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GENERIC LIGHTLIKE SUBMANIFOLDS OF AN
INDEFINITE KAEHLER MANIFOLD WITH A
SEMI-SYMMETRIC METRIC CONNECTION

JAE WoN LEE AND CHUL WOO LEE*

Abstract. Depending on the characteristic vector filed (, a generic
lightlike submanifold M in an indefinite Kaehler manifold M with
a semi-symmetric metric connection has various characterizations.
In this paper, when the characteristic vector filed ¢ belongs to the
screen distribution S(7T'M) of M, we provide some characterizations
of (Lie-) recurrent generic lightlike submanifold M in an indefi-
nite Kaehler manifold Mwith a semi-symmetric metric connection.
Moreover, we characterize various generic lightlike submanifolds in
an indefinite complex space form M (c) with a semi-symmetric met-
ric connection.

1. Introduction

A lightlike submanifold M of an indefinite almost complex manifold
M, with an indefinite almost complex structure J, is called generic if
there exists a screen distribution S(T'M) of M, which is a complemen-
tary non-degenerate distribution of Rad(TM) = TM N TM* in TM,
such that

(1.1) J(S(TM)*) c S(TM),

where S(TM)* is the orthogonal complement of S(T'M) in the tan-
gent bundle TM of M such that TM = S(TM) @opn, S(TM)*. The
notion of generic lightlike submanifolds was introduced by Jin-Lee [9]
and later, studied by several authors [2, 5, 6, 10]. Moreover, Jin [§]
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studied generic lightlike submanifolds of an indefinite Kaehler manifold
with a semi-symmetric non-metric connection. Lightlike hypersurfaces
of an indefinite almost complex manifold are important examples of the
generic lightlike submanifold. Much of the theory of generic submani-
folds will be immediately generalized in a formal way to general lightlike
submanifolds.

In 1924, Friedmann-Schouten [4] introduced the idea of a
semi-symmetric connection as follow: A linear connection V on a semi-
Riemannian manifold (M, g) is called a semi-symmetric connection if its
torsion tensor 1" satisfies
(1.2) T(X,Y) = 0(V)X — 0(X)Y,
where 6 is a 1-form associated with a smooth unit vector field ¢, which
is called the characteristic vector field of M, by 6(X) = g(X,¢). In the
followings, we denote by X, Y and Z the smooth vector fields on M.
Moreover, if this connection is a metric one, i.e., it satisfies Vg = 0,
then V is called a semi-symmetric metric connection on M. The notion

of a semi-symmetric metric connection on a Riemannian manifold was
introduced by Yano [12].

Remark 1.1. Denote V by the Levi-Civita connection of a semi-
Riemannian manifold (M, §) with respect to g. It is well known that a
linear connection ¥V on M is a semi-symmetric metric connection if and
only if it satisfies
(1.3) VgY =VgY +0(Y)X — g(X,Y)C.

The object of this paper is to study generic lightlike submanifolds
M of an indefinite Kaehler manifold M with a semi-symmetric metric
connection V subject to the condition that the characteristic vector field
¢ of M belongs to our screen distribution S(T'M) of M. In Section 3,
we provide several new results on such a generic lightlike submanifold.
In Section 4, we characterize generic lightlike submanifolds of an indefi-
nite complex space form M (c) with a semi-symmetric metric connection
subject such that ¢ belongs to S(TM).

2. Semi-symmetric metric connections

Let M = (M, g, J) be an indefinite Kaehler manifold, where g is a
semi-Riemannian metric and J is an indefinite almost complex struc-
ture;

(2.1)  J*X=-X, g(JX,JY)=gX,Y), (VgJ)Y =0.
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Replacing the Levi-Civita connection v by the semi-symmetric metric
connection V, the third equation of three equations in (2.1) is reduced
to

(2.2) (V)Y = 0(J7)X — 0(V)IX — (X, JY)C + g(X, V) JIC.

