

q
1
2
r(r−1)[q−r]sq

s

[q]r[q]s
(qA+(s+1)I ; qk)n(λx)r,

(25)

where λ be a complex number with Re(λ) > 0 and A a complex square
matrix satisfying the spectral conditions (17), 0 < |q| < 1; q ∈ C − {1}
and q−k /∈ σ(qA) for all k = 0, 1, 2, . . . , n or 0 ≤ k ≤ n and n ∈ N0.

Remark 3.2. When q −→ 1 in eq. (25), we get the Konhauser

matrix polynomials Y
(A,λ)
n (x; k) dened in (16).

Now, we prove the current Lemma to use in the following proofs
theorems.
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Lemma 3.3. Let A be complex square matrix in CN×N , 0 < |q| <
1; q ∈ C−{1} and q−n /∈ σ(qA), n ∈ N0. Let A is a positive stable matrix
or µ(A) > 0. Then we have the following identities

Dm
q (xA; qk)n =

n∑
r=m

(q−nk; qk)r
(qk; qk)r

qknrAr(−1)m

× qmr−
1
2
m(m−1)[q−r]mx

r−m; ‖xA‖ < 1.

(26)

Proof. Let ‖xA‖ < 1 and 0 < |q| < 1; q ∈ C − {1}, then we have

(xA; qk)n =

n∑
r=0

[qk]n[qk]r[q
k]n−r(−1)rq

1
2
kr(r−1)xrAr

and

Dm
q (xA; qk)n = Dm

q

n∑
r=0

[qk]n[qk]r[q
k]n−rA

r(−1)rq
1
2
kr(r−1)xr

=
n∑
r=0

[qk]n[qk]r[q
k]n−rA

r(−1)rq
1
2
kr(r−1)Dm

q x
r

=
n∑

r=m

[qk]n[qk]r[q
k]n−rA

r(−1)r+mq
1
2
kr(r−1)[qr−m+1]mx

r−m

=
n∑

r=m

[qk]n[qk]r[q
k]n−rA

r(−1)m+rq
1
2
kr(r−1)

× qmr−
1
2
m(m−1)[q−r]mx

r−m =

n∑
r=m

(q−nk; qk)r
(qk; qk)r

(−qk)r

q
1
2
kr(r+1)

× qknrAr(−1)m+rq
1
2
kr(r−1)qmr−

1
2
m(m−1)[q−r]mx

r−m,

or

Dm
q (xA; qk)n=

n∑
r=m

(q−nk; qk)r
(qk; qk)r

qknrAr(−1)mqmr−
1
2
m(m−1)[q−r]mx

r−m.

This proves the Lemma.

Theorem 3.4. The second kind q-Konhauser matrix polynomials

Y
(A,λ)
n (x; k|q) has the generating matrix function

∞∑
n=0

[q]n
(qk; qk)n

Y (A,λ)
n (x; k|q)tn =

Φ(λ x, tqA+I)

(t; qk)∞
,(27)
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where

Φ(λ x, tqA+I) =
∞∑
s=0

q
1
2
ks(s−1)(−1)sqs(A+I)ts

(qk; qk)s
(1− λx)(s).

Proof. By use of relation (10), we can write

Y (A,λ)
n (x; k|q) =

1

[q]n

n∑
r=0

q
1
2
r(r−1)

[q]r
(λx)rDr

q(λxq
A+I ; qk)n

∣∣∣∣
x=1

.

By the relation (14), we have

(λ xqA+I ; qk)n = (I − λ xqA+I)(n)

=

n∑
s=0

(qk; qk)n(−1)sq
1
2
ks(ks−1)

(qk; qk)s(qk; qk)n−s
(λ x)sqs(A+I).

Therefore, we give

Dr
q(λ xq

A+I ; qk)n =

n∑
s=r

(qk; qk)n(−1)sq
1
2
ks(ks−1)

(qk; qk)s(qk; qk)n−s
qs(A+I)Dr

q(λ x)s

=

n∑
s=r

(qk; qk)n(−1)sq
1
2
ks(ks−1)

(qk; qk)s(qk; qk)n−s
qs(A+I)[qs−r+1]r(λ x)s−r.

By relation (12), we have

[qs−r+1]r = (−1)rqsrq−
1
2
r(r−1)[q−s]r,

and

(qk; qk)n−s =
(q−nk; qk)s(−qk)sqkns

(qk; qk)nq
1
2
ks(s+1)

.

Thus, we get

Dr
q(λ xq

A+I ; qk)n

∣∣∣∣
x=1

=
n∑
s=r

(q−nk; qk)s
(qk; qk)s

qknsqs(A+I)(−1)rqsrq−
1
2
r(r−1)[q−s]rλ

s−r.

