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COUPLED FIXED POINT THEOREMS ON FLM
ALGEBRAS

KHEGHAT AMINI, HASAN HOSSEINZADEH*, ALl BAGHERI VAKILABAD
AND RASOUL ABAZARI

Abstract. This paper considers coupled fixed point theorems on
unital without of order semi-simple fundamental locally multiplica-
tive topological algebras (abbreviated by FLM algebras)

1. Introduction

Ansari in [1] introduced the notion of fundamental topological spaces
and algebras, and proved Cohen’s factorization theorem for these alge-
bras. A topological linear space A is said to be fundamental if there
exists b > 1 such that for every sequence (x,) of A, the convergence of
b"(zy — xp—1) to zero in A implies that (z,) is Cauchy. A fundamen-
tal topological algebra is an algebra whose underlying topological linear
space is fundamental.

A fundamental topological algebra is called to be locally multiplica-
tive, if there exists a neighborhood Uy of zero such that for every neigh-
borhood V' of zero, the sufficiently large powers of Uy lie in V. The
fundamental locally multiplicative topological algebras (abbreviated by
FLM) introduced by Ansari in [2]. Some celebrated theorems in Banach
algebras generalized to FLM algebras in [10], and authors investigated
some fixed points theorems for holomorphic functions on these algebras
(see Theorems 3.5, 3.6 and 3.7 of [10]).

Recall that a ring A is prime if for a,b € A, aAb = 0 implies that
either a = 0 or b = 0. It is clear when A is unital if ab = 0 then either
a=0o0rb=0.
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In [5], Bhaskar and Lakshmikantham introduced notions of a mixed
monotone mapping and a coupled fixed point and proved some coupled
fixed point theorems for mixed monotone mapping and discussed the
existence and uniqueness of solution for periodic boundary value problem
and some new results around this notion are obtained in [6, 7, 8, 9].

Let A be a metric space and let F': A x A — A be a function. An
element (z,y) € Ax A is said to be a coupled fixed point of the mapping
F,if F(z,y) =z and F(y,z) =y.

In this paper at first (Section 2) we obtain some basic results for
FLM algebras, and next we consider coupled fixed point theorems on
FLM algebras.

2. Some Generalizations

By Q4 we mean the set of all elements a € A such that py(a) < 1,
where p4(a) is the spectral radius of a € A. We denote the center of
topological algebra A, by Z(.A), such that

Z(A)={aec A:ax =za, foradll zec A}

We recall the following definition from [10]:

Definition 2.1. Let (A, d) be a metrizable topological algebra. We
say A is a sub-multiplicatively metrizable topological algebra if

4(0, ) < d(0,2)d(0, ), and (0, Az) < |\|d(0, ),
for each x,y € A and A € C. For abbreviation we denote d(0,x) by
D y(x) for any x € A.

Let A and B be metric spaces with meters d4 and dg, respectively.
Then A x B becomes a metric space with the following meter

(21) d((al, bl), (CLQ, bg)) = d_A(CLl, ag) + dB(bl, b2),

for every a1,as € A and by, by € B. When A and B are algebras, then by
the usual point-wise definitions for addition, scalar multiplication and
product, A X B becomes an algebra.

Proposition 2.2. Let A and B be complete metrizable FLM algebras
with submultiplicative meters d 4 and dg, respectively. Then A x B is a
complete metrizable FLM algebra with submultiplicative meter d.

Proof. Let A and B be FLM algebras with meters d4 and dg, respec-
tively. By the definition of FLM algebras, obviously, A x B is a complete
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metrizable FLM algebra with meter d (the meter that defined in (2.1)).
For submultiplicativity, we have

d((0,0), (a1az,b1b2)) = da(0,a1az2) + dp(0,b1b2)
dA(0,a1)d4(0,a2) + dp(0,b1)dp(0, bs)
da(0,a1)d4(0, az) + d(0,a1)dp(0,b2)
+d 4(0,a2)dp(0,b1) + dg(0, b1)dp(0, ba)
d((0,0), (a1,b1))d((0,0), (az,b2)),
for every ai,as € A and by, b € B. Also,

d((0,0), (Aa, Ab)) = d.a(0, Aa) + d(0, Ab)

IA N

(2.2)

(2.3) = [A|(d((0,0), (a,0))).
Therefore (2.2) and (2.3), show that d is submultiplicative. O

Similar to Definition 2.1, we write D 4x5(a,b) as an abbreviation for
d((O, 0), (a, b))
Lemma 2.3. Let A and B be complete metrizable FLM algebras
with submultiplicative meters d 4 and dg, respectively. Then
p(z,y) < pa(z) + psy),
for any element (z,y) € A x B.