Let (M, g) be an m-dimensional lightlike submanifold of an indefinite
Kaehler manifold (M, g) of dimension (m + n). Then the radical distri-
bution Rad(TM) = TMNTM~ of M is a subbundle of the tangent bun-
dle TM and the normal bundle 7M™, of rank 7 (1 < r < min{m, n}).
In general, there exist two complementary non-degenerate distributions
S(TM) and S(T M) of Rad(TM) in TM and T M+, respectively, which
are called the screen distribution and the co-screen distribution of M [1],
such that

TM = Rad(TM) @optn S(TM), TM* = Rad(TM) Gorin S(TM™),

where @4, denotes the orthogonal direct sum. Denote by F(M) the
algebra of smooth functions on M and by I'(E) the F(M) module of
smooth sections of a vector bundle £ over M. Let X, Y, Z and W be
the vector fields on M, unless otherwise specified. We use the following
range of indices:

i, jy k.. € {1, ..., 1}, a,bye,... €{r+1,..,n}

Let tr(T'M) and ltr(T'M) be complementary vector bundles to T'M
in TM)y; and TM+* in S(TM)*, respectively, and let {Ny, ---, N,.} be
a null basis of ltr(T M), , where U is a coordinate neighborhood of M,

lee>

such that
9(Ni, &) = dij,  g(Ni, Nj) =0,

where {£1, -+, &} is a null basis of Rad(T'M)),,. Then we have

TM = TM & tr(TM) = {Rad(TM) & tr(TM)} Gope, S(TM)
= {Rad(TM) @ ltr(TM)} Gortn S(TM) Gorn S(TM™).

A lightlike submanifold M = (M, g, S(TM), S(TM+*)) of M is called
an r-lightlike submanifold [1, 3] if 1 <r < min{m, n}. For an r-lightlike
M, we see that S(T'M) # {0} and S(TM~) # {0}. In the sequel, by
saying that M is a lightlike submanifold we shall mean that it is an
r-lightlike submanifold, with following local quasi-orthonormal field of
frames of M:

{517”'767‘7 Nl:"'aNT7 FT‘+17"'7F’VTL7 ET+17"'7E71}7
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where {F,11, -+, Fy,} and {E,41, -+, E,} are orthonormal bases of
S(TM) and S(TM™), respectively. Denote ¢, = G(E4, E,). Then
€a0ab = g(an Eb)

Let P be the projection morphism of TM on S(T'M). Then the local
Gauss and Weingarten formulae of M and S(T'M) are given respectively
by

(2.3) VxY = VxY + ) hi(X,Y)Ni+ Y hi(X,Y)E,,
=1 a=r+1

(2.4) VxNi = =Ay X+ 7(X)Nj + Y pia(X)Eq,

7=1 a=r+1
B T n
(2.5) VxEBo = =Ap, X+ ) Aai(X)INi+ D pap(X) By
=1 b=r+1

(2.6) VxPY = VYPY +) hi(X,PY)&,
=1

(2.7) Vx& = —AZiX - ZTji(X)gjy
j=1

where V and V* are induced linear connections induced from V on M
and S(TM), respectively, hf and h} are called the local second funda-
mental forms on M, h} are called the local second fundamental forms on
S(TM). A Ny Ay, and Azi are linear operators on M, which are called
the shape operators, and 7;j, pia, Aai and pg, are 1-forms on M. Using
(1.2), (1.3) and (2.3), we see that

(2.8) (Vx9) (Y, Z) =Y {hi(X,Y)ni(2) + hi(X, Z)ni(Y)},
1=1
(2.9) T(X,Y)=60(Y)X — 0(X)Y,

where 7;’s are 1-forms such that

From the facts that REX,Y) = g(VxY,&) and ehi(X,Y) =
G§(VxY, E,), we know that h¢ and h$ are symmetric and independent
of the choice of S(T'M). The above local second fundamental forms are
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related to their shape operators by

T

(2.10) hi(X,Y) = g(ALX,Y) = > hi(X, &)me(Y),
k=1

(2.11) hS(X,Y) = g(A, X.Y) =) Aar(X)m(Y),
k=1

(2.12) hi(X,PY) =g(Ay X, PY).