Hence

Y (A,λ)
n (x; k|q) =

1

[q]n

n∑
r=0

q
1
2
r(r−1)

[q]r
(λx)r

n∑
s=r

(q−nk; qk)s
(qk; qk)s

qknsqs(A+I)

× (−1)rqsrq−
1
2
r(r−1)[q−s]rλ

s−r.
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Since
n∑
r=0

ar

n∑
s=r

bs =
n∑
s=0

bs

s∑
r=0

ar,(28)

we have

Y (A,λ)
n (x; k|q) =

1

[q]n

n∑
s=0

(q−nk; qk)sq
s(A+(kn+1)I)

(qk; qk)s

s∑
r=0

[q−s]r
[q]r

(−λxqs)r.

(29)

Multiplying (29) by (q;q)n
(qk;qk)n

tn, we get

∞∑
n=0

[q]n
(qk; qk)n

Y (A,λ)
n (x; k|q)tn =

∞∑
n=0

tn

(qk; qk)n

n∑
s=0

(q−nk; qk)sq
s(A+(kn+1)I)

(qk; qk)s

s∑
r=0

[q−s]r
[q]r

(−λxqs)r

=

∞∑
n=0

n∑
s=0

q
1
2
ks(s+1)qs(A+(kn+1)I)tn

(qk; qk)n−s(qk; qk)s(−qk)sqkns
s∑
r=0

[q−s]r
[q]r

(−λxqs)r

=

∞∑
n=0

∞∑
s=0

q
1
2
ks(s−1)(−1)s

(qk; qk)n(qk; qk)s
qs(A+I)tn+s

s∑
r=0

[q]sq
1
2
r(r+1)

[q]r[q]s−r(−q)rqrs
(−λxqs)r.

By using relation (13), we get

∞∑
n=0

[q]n
(qk; qk)n

Y (A,λ)
n (x; k|q)tn

=
∞∑
n=0

tn

(qk; qk)n

∞∑
s=0

q
1
2
ks(s−1)(−1)sqs(A+I)ts

(qk; qk)s
(1− λ x)(s).

By use of the relation (14), we get

∞∑
n=0

[q]n
(qk; qk)n

Y (A,λ)
n (x; k|q)tn

=
1

(t; qk)∞

∞∑
s=0

q
1
2
ks(s−1)(−1)sqs(A+I)ts

(qk; qk)s
(1− λ x)(s)

=
Φ(λ x, tqA+I)

(t; qk)∞
,
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where

Φ(λ x, tqA+I) =

∞∑
s=0

q
1
2
ks(s−1)(−1)sqs(A+I)ts

(qk; qk)s
(1− λ x)(s).

Theorem 3.5. Let A, B and A − B be complex square matrices
satisfying the conditions (17), 0 < |q| < 1; q ∈ C − {1} and q−k /∈ σ(qA)
for all k ∈ N0, q

−s /∈ σ(qB) for all s ∈ N0 and q−r /∈ σ(qA−B) for all
r ∈ N0. Then, we get

Y (A,λ)
n (xy; k|q) =

n∑
r=0

(qk; qk)n[q]r(q
A−B; qk)n−r

(qk; qk)r[q]n(qk; qk)n−r
qr(A−B)Y (B,λ)

r (x; k|q).

(30)

Proof. Now, we consider
∞∑
n=0

[q]n
(qk; qk)n

Y (A,λ)
n (x; k|q)tn =

(tqA−B; qk)∞
(t; qk)∞

Φ(λ x, tqA−BqB+I)

(tqA−B; qk)∞

=

∞∑
n=0

(qA−B; qk)n
(qk; qk)n

tn
∞∑
m=0

[q]m
(qk; qk)m

Y (B,λ)
m (x; k|q)(qA−Bt)m.

By use of q-Binomial theorem, interchanging the order of summation,
we get

∞∑
n=0

[q]n
(qk; qk)n

Y (A,λ)
n (x; k|q)tn

=
∞∑
n=0

n∑
m=0

[q]m
(qk; qk)m

(qA−B; qk)n−m
(qk; qk)n−m

Y (B,λ)
m (x; k|q)qm(A−B)tn.

Equating the coefficient of tn, on both the sides, we obtain the series

expansion for Y
(A,λ)
n (x; k|q), which proves (30).

In order to obtain the Rodrigues-type formula for the second kind q-

Konhauser matrix polynomials Y
(A,λ)
n (x; k|q), we derive the following

theorem.

