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A SUBCLASS OF ANALYTIC FUNCTIONS DEFINED
BY USING MITTAG-LEFFLER FUNCTION

TAHIR MAHMOOD, MUHAMMAD NAEEM, SAQIB HUSSAIN,
SHAHID KHAN, AND SAHSENE ALTINKAYA®

Abstract. In this paper, new subclasses of analytic functions are
proposed by using Mittag-Leffler function. Also some properties of
these classes are studied in regard to coefficient inequality, distor-
tion theorems, extreme points, radii of starlikeness and convexity
and obtained numerous sharp results.

1. Introduction

Let C be the complex plane and let Q = {w:w € C and |w| < 1},
the open unit disc. Further, by A we represent the class of functions
analytic in €, satisfying the condition

10) = I'(0) — 1 =0.

Thus each function [ in A has a Taylor series representation
oo

(1) l(w):w+02w2+03w3+---:w+20nw”
n=2

and let S,7T be the subclasses of A consisting of functions which are
univalent in Q [9], and with negative coefficients given by (see [27])

(2) lw)=w-> opuw", (on>0),
n=2
respectively.
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We now recall that the analytic function [ is said to be subordinate to
the analytic function m (indicated as [ < m), if there exists a Schwarz
function

w(w) =) eu" (@(0) =0, |w(w)| <1),
n=1

analytic in € such that
l(w)=m(w(w)) (weN).

Furthermore, if the function m is univalent in €2, then we have the
following equivalence, see [9, 13].

[(w) <m(w) <= 1(0) =m(0) and [ () Cm(Q2) (we).

The convolution or Hadamard product of two functions [ and m is de-
noted by [ x m is defined as
(lxm)(w) = Z onbpw",

n=0
where [ is given by (1) and m (w) = > byw™ (w € Q).
n=2

Recall that D C C is said to be a starlike with respect to the point
wo € D if and only if the line segment joining wqg to every other point
w € D lies entirely in D, while the set D is said to be convex if and
only if it is starlike with respect to each of its points. By &* and K
we mean the subclasses of S composed of starlike and convex functions,
respectively. A function ! € A is said to be starlike of order &, 0 < @ < 1,

if
wl' (w) _
%<l(w)>>a (w e Q),

and a function [ € A is said to be convex of order o, 0 < @ < 1, if

/

" (wl/(w))

I () >a  (we).

By K, we mean | € A and the class of all close-to-convex functions of

order o, 0 <@ < 1, if
R w,l(w) >a
g (w)
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where ¢ is convex. In 1991, Goodman [10] introduced the class UCV
of uniformly convex functions which was extensively studied by Ron-
ning and independently by Ma and Minda [17, 23]. A more convenient
characterization of class UCV was given by Ma and Minda as:

wl” (w)
I'(w)

In 1999, Kanas and Wisniowska [12, 13] (see also [14, 15]) introduced
the class k—uniformly convex functions, & > 0, denoted by £k —UCV and
a related class kK — ST as:

leUCV<:>l€Aand§R{l+wll(Uw)}> (we Q).

wl” (w)

!'(w)

(weQ).

, { (wl (w)) }
lek—-UCY <= wl €k—ST <= l€ Aand R N >
V' (w)
The class k —UCV was discussed earlier in [31], with same extra restric-
tion and without geometrical interpretation by Bharati et al. [4].
Mittag-Leffler defined familiar Mittag-Leffler function [19, 20] Mg(w)
by
o0 wn
Mo(w) =S ——
a(w) =) T@a+1)
n=0
and Wiman [33] generalized this function by

oo
wn

Mg, (w) = nz_% Fan i (@>0),

where R (@) > 0, ® (1) > 0 and @, u € C. Many researchers explain the
Mittag-Leffler function and its generalizations see [3, 8, 18, 24, 28, 29,
30].