Applylng v)( to g<Ea7Eb) = 6501)7 g(i@?ﬁj) - 07 g(€i7Ea) - 07
G(Ni, Nj) = 0 and g(N;, E;) = 0 by turns, we obtain epfiqp + €qfthg = 0
and
(213) hf(Xa 5]) + h‘g(X7 gl) = 07 hZ(Xa gl) = _eaAai(X)a

nj(ANiX)‘{'m(AN]-X) =0, g(AEaX’Ni) = €apia(X).

Furthermore, using (2.13)1, we see that
(214) (X&) =0,  hi(§:&) =0,  Ag&=0.

Here, (2.13); denotes the i-th equation of (2.13). We use the same

notations for any others.

Definition 2.1. We say that a lightlike submanifold M of a semi-
Riemannian manifold (M, g) is irrotational [11] if V x&; € T'(T'M) for all
ie{l, -, r}

Remark 2.2. From (2.3) and (2.13)s, the above definition is equiv-
alent to

(2.15) hi(X,&) =0, he(X,&) = Xai(X) = 0.

3. Structure equations

Let M be a generic lightlike submanifold of M. From (1.1) we
show that J(Rad(TM)), J(ltr(TM)) and J(S(TM~)) are subbundles
of S(T'M). Thus there exist two non-degenerate almost complex distri-
butions H, and H with respect to J, i.e., J(H,) = H, and J(H) = H,
such that

S(TM) ={J(Rad(TM)) ® J(ltr(TM))} Goren, J(S(TM™L)) ®orer, Ho,
H = Rad(TM) Dorth J(Rad(TM)) Dorth Ho-
In this case, the tangent bundle T'M of M is decomposed as follow:

(3.1) TM = H @ J(tr(TM)) ®open, J(S(TM™)).
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Consider 7-th local null vector fields U; and V;, (n — r)-th local non-
null unit vector fields W,, and their 1-forms u;, v; and w, defined by

qu Wa: _JEaa

( ) =9(X,Ui), wa(X) = eag(X, Wa).

(3.3) ui(X) = g(X, Vi),

Denote by S the projection morphism of T'M on H and by F the tensor
field of type (1,1) globally defined on M by F = J o S. Then JX is
expressed as

(3.4) JX =FX+Y w(X)Ni+ > wa(X)E,
=1 a=r+1

Applying J to (3.4) and using (2.1), (3.2) and (3.4), we have

(3.5) F2X——X+Zul VUi + Z wa (X
=1 a=r+1

By using (2.3)2 and (3.4), we obtain

(3.6) gFX, FY) =g(X,)Y) - Z{Uz( Joi(Y) +ui(Y) Z(X)}
i=1

— ) cawa(X)wa(Y).

a=r+1

In the sequel, we say that F'is the structure tensor field of M.

Now we shall assume that the characteristic vector field ¢ belongs to
the screen distribution S(T'M) of M. Applying Vx to (3.2) and (3.4)
by turns and using (2.2)~ (2.7), (2.10) ~ (2.12) and (3.2) ~ (3.4), we get

h5(X,U) = hi(X, V;) = 0(Vi)mi(X),
cahy (X, Ui) = b (X, Wa) — 0(Wa)ni(X),

J4 N s _ 0
WE(X, Vi) = hE(X, V), hS(X, V) = eahl(X, Wo),
eohi (X, W,) = eah (X, W),
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(3.8) VxUi = F(Ay X) +Z% VU, + Z pia(X

j=1 a=r+1
+ 0(Ui) X —Uz'( )¢ —mi(X)F,
(3.9) VxVi = F(ALX Zrﬂ X)Vi+ Y BA(X, &)U,
j=1

n

= > €arai(X)Wa + (Vi) X — ui(X),

a=r+1

(3.10)  VxWa = F(A, X)+ > Xaa(X)U; + Z L (X)W,
=1 b=r+1
+ 9<Wa)X - fawa(X)<7

(3.11) (VxF)Y = Zu Y)A, X + Z wa(Y)A, X

i=1 a=r+1
—ZI#XYU— Z he (X, Y)W,
a=r+1

+ 9(FY)X —(Y)FX — §(X,JY)C + g(X,Y)FC.