Proof. For given a € A and b € B, we have p4(a)=1lim, ;o D 4(a™)}/™
and pg(b) = lim, o Dp(b™)Y/™ ([10, Theorem 3.3]). Proposition 2.2,
follows that A x B is a complete metrizable FLM algebra with submul-
tiplicative meter d. Then, again Theorem 3.3 of [10], implies that

1

1
ple,y) = lim Dap((z,y)")" = lim Das((@",y")"
= lim (Da(a") + Ds(y")"
< lim Da(")7 + lim Dy(y")
(2.4) = pa@)+ ps(y),
for every z € A and y € B. O

3=

Similar to 24 and Z(A), we define these sets for A x A as follows
Qaxa={(z,y) € AxA : plz,y) <1},
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and
Z(AxA) = {(z,y) e Ax A (z,y)(a,b) = (a,b)(,y),
for every a,b € A}
= {(z,y) e Ax A : (za,yb) = (ax,by), for every a,b € A}.
Clearly, if (z,y) € Z(AxA), thenz,y € Z(A), and Z(A) C Z(AxA).
Also, if (z,y) € Qaxa, then (z,0),(0,y) are in Q4x.4, and by Lemma

2.3 and it’s proof, we have x,y € Q4.
Let E(A) be the set of all elements z € A for which E(z) = %, 27

n=1 n!>
can be defined. If A is a complete metrizable FLM algebra, then E (A)n:
A ([3, Theorem 5.4]). Therefore, in light of Theorem 5.4 of [3] and

Proposition 2.2, we have the following Theorem.

Theorem 2.4. Let A be a complete metrizable FLM algebra, then
EAx A =Ax A

3. Coupled Fixed Point Theorems

In this section we consider some results about coupled fixed point
Theorems on unital complete semi-simple metrizable FLM algebras.

Theorem 3.1. Let A be a unital prime complete semi-simple metriz-
able FLM algebra with submultiplicative meter dy. If F' : Qx4 C
Ax A — Qy is a holomorphic map that satisfies the conditions

. 2 2
F(0,0) = 0, §5(0,0) = id 4, §5(0,0) = 0, §25(0,0) = 0, §5(0,0) = 0,
and g:—ai((),()) = 0 then every (a,b) € Quxa N Z(A x A) is a coupled
fixed point for F'.

Proof. Fix (a,b) € Qaxa N Z(A x A), and consider the map f :
C x C — Qq with f(A\,a) = F(\a,ab). Clearly, f is a holomorphic
function on

{Na)eCxC :

El 1
2 " plab)

Since F(0,0) = 0, 95(0,0) = id4 and %5(0,0) = 0, F has a Taylor
expansion about 0:

(3.1) F(z,y) =z + Z 1(2 < ‘Z > xiyjifw?if;xi(o,O)),

18] = min{|Al, o]}, pa(a) < ‘}\,pA(b) < ;}.
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for every (z,y) € Qaxa N Z(A x A). Therefore
> d . i1 j—i i OF
(3.2) F()\a,ab):)\aJerB Z( ))\aa by~ e ————(0,0)).

=0
We claim that

J , j
J i i joipj—i_ O°F
(3.3) E:O ( ; > Na'od 7' dy—ion (0,0),
=

is zero for every j > 3. Assume towards a contradiction that there exists
j > 2 such that (3.3) is non-zero. Let k be the integer that

(3.4) < ) >x iok—ipk— lakiF(o 0) # 0.

ol

8 k—iHpt
Suppose that ¢ is an element of A that p4(¢) = 0. Now; we consider
three cases (1) i =k, (2) 1 <i <k, and (3) i =0.
Case (1): In this case we have /\kaka F(O 0) # 0. Let n > 1, by
(3.2) and (3.4) we have
ROFF

F(n%/\aJrn/\kq,ab) = nk/\aJrn/\qur kll(n%/\aJrn)\k ) o - (0,0)
— n¥ia +nXfq+ ]il (nk/\kzqk + kn* Aan*~ 1)\k(k_l)qk_1
kg O°F
+--+n\a )axk (0,0)
! X 1 ,OFF OF
(3.5) = nFla+n\"(q¢+ e ok (0,0)) + P(N) Dk (0,0).