An important theory that has contributed significantly in geometric
function theory is differential operator theory. Numerous researchers
have worked intensively in this way, for recent work see [1, 5, 7, 21].
Elhaddad [6] introduced the following differential operator for [ € A

' (1) n

(3) Di(@mlw)=w+Y [1+(n—1)x

Z F@n—1)+w"""
and for [ € T
@) DL i) = w— 3" [+ (= D o
2 I(@(n—1) + )
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Definition 1.1. A function | € A is said to be in the class
QYL (v, H, 1)
(-1<I<H<Lapuyx>0ieNjeNy=NU{0},i>jweQ)
if the following subordination relationship is satisfied:
D} (@, p)l(w) D} (@, p)l(w) 1+ Hw
Diami(w) | Dy mi(w) | L Tw
For particular values of the parameters y,a, u, H,I,%, j,v, we have

the followmg subclasses studied by various authors:
i) QY ” (7,1 — 25, —1) = E; j (7,€) (see Siimer Eker and Owa [32]),

(

(14) Q(l) 0 (7,1 =2¢,-1) =UE (7,¢) (see Shams et al. [25]),
(1i1) ?; ( —2¢,—1) =UE (v,¢) (see Shams et al. [26]),
(iii) Q)

(

iii) 1 (O H,I)=5*(H,I) (see Janowski [11]),
iv) QY 20(0,H,I) = K (H,I) (see Padmanabhan and Ganesan [22]).

Definition 1.2. Let TQx’fJ (v,H,I) denote the subclass of

A consisting of functions | of the form (2) and we define the class
TQYY, (v, H.I) by

X>%,J
TQX'LJ(V’HI) sz](V’HI)mT

For particular values of the parameters y,a, u, H,I,%, j,v, we have
the followmg subclasses studied by various authors:

(i) TQ1 it (7,1 —2¢,—1) =TS (i,7,¢) (see Aouf [2]),
(i1) TQ?&,O (1,1 —2e,—1) = S,T () (see Bharati et al. [4]),
(iii) TQY1 (0,1 —2e,—1) = T* (¢) (see Silverman [27)).

2. Main Results

In this section, we will prove our main results.

Theorem 2.1. A function | of the form (1) is in the class
QX7 7] (’77HI) f

©) S w1y @+ I} (¢ — &) + |16 — He|] |on| < H — 1,
n=2
where ¢ =14 (n—1)x andv:%.
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Proof. We need to show that

where

Hence, we obtain

p(w) —
H — Ip(w)

| D@ wiw) - Di(@ wi(w) = ve? | Dy (@ wi(w) — D@, w)i(w)] '
HD (@, 1)l(w) — I [ Di,(a, w)i(w) — vei® | Di(a, wi(w) ~ D (@, m)i(w))|

_ oo v (98— ¢9) onw™ — e [R5 v (¢ — ¢7) onu”| ‘

(H = Dw— [y v (167 — HT) onw" — 71 [0y v (67 — ¢7) opw™ ]

< S50 (¢ = ) on [w]™ +7 525w (¢ — &) [on] [w]”

S H - Dlul - [T, o6 — HeD)|on [w]™ +7 1Sty v (& — 67) [on] [w]"]
B S5, v (61— @) (147) Joa]

S H-D) - o, vl(I6 — He)lon] — 1 1Sy v (60 — 67) on]

This last expression is bounded previously by 1 if

[e.9]

Sv[{1+yQ+IN} (¢ = ¢) + |16 — He|] Jon| < H — 1.

n=2

This completes the proof. O

In Theorem (2.2), it is shown that the condition in (6) is also neces-

sary for functions [ of the form (2) to be in the class TQY}; (v, H, I).

Theorem 2.2. Let [ € T. Then l € TQ" . (~,H, I) if

Xoh,J
S o1y A+ I} (¢ — &) + 16" — HY [ [oa| < H — 1,
n=2
where p =1+ (n— 1) x and v = %

Proof. Since

by making use of the same technique given in the proof of Theorem
(2.1), we immediately have Theorem (2.2). O
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Corollary 2.3. A function | defined by (2) is in the class
TQY (v, H,I), then

X157
H-1
7 on < - - - - n > 2).
O oS A @ -+ 1o —Hgp] 2P
The result is sharp for the function
(8) v
l(w)=w —

— : . . —w" (n>2).
S A+ @ =) + e — a2
The growth and distortion properties of the function [ in the respec-

tive class Tng ; (v, H,I) are given as follows:

Theorem 2.4. Let the function | defined by (2) belong to the class
TQY!. (v, H,I). Then

X>05]
B (H = DT(@+ ) 2
1(w)] > |w] . _ _ — Jw]
P () [{1+7 @+ D} (420" = ()7 ) + [T A +x0" = H 1+ ||
and
1w)| <l + R ) .