4. Recurrent and Lie recurrent generic submanifolds

Theorem 4.1. There exist no generic lightlike submanifolds of an
indefinite Kaehler manifold M with a semi-symmetric metric connection
such that ¢ belongs to S(T'M) and F' is parallel with respect to the
connection V.

Proof. Assume that F is parallel with respect to the connection V.
Replacing Y by &; to (3.11) and using the fact that F'§; = -V, we
obtain

T n

ST U+ D (X, E)Wa + 0(V))X — u(X)C = 0.

k=1 a=r+1
Taking the scalar product with NN; to (4.1) and then, taking X = ¢;, we
get 6(V;) = 0. Also taking the scalar product with U; to (4.1) and then,
taking X = U; and using 0(V;) = 0, we get 6(U;) = 0. Therefore, we
obtain

(Vi) =0, 6(U;) = 0.
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Taking the scalar product with W to (4.1) and using 8(V;) = 0, we have
(4.2) ho (X, &) = €a0(Wo)u;i (X).
Replacing Y by W, to (3.11) such that Vx F = 0, we have

Ap X =) h{(X, Wo)Ui + > hi(X, W)W,
=1 b=r+1
+ O(Wo)FX — equa(X)FC.

Taking the scalar product with U; to this equation, we obtain
(4.3) hZ(X, Uz) = —EGQ(WG)T]Z‘(X).

Taking X = U; to (4.2) and also, taking X = &; to (4.3) and then, com-
paring these two resulting equations, we obtain 6(W,) = 0. Taking the
scalar product with ¢ to (4.1) and using the facts that 6(V;) = 0(U;) =
6(W,) = 0, we have u;(X) = 0 for all X € I'(T'M). It is a contradiction
to uj(U;) = 1. Thus there exist no generic lightlike submanifolds of an
indefinite Kaehler manifold M with a semi-symmetric metric connection
subject such that ¢ belongs to S(T'M) and F is parallel with respect to
the connection V. 0

Definition 4.2. The structure tensor field F' of M is said to be
recurrent [6] if there exists a 1-form w on T M such that

(VxF)Y = w(X)FY.

A generic lightlike submanifold M of an indefinite Kaehler manifold M
is called recurrent if it admits a recurrent structure tensor field F'.

Theorem 4.3. There exist no recurrent generic lightlike submani-
folds of an indefinite Kaehler manifold M with a semi-symmetric metric
connection such that the characteristic vector field ( of M belongs to
S(TM).

Proof. From the above definition and (3.11), we obtain

(4.4) Zuz Y)A, X+ Z we(Y)A, X
a=r+1
—Zh’fXYU— Z he (X, Y)W,
a=r+1

+ G(FY)X —0YV)FX —g(X,JY)C+ g(X,Y)FC.
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Replacing Y by &; to this and using the fact that F'§; = —V;, we get
(4.5)

D(X)V; =Y WX U+ > hi(X,6) Wy + 0(V)) X — uy(X)C.
k=1 b=r+1
Taking the scalar product with N; to this, we obtain (V})n;(X) = 0.
Taking X = &; to this equation, we have 6(V;) = 0 for all i. Taking the
scalar product with V; and W, to (4.5) and using 6(V;) = 0, we obtain
(4.6) hi(X,&) =0, hi(X, &) = €ad(Wa)u; (X).