In (3.5), by P()\), we mean the remain part of (n%)\a—i—n)\kq)k. Since
a € Z(A), ag = ga. Then Lemma 2.3 and Lemma 3.6 of [10] imply
p(n%)\a +nXfgab) < pA(n%)\a + n2*q) + pa(ab)
1
< n¥|Apala) + |elpa(d)
< k(pala) +pa(b)),

where K = max{n%|)\|, |a|}. Now, we define a holomorphic function H
from{AeC : 0< |\ < ﬁ} into A, as follows

F(n*Aa+n\kq, ab) — nk)\a
nAk

Then by (3.5) we conclude that H(0) = ¢+ 4a kakF(O 0). Vesentini’s

Oxk

Theorem ([4, Theorem 3.4.7]), implies that p4 o H is a subharmonic

H(\) =
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function on {A € C : 0 < |A| < ﬁ}. As well as, by the maximum

principle we can write p4(H(0)) < max|y—; pa(H(A)). Then Lemma
3.6 of [10] implies that

1 ,O'F 1 o OFF
gt < I -
palg+ 5a”—(0,0) < ﬁi§p(H(A))<nk!pA(a )pA( 55 (0,0))
1 oFF
(3.6) < nkaﬂA(axk(O,O))-

The above inequality hold for every n > 1. Therefore if n — oo,
then

for every q € A with p4(q) = 0. Hence, Theorem 3.4 of [10], implies that
ak%%,j(o,()) is in radical of A. Since A is semi-simple, ak‘g%:((), 0) =0.

Since a € Q4, a¥ # 0. Since A is without of order, %(0,0) =0, a
contradiction. Thus our claim is true, and from (3.2), we conclude that
F(a,b) = a. Similarly we have F(b,a) = b.

Case (2): Now, let 1 <1i < k. Again by (3.2) and (3.4) we have
1

i i i i k—igp—i  OF
k—1
F(Xa+nA'q,nF7ab) )\a—i—n)\q—&—k!()\a—f—n)\q) na” b = i(0,0)

= da+n\g+ %(n”l)\i2 P

Fidan' XD gim gk
8y(’?ﬁf:9xi ©0,0)
= da+n\(g+ %aiak_ibk_i ayffgxi (0,0))
%(07 0).

+n)\iaiak7ibk7i)

(3.7) +P(X, @)

Again by Lemma 2.3 and Lemma 3.6 of [10] we have

p(ra+n g nTiab) < pa(ha+nXq)+ pa(niab)
1

< [Alpala) + n*=7|alpa(b)
< k(pala) + pa(d)),

1
where x = max nk=i|a|}. Now, we define a holomorphic function
h Al Now, defi hol phic f

Hfrom{neC : k< ﬁ, k=nl = max{|/\|,nﬁ\a\}} into A, as
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follows

. 1
F(Xa+nXg,n*~iab) — Aa
H(\) = Y .

Then (3.7) follows that H(0) = g + fa’a*~ipk~1 8y?f%xi (0,0). Then

pa o H is a subharmonic function on {n € C : k < ﬁ, k= Inl =

max{|Al, nﬁ|a|}} As well as, Lemma 3.6 of [10] implies that

( +l i kg O F (0,0)) < maxp(H(N))
palg+ [a o Oyk—idri =i
o k—i R bei rr
< o Palat)padT ) pa(55(0,0))
1 oFF
68) < A e 0

The above inequality hold for every n > 1. Therefore if n — oo,
then

k
palg + ];aiakibkiay?—f;xi
for every ¢ € A with ps(q) = 0. Hence, Theorem 3.4 of [10], im-
plies that akbk*i‘?},}%(o,O) is in radical of A. Since A is semi-simple,
akbk*ig}%(o, 0) = 0. Since a,b € Q4, a* # 0 and b* =% £ 0. Again by us-
ing of that A is prime, we conclude that ?;75(0, 0) = 0, a contradiction.
Thus our claim is true, and (3.2) implies that F'(a,b) = a. Similarly we
have F'(b,a) = b.

Case (3): Let ¢ = 0. Then we have akbka;Tf(O,O) # 0. Similar to
the previous two cases, we have

(0,0)) =0,

I ko1 _ R L
(Aa +nag,nrab) = la+na q+Hna b Ty’“(o’o)
1  OFF
_ k k
Then

p(Aa + na’yq, n%ab) < pa(ra+ nakq) + pA(n%ab)

IAlpa(a) +n¥|a]pa(b)
k(pa(a)+ pa(d)),

VANVAN
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where K = max{|\|, n%|a|} Now, we define a holomorphic function H
from {neC : k< ﬁ, k=|n| = max{|)\\,n%]a\}} into A, as follows

F(Xa + nakq, n%ab) —Aa

H\) =
(A) R
k
Then (3.9) follows that H(0) = ¢ + %bk%Tf(O,O). Then pgq o H
is a subharmonic function on {n € C : Kk < ﬁ, k= In =
max{|\|,n%|a|}}, and
1 ,OFF
—b"———(0,0 < H(A
pald+ ayk( ,0)) < glfgp( (N)
1 O F
< @PA(bk)PA(W(Oyo))
1 FF
(3.10) < L 0.

nk!]a!’pr( dy* (
Therefore if n — oo, then

1,,0F

+ ==

pala + 355 (0.0) =0

for every q € A with p4(q) = 0. Hence, bk%(0,0) is in radical of A.
Therefore bk%(0,0) = 0. Since b € Qy, so b¥ # 0, that %(0,0) =
0, a contradiction. Thus (3.2) implies that F'(a,b) = a and similarly
F(b,a) =b.