Theorem 3.6. The second kind q-Konhauser matrix polynomials

Y
(A,λ)
n (x; k|q), we get Rodrigues formula

Y (A,λ)
n (x; k|q) =

[−λ x]∞
[q]n

(λ x)(k−1)I−ADn
qk

[
(λ x)nI+

1
k
(A+(1−k)I)

[−(λ x)
1
k ]∞

]∣∣∣∣
xk
.

(31)
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Proof. Using the q-binomial theorem (Slater [37])

∞∑
n=0

[a]n
[q]n

xn =
[ax]∞
[x]∞

, |x| < 1.(32)

From (28) and (32), we have

Y (A,λ)
n (x; k|q) =

1

[q]n

n∑
s=0

(q−nk; qk)s
(qk; qk)s

qsqs(A+(kn+1)I)
s∑
r=0

[q−s]r
[q]r

(−λxqs)r

=
1

[q]n

n∑
s=0

(q−nk; qk)s
(qk; qk)s[q]s

qs(A+(kn+1)I) [q−s(−λ xqs)]∞
[−λ xqs]∞

.

Using (26), we get

Y (A,λ)
n (x; k|q) =

[−λ x]∞
[q]n

n∑
s=0

(q−nk; qk)s
(qk; qk)s[q]s[−λ xqs]∞

qs(A+(kn+1)I)

=
[−λ x]∞

[q]n
(λ x)(k−kn−1)I−A

n∑
s=0

(q−nk; qk)s
(qk; qk)s

qsk(λ x)A+(kn−k+1)I)

× qs(A+(kn+1−k)I) 1

[−λ xqs]∞
=

[−λ x]∞
[q]n

(λ x)(k−1)I−A

×
[
(λ x)−n

n∑
s=0

(q−nk; qk)s
qk; qk)s

qsk
(λ xqks)

1
k
(A+(1−k)I)+nI

[−(λ xqsk)
1
k ]∞

]∣∣∣∣
xk

=
[−λ x]∞

[q]n
(λ x)(k−1)I−A

[
Dn
qk

(λ x)
1
k
(A+(1−k)I)+nI

[−(λ x)
1
k ]∞

]∣∣∣∣
xk
.

Thus, we obtain (31), which is the Rodrigue’s formula.

In order to obtain the operational representation for the polynomials

Y
(A,λ)
n (x; k|q), from (25), we can write

Y (A,λ)
n (x; k|q) =

1

[q]n

∞∑
r=0

r∑
s=0

[q−r]s
[q]r[q]s

(qA+(s+1)I ; qk)nq
1
2
r(r−1)+s(λx)r

=
1

[q]n

∞∑
r=0

(λx)r

[q]r
q

1
2
r(r−1)

∞∑
s=0

(−λ x)s

[q]s
(qA+(s+1)I ; qk)n

=
[−λ x]∞

[q]n

∞∑
s=0

1

[q]s
(−λx)s(qA+(s+1)I ; qk)n.
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This we give

Y (A,λ)
n (x; k|q) =

[−λ x]∞
[q]n

∞∑
s=0

(−λx)s

[q]s
(λ x)−(1+s+nk)I−A

× (xk+1Dq)
n(λx)A+(s+1)I ,

where property (11) of the q-difference operator Dq is used. Finally, we
have

Y (A,λ)
n (x; k|q) =

[−λ x]∞
[q]n

(λ x)−(1+nk)I−A(xk+1Dq)
n

[
(λx)A+I

[−λx]∞

]
.(33)

More generally, one can obtain

(xk+1Dq)
m

[
(λ x)A+(nk+1)I

[−λ x]∞
Y (A,λ)
n (x; k|q)

]
= [qn+1]m

(λ x)A+(nk+mk+1)I

[−λ x]∞
Y

(A,λ)
n+m (x; k|q).

(34)

For m = 1, this reduces to a matrix recurrence relation

(35) (1− qn+1)Y
(A,λ)
n+1 (x; k|q)

= Y (A,λ)
n (x; k|q)− qA+(nk+1)I(λx+ 1)Y (A,λ)

n (x; k|q).

Summary of these results is given in the following theorem.

Theorem 3.7. Let n ∈ N0 and let λ be a complex number with
Re(λ) > 0 and A a complex square matrix satisfying the conditions
(17), 0 < |q| < 1; q ∈ C − {1} and q−k /∈ σ(qA), k = 0, 1, 2, . . . for all
0 ≤ k ≤ n. Then the second kind q-Konhauser matrix polynomials

Y
(A,λ)
n (x; k|q) satisfy the following properties:

1. The second kind q-Konhauser matrix polynomials Y
(A,λ)
n (x; k|q) is

given by the Rodrigues formula (33).