Replacing Y by W, to (4.4) and using the fact that F'W, = 0, we have

Ap X =) R(X, Wo)Ui + > hi(X, Wa) W,
i=1 b=r+1
+ (W) FX — eqwa(X)FC.
Taking the scalar product with U; to this equation, we obtain
(4.7) hZ(X, Uz) = —Eag(Wa)m(X).
Taking X = & to (4.7) and also, taking X = U; to (4.6)2 and then,
comparing two resulting equations, we get 0(W,) = 0. As 6(W,) = 0,
we get
¢ _ s _
h_](X7§Z) =0, ha(Xagi) = 0.
Using these equations and the fact that 8(V;) = 0, Eq. (4.5) is reduced
to
w(X)Vj = —u;(X)C.
Taking the scalar product with ¢ to this, we have u;(X) = 0 for all
X € I'(TM). 1t is a contradiction to u;(U;) = 1. Thus there exist no
recurrent generic lightlike submanifolds of an indefinite Kaehler manifold

M with a semi-symmetric metric connection such that ( belongs to
S(TM). O

Definition 4.4. The structure tensor field F of M is said to be Lie
recurrent [7] if there exists a 1-form 9 on M such that
(L F)Y =9(X)FY,
where L, denotes the Lie derivative on M with respect to X, that is,
(L, F)Y =[X,FY]| - F[X,Y].

In case L F =0, we say that F' is Lie parallel. A generic lightlike sub-
manifold M of an indefinite Kaehler manifold M is called Lie recurrent
if it admits a Lie recurrent structure tensor field F'.
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Theorem 4.5. Let M be a Lie recurrent lightlike submanifold of an
indefinite Kaehler manifold M with a semi-symmetric metric connection
such that the characteristic vector field ¢ of M belongs to S(TM). Then
F' is Lie parallel,

Proof. Using the above definition, (2.9) and (3.11), we obtain
(4.8)  I(X)FY = —prX + FVy X — §(X,JY)C + g(X,Y)F¢

+Zu, AX+Zwa Y)A, X

a=r+1
—Zh‘XYU— Z he (X, Y)W,
a=r+1

Replacing Y by ¢; and also, Y by Vj to (4.8), respectively, we have

(4.9) —9(X)V; = Vy, X + FVe X +uj(X)C
—thxng— Z he (X, )W,
a=r+1
(4.10) HX)E = —VE.X + FVy, X + uj(X)FC
— th X, V))U Z hs (X, V)W,
a=r+1
Taking the scalar product with U; to (4.9) and N; to (4.10), we get

respectively. From these two equations, we get ¢ = 0. Thus F' is Lie
parallel. 0

Proposition 4.6. Let M be a Lie recurrent lightlike submanifold of
an indefinite Kaehler manifold M with a semi-symmetric metric connec-
tion such that the characteristic vector field ¢ of M belongs to S(TM).
Then 7;; and p;q satisfy 7;j 0 F' = 0 and p;, o F' = 0. Moreover,

7ii (X Z ur(X)g(Ay, Vi, Ni).
Proof. Taking the scalar product with N; to (4.9) such that X = W,

and using (2.11), (2.13)4 and (3.10), we get hi(U;,V;) = pia(&;). Also,
taking the scalar product with W, to (4.10) such that X = U; and using
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(38), we have hi(UZ, ‘/j) == *pia(fj)' Thus pia(é-j) =0 and hZ(UZ,VvJ) =
0.

Taking the scalar product with U; to (4.9) such that X = W, and
using (2.11), (2.13)2,4 and (3.10), we get eapia(Vj) = Agj(Us). Also,
taking the scalar product with W, to (4.9) such that X = U; and using
(2.13)2 and (3.8), we get €qpia(Vj) = —Ag;j(Ui). Thus pi(V;) = 0 and
Aaj(Us) = 0.

Taking the scalar product with V; to (4.9) such that X = W, and
using (2.13)2, (3.7)4 and (3.10), we obtain A, (V;) = —Aq;(Vi). Also,
taking the scalar product with W, to (4.9) such that X = V; and using
(2.13)2 and (3.9), we have \;;(V}) = Ag;(Vi). Thus we obtain Ay (V) =
0.