By gathering the above three cases, we conclude (a,b) is a coupled

fixed point for F', and since (a,b) was arbitrary, every point of Qx4 N
Z(A x A) is coupled fixed point for F'. O

Example 3.2. Let X = R be the space of real numbers and let
F: X x X — X be a function defined by F(x,y) = x that satisfies on
conditions of Theorem 3.1.

Example 3.3. Let X be a unital without of order complete semi-
simple Banach algebra and let F': X x X — X be a function defined
by F(x,y) = ev’xeY” that satisfies on conditions of Theorem 3.1. For
example let X = M(G) the measure space on a locally compact Haus-
dorff space G. Another algebra that we can choose it is £*(G), where G
is a locally compact discrete group.

In the following Theorem we characterize coupled fixed points of holo-
morphic functions on FIM algebras as follows.
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Theorem 3.4. Let A be a unital prime complete semi-simple metriz-
able FLM algebra. For given (a,b) € Qaxa\Z(A x A), there is a
holomorphic map F : Qaxa — Q4 satisfies the conditions F(0,0) =

. 2 2
0, 55(0,0) = ida, %:(0,0) = 0, 5(0,0) = 0, §$£(0,0) = 0, and
g:gp (0,0) = 0 such that F(a,b) # a and F(b,a) # b.

Proof. Let (a,b) € QaxA\Z(Ax A). Then there exist (u,u) € Ax A,
such that

(ua, ub) # (au,bu).
Let Daxa(u,u) <1, then D4(u) < 1. Define U := log(e — u), then
e VaeV #a, and e UbeV £b.

Now define F': Q 4x4 — 24 as follows

2 2y

(3.11) F(z,y) = B

for every (z,y) in QAxA Clearly F'is a holomorphic function, F'(0,0) =

2
0, 9£(0,0) = id4, §£(0,0) =0, and § 9L(0,0) = 0, &7(0,0) = 0, and

2F(0,0) =0, but F(a,b) # a and F(b,a) # . 0

References

[1] Ansari-Piri, E. A class of factorable topological algebras, Proc Edin Math Soc,
33 (1990), 53-59.

[2] Ansari-Piri, E. Topics on fundamental topological algebras,Honam Math J,
23(2011), 59-66.

[3] Ansari-Piri, E. The linear functionals on fundamental locally multiplicative topo-
logical algebras, Turk J Math, 34( 2010), 385-391.

[4] Aupetit, B. A primer on spectral theory, Springer-Verlag, (1991).

[6] Gnana Bhaskar, T., Lakshmikantham, V. Fized point theorems in partially or-
dered metric spaces and applications, Nonlinear Anal, 65 (2006), 1379-1393.

[6] H. Hosseinzadeh, Some Fized Point Theorems in Generalized Metric Spaces
Endowed with Vector-valued Metrics and Application in Linear and Nonlinear
Matriz Equations, Sahand Communications in Mathematical Analysis, 17(2)
(2020), pp. 37-53.

[7] H. Hosseinzadeh, A. Jabbari and A. Razani, Fized point and common fized point
theorems on spaces which endowed vector-valued metrics, Ukrainian J. Math. ,
65 (50) (2013), 814-822.

[8] Aftab Hussain, Ciric type alpha-psi F-contraction invololving fized point on a
closed ball , Honam Math J, 41(1)(2019), 19-34.

[9] Valeriu Popa, Alina-Mihaela Patriciu, A general common fized point theorem for
two pair of mapping in metric spaces , Honam Math J, 40(1)(2018) , 13-25.



510 Kheghat Amini, Hasan Hosseinzadeh, Ali Bagheri Vakilabad, Rasoul Abazari

[10] Zohri, A, Jabbari, A. Generalization of some properties of Banach algebras to
fundamental locally multiplicative topological algebras, Turk J Math, 36 (2012),
445-451.

Kheghat Amini

Department of Mathematics, Ardabil Branch, Islamic Azad University,
Ardabil, Iran

Aminikhelgat@yahoo.com

Hasan Hosseinzadeh

Department of Mathematics, Ardabil Branch, Islamic Azad University,
Ardabil, Iran

hasan_hz2003@yahoo.com & h.hosseinzadeh@iauardabil.ac.ir

Ali Bagheri Vakilabad

Department of Mathematics, Ardabil Branch, Islamic Azad University,
Ardabil, Iran

alibagheril385Q@Qyahoo.com

Rasoul Abazari

Department of Mathematics, Ardabil Branch, Islamic Azad University,
Ardabil, Iran

rasoolabazari@gmail.com & r.abazari@iauardabil.ac.ir