T () [{1+7 @+ 1D} (20" =+ ) + [T A+ 0" =H 1+ ]
Proof. In view of Theorem (2.2), consider
6(n) =v{l+y @+ ID}(¢" = ¢') + [I¢" = HY |,

where ¢ = 14 (n—1)x and v = =l

function for n (n > 2). This implies that

0(n) is an increasing

o0 [e.e]

5(2)) lonl <> 6(n)|on] < H -1,
n n=2

=2
that is

> lonl < 221

nl < .
n=2 5(2)
Thus we have

(w)] < [w] + Y Jon] [w]?,
n=2

(H—IT(a+p)
L) [{L+7 @+ 11D} (@20 = (%)) + [T+ x) = H 1+

[l(w)] < |w| + |w)? .
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Similarly, we get

oo o0

2

Ww)l >l =Y fon| ™ 2 fw| = > lon] wl
n=2 n=2

(H_I)F(E_F.U') ‘w‘Z
E () [ D} (07— (14207) + [T () = H (41|

\

v

|w]| =

Finally, the result is sharp for the function
9)

) — (H - DT(@+p) 2

P [y (13 (0" = 0 ) + [T+ = H A+

at jw| = r and w = re!*D7 (k€ 7). This completes Theorem (2.4).
O

Theorem 2.5. Let the function | defined by (2) belong to the class
TQ?% (v, H,I). Then

2(H - I)T(@+ p)

’l (w)‘ >1- T [{1+7(1+|I|)} ((1+X)i_(1+x)j) +’[(1+X)i_H(1+x)jH [w],
and
l’(w)(gw 2(H—-DT(@+ p) |w| .

T () [{1+7 @+ 1D} (420" = 1+ ) + [T A +x0" = H 1+ ]

The result is sharp.

Proof. In view of Theorem (2.2), suppose that
S(n) =v{l+~ (1 +[I))} (¢' — &) + |[I6' — HP'|,
where ¢ = 1+ (n—1)x and v = F(a(g(fl)”u), q);")
function for n (n > 2). Similarly, we obtain

o e e}
‘?angzﬂ:)nm Za ) lon| < (H = 1),
n=2 n=2

that is

is an increasing

> 2(H —1)
nz:;n|on| < W

o0
V)] <143 nlol fwl,
n=2

2(H - DT (a+ p)
L) [{L+7 @+ 11D} (A 20 = (W07 + [T+ x)" = H (1437

and consequently

|w] .

]z’(w)( <1+
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Also, we get

[e’s}

z’(w)) > 1-3 nlon||u|

n=2

/ w) . 2(H ~ )T(@+ p) .

T () [{1+7 A+ 1T} (1207 = (1207 )+ [T (120" = H (1437

\Y

Finally, we can see that the assertions of Theorem (2.5) are sharp for
the function [ defined by (9). This completes the proof of Theorem
(2.5). O

Now we obtain the radii of close-to-convexity, starlikeness and con-

vexity for the class TQi’fj (v, H,I).

Theorem 2.6. Let the function | defined by (2) be in the class
TQz’éLj (v,H,I). Then
(i) 1 is starlike of order @ (0 < @ < 1) in |w| < r1, where

vl A} (¢ =) + I —HY] 1w\
(10) Tl_'rlLI;fZ{ =1 X(n—a) ,

(ii) | is convex of order @ (0 < @ < 1) in |w| < ry, where

(11)
m:inf{“[{1+7(1+|I)}(¢i—¢j)+|I¢i—H¢'j\] X( 1-a@ )}1

n>2 (H-1) (n—a)
(ii) 1 is close to convex of order & (0 < @ < 1) in |w| < r3, where

(e my s oy el (123}

(12) r3 = inf H—1) n

n>2

FEach of these results is sharp for the function | given by (8).
Proof. 1t is sufficient to show that

wl (w)
l(w)

-1 <1l-a for |w|<ry,

where r; is given by (10). Indeed we find from (2) that is

wl (@) | S — Do fuwl"!
l(w) T 1=, 0w
Thus, we have
wl (w) ql<1-a
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if and only if

zxix?;fz?mwhlél

But, by Theorem (2.2), equation (13) will be true if

(n—a w1 _ 0 [{L+y @+ D} (¢ — @) + |I¢* — He'|]
1—a>“ﬂ = (H —1) ’

(13)

that is, if
Jul < {”[{Hv(wun}(w—w) 1ot - 1Y) (l_f)}“ (n>2)

(H—1)

this implies

(e[ QDY@ - ) |16 - HE|]  1—w\ |
T“ﬂg{ (H-1) X( ) (n22).