Taking the scalar product with W, to (4.9) such that X = ¢ and
using (2.7), (2.10) and (2.13)2, we get ht(V;, W) = A\ui(&;). Also, taking
the scalar product with V; to (4.10) such that X = W, and using (3.10),
we have h(V;, W) = —Xai(&5). Thus A\si(&5) = 0 and hi(V;, W,) = 0.

Summarizing the above results, we obtain
(4.11) pia(&5) = 0, pia(V3) =0, Xai(U;) =0, Aai(V;) =0, Aai(§;) =0,
ho(Us, Vi) = W5(Us, Wa) = 0, WiV, Wa) = i (V, Vi) = 0.
Taking the scalar product with V; to (4.8) and using (2.13)4, we have
(4.12) = 9(Vry X, Ni) + g(Vy X, U;) + 0(U;)g(X,Y)

n

+ > u(V)g(Ay X, Ni) + D eqwa(Y)pia(X) =0.
k=1 a=r+1

Taking X = ¢ and Y = Uj, to (4.12) and using (2.7) and (2.10), we
have

WUy, U;) = ni(Ay, &)-

As hﬁ are symmetric, from the last equation, we see that m-(ANI€ &) is
symmetric with respect to ¢ and k. From this result and (2.13)4, we
obtain

(4.13) 9(Ay, &5 Ni) =0, hi (Ug, V;) = 0.

Taking X = &; to (4.12) and using (2.7), (2.10), (4.11); and (4.13)1, we
get

(4.14) 5(X, Ui) = 7 (FX).



632 Jae Won Lee and Chul Woo Lee

Taking X = U; to (4.8) and using (2.12), (3.5), (3.7)1,2 and (3.8), we
get

Zuk AU-I—Zwa

a=r+1
(4.15) —ANZ.Y +m(Y)¢ + vi(Y)F¢ — F(Ay FY)
- ZTij(FY)Uj - Z pia(FY )W, = 0.
7j=1 a=r+1

Taking the scalar product with V; to (4.15) and using (2.11), (2.12),
(3.7)1, (4.11)¢ and (4.13)2, we obtain

Wi(X,U;) = —7i;(FX).
Comparing this equation with (4.14), we obtain
(4.16) 7ij(FX) =0, hA(X,U;) =0
Taking X = Vj to (4.12) and using (2.10), (3.9), (4.11)2 and (4.16)2, we
get
(X Z ur(X)g(Ay, Vi, Ni).
Taking the scalar product with U; to (4.15) and then, taking Y = W,
and using (2.11), (2.12) and (3.7)2, we have
(417) B (Wa,Uj) = eahy (Ui, Uj) = eahy (U, Us) = i (Uj, Wo).
Taking the scalar product with W, to (4.15), we have
capia(FY) = i (Y, Wa) + 0¥

n

+ Zuk W (Ui, Wa) + > eywy (V)i (U, W),
b=r+1

Taking the scalar product with U; to (4.8) such that X = W, and using
(2.11), (2.12), (2.13)4, (3.5), (3.7)2 and (4.17), we get

€apia(FY) = hi (Y, Wa) = 0(Wa)ni(Y)

= > (UL Wa) = > eqwp (V)i (Ui, Wa).
k=1 b=r+1

Comparing the last two equations, we obtain p;(FY) = 0. ]
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Theorem 4.7. There exist no generic lightlike submanifolds of an
indefinite Kaehler manifold M with a semi-symmetric metric connection

such that ¢ belongs to S(TM), V;(i = 1,--- ,r) are parallel with respect
to V and h(X,&) = 0 for any vector field X on M.

Proof. Assume that V;(i = 1,---,r) are parallel with respect to the
connection V and h$(X,&;) = 0 for any vector field X on M. Taking
the scalar product with W, to (3.9) and using A\, (X) = h(X,&) = 0,
we get

€af(Vi)wa(X) = 0(Wa)ui(X).
Taking X = W, and X = U; to this equation by turns, we obtain
(Vi) =0, O(Wa) = 0.
Taking the scalar product with V} to (3.9) and using §(V;) = 0, we have
hi(X, &) = 0.