2. The second kind q-Konhauser matrix polynomials Y
(A,λ)
n (x; k|q) is

a solution of second order matrix differential equation (34).

3. For n ≥ 0:

(1− qn+1)Y
(A,λ)
n+1 (x; k|q)

= Y (A,λ)
n (x; k|q)− qA+(nk+1)I(λx+ 1)Y (A,λ)

n (x; k|q).
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Remark 3.8. Now consider for k = 1, we get

Y (A,λ)
n (x; 1|q) =

1

[q]n

n∑
r=0

r∑
s=0

q
1
2
r(r−1)[q−r]sq

s

[q]r[q]s
(qA+(s+1)I ; q)n(λx)r

=
1

[q]n

n∑
r=0

q
1
2
r(r−1)

[q]r
(λx)r

r∑
s=0

[q−r]sq
s

[q]s
[qA+(s+1)I ]n,

and using the relation

[qA]n+s = [qA]s[q
A+sI ]n.

The sum
r∑
s=0

[qA+(s+1)I ]n[q−rI ]sq
s

[q]s

=

r∑
s=0

[qA+I ]s[q
A+(s+1)I ]n[q−rI ]sq

s

[q]s

(
[qA+I ]s

)−1
=

r∑
s=0

[qA+I ]n+s[q
−rI ]sq

s

[q]s

[
[qA+I ]s

]−1
= [qA+I ]n

r∑
s=0

[qA+(n+1)I ]s[q
−rI ]sq

s

[q]s

(
[qA+I ]s

)−1
.

Hence, we have

Y (A,λ)
n (x; 1|q) =

[qA+I ]n
[q]n

n∑
r=0

q
1
2
r(r−1)

[q]r
(λ x)r

×
r∑
s=0

[qA+(n+1)I ]s[q
−r]sq

s

[q]s

(
[qA+I ]s

)−1
=

[qA+I ]n
[q]n

n∑
r=0

q
1
2
r(r−1)

[q]r
(λx)r 2φ1

(
q−rI , qA+(n+1)I ; qA+I ; q; q

)
,

where (see [23])

2φ1

(
q−rI , qA+(n+1)I ; qA+I ; q; q

)
=

r∑
s=0

[qA+(n+1)I ]s[q
−r]sq

s

[q]s

(
[qA+I ]s

)−1
.
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Now using q-vandermonde’s theorem, we get

Y (A,λ)
n (x; 1|q)

=
[qA+I ]n

[q]n

n∑
r=0

q
1
2
r(r−1)

[q]r
(λx)r[q−n]rq

r(A+(n+1)I)

(
[qA+I ]r

)−1
=

[qA+I ]n
[q]n

n∑
r=0

[q−n]r
[q]r

q
1
2
r(r+1)I+r(A+nI))

(
[qA+I ]r

)−1
(λ x)r

= L(A,λ)
n (x|q).

Thus, for k = 1, Y
(A,λ)
n (x; 1|q) also reduces to q-Laguerre matrix poly-

nomials.

Remark 3.9. The properties (27), (30) and (31) reduces for k = 1,
to corresponding properties for the q-Laguerre matrix polynomials.

4. Conclusion

In our study, we introduce the first and second kind q-Konhauser
matrix polynomials (18) and (25) hold for µ̃(A) > −1 for all eigenvalues
µ ∈ σ(A). The generating matrix functions of first and second kind
q-Konhauser matrix polynomials are investigated. The different explicit

forms of the Z
(A,λ)
n (x; k|q) and Y

(A,λ)
n (x; k|q) are introduced. The matrix

recurrence relations and Rodrigues-type formula of this Z
(A,λ)
n (x; k|q)

and Y
(A,λ)
n (x; k|q) are given.
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[18] L. Jódar and J.C. Cortés, On the hypergeometric matrix function, J. Comput.
Anal. Appl. 99 (1998), 205-217.
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[39] S. Varma, B. Çekim and F. Taşdelen, On Konhauser matrix polynomials, Ars
Combin 100 (2011), 193-204.

[40] X. Zhang, P. Agarwal, Z. Liu and H. Peng, The general solution for impulsive
differential equations with Riemann-Liouville fractional-order q ∈ (1, 2), Open
Math. 13 (1) (2015), 908-931.

Ayman Shehata
Department of Mathematics, Faculty of Science,
Assiut University, Assiut 71516, Egypt.
Department of Mathematics, College of Science and Arts,
Unaizah, Qassim University, Qassim, Saudi Arabia.
E-mail: drshehata2006@yahoo.com,
aymanshehata@science.aun.edu.eg, A.Ahmed@qu.edu.sa