This completes the proof of equation (10).
To prove (11) and (12) it is sufficient to show that

-1

<l-a (lw| <re, 0 <@,

and
‘l/(w)—l‘ <1-a@ (jwl<r; 0<a<l).

O]

Next, we discussed extreme points for functions belonging to the class
TQ;’ZJ (’Y’ H7 I) :
Theorem 2.7. Let

l1<w)=

H-1 .
) = = T A D) & 0+NW—HWﬂw (n=2),
where ¢ = 1+(n — 1) x and v = %, then [(w )GTQ%‘J (v,H,I)

if and only if it can be expressed in the following form

w) = Z Nndn (W
n=1

where
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Proof. Suppose that
l(w) = Znnln(u})
n=1

w_i H-1T
2T (T DY (& — 6) + 19 — Hol|

]w".

Then, from Theorem (2.2), we have

i v[{1+7 A+ D} (¢ = ¢) + |19’ — HY!|] (H — 1)
o[y T+ D} (& — ¢) + |16 — Hel] "

n=2

= (H-DY = (H - D1 —m) < (H - 1).

n=2
Thus, in view of Theorem (2.2), we find that [ € Tsz’j (v, H,I). Con-
versely, let us suppose that [ € Tng j (v,H,I), then, since

on < H-T
"oy (AN} (0 @) + [gF — He ]

by setting
_v[{THy I} (¢ — &) + [19° — H|]

> 2
and
o
m= 1- Z Tin,
n=2
we have
oo
Hw) =Y fnln(w).
n=1
This completes the proof of Theorem. O

Corollary 2.8. The extreme points of the class Tng ; (v, H, 1) are

given by
I (w) =w,
H-1T

l(w) =w— , . . " n>2).
= S Ay @ -+ e —agY 2P

In order to state the integral means inequality for [ € Tsz ; (v,H,T)
we need the following subordination result due to Littlewood [16].
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Lemma 2.9. If the functions | and m are analytic in ) with
Il <m

then for p > 0 and w = re”?(0 < r < 1),

2 2m
(14) /0 |l(w)\pd9§/0 m(w)|P df.

Theorem 2.10. Suppose that | € TQ™". (v, H,I) and ly(w) is de-

fined by

X>%,J

(H-DT(@+p) w?
Tp [{1 47 (4D} (40" = 4207 ) + [T+ 20" = H 1+ ]

lo(w) =w—

then for w = re'?(0 < r < 1), we have

2T 2T
/ 1(w)? d < / o (w)[P do.
0 0

o0

Proof. Let l(w) =w — > opw™ (0, > 0) then we must show that

n=2
27 ) N
/ 1- E opw’
0 n=2

27
< [Th-
0

By Lemma (2.9), it is enough to show that

p

(H— D@+ u) W
T {l+7 A+ D} (A0 = A+ 07) + [T+ x)" —HA+x)]]

1= opu <1 (H — D@+ p) . -
" TG [0+ C+ D (T4 0" — (A +07) + [TA+x)" — HA+x)7]]

By setting
IR (H— D@+ p) o
PO T [ A (@0 =0 F T A+ 0= 10 ] )
and using (6), we obtain
)| = ‘Z? ) [y (HIDY (40" =40 T A4 =H 4[] s
e P (H—DT(@+ p) "

< lw |Z T () [{147 A+1ID} (A+x)' = (1+x)7) +]T (1+x)° H(1+x)j\]o

= (H—DT(@+n) "

c |Z (47 A+ D} (6= &) 116" B},

< |w|<1.

This completes the proof of Theorem (2.10). O
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3. Consequences and observations

In our present investigation, we have introduced and studied the prop-
erties of the analytic function classes

Ql (v HLI), TQE (v, H,I)
(-1<I<H<1,a,uy,x>0ieN, jeNy i>jweQ),

involving the Mittag-Leffler function. For functions belonging to these
classes, we have derived coefficient conditions, extreme points, convolu-
tion conditions. The results obtained here are sharp. Our investigation
involving the Mittag-LefHler function is potentially useful in motivating
further researches on this subject.
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