Taking the scalar product with ¢ and N; to (3.9) by turns and using the
last two equations, we obtain

hi (X, F¢) = —ui(X), hi (X, Uj) = 0.
From these two equations, we have the following impossible result:
—6ij = —ui(Uj) = h{(U;, F¢) = hi(F¢,Uj) = 0.

Thus we have our theorem O

5. Indefinite complex space forms

Denote by R, R and R* the curvature tensor of the semi-symmetric
metric connection V on M and the induced linear connections V and V*
on M and S(T'M), respectively. Using the Gauss-Weingarten formulae,
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we obtain Gauss equations for M and S(T'M ), respectively:
(5.1) R(X,Y)Z=R(X,Y)Z

+ ) Ahi(X, 2)A,Y = WY, 2)A, X}
=1

+ 3 (X, 2)A,Y — by (Y. Z)A,, X}
a=r+1

+ Y A(VxB)(Y, Z) = (Vyh))(X, 2)
+ Z[Tji(X)hg(y, Z) - 1i(Y)h(X, 2)]

+ Z az hs Y Z) A Z(Y)h(SL(Xﬂ Z)]
a=r+1

— (XY, Z) + 0(Y)hE(X, Z)}N;

+ Y {(Vxh)(Y, Z) — (Vyhi)(X, Z)
a=r+1

+ Z pza hg Y Z pia(Y)hf(X, Z)]

+ Z Nba hs YZ) :uba(Y)h2<sz)]
b=r+1

—0(X)ha(Y, Z) + 0(Y ) hy(X, Z)} E,
(5.2) R(X,Y)PZ=R*(X,Y)PZ
+ Zr:{hj‘(X, PZ)ALY — hi(Y,PZ)A¢, X}

i=1
r

+ ) {(Vxhi)(Y,PZ) — (Vyhi)(X,PZ)
=1
+ Z T (Y)RE(X, PZ) — i (X (Y, PZ)]

9( VWE(Y, PZ) + 0(Y)hi(X, PZ)}&.
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Definition. An indefinite complex space form M(c) is a connected
indefinite Kaehler manifold of constant holomorphic sectional curvature
c;

c

(5.3) R(X,Y)Z = V. )X —9(X, 2)Y

+g(JY,2)JX —g(JX,2)JY +2g(X,JY)JZ},
where R is the curvature tensor of the Levi-Civita connection V on M.

By directed calculations from (1.2) and (1.3), we see that

+{(Vx0)(2) - 9(X, 2)}Y = {(Vy0)(2) - g(Y, 2)} X.

Taking the scalar product with & and N; to (5.4) by turns and then,
substituting (5.1) and (5.3) into the resulting equation and using (5.2)
and the facts that ¢(¢,&;) = g(¢, NV;) = g(¢, E,) = 0 and V is metric, we
obtain

(5.5) (Vxh‘f)(Y Z) = (Vyhi)(X, Z)

+ Z{T,W Vg (Y, Z) — mi(Y)he(X, Z)}

+ Z D (XRE(Y, Z) — Mai(V)RE(X, Z2)}
a=r+1

— 0(X)h{(Y, Z) + 0(Y)hi(X, Z)
— 9(X, 2RV, Q)+ g(Y, Z)h{(X,C)
= Hu(X)g(IY. 2) = us(Y)g(J X, 2) + 2u( 2)3( X, JY )},

(5.6) (Vxh’-‘)(Y PZ)— (Vyh?)(X, PZ)

- Z {rin(X)WL(Y, PZ) — 7 (Y)hi(X, PZ)}

- Z {ni(Y, PZ)ni(Ay X) = hi(X, PZ)n;(Ay Y)}
k=1

— > (Y, PZ)i(Ay, X) — hi(X, PZ)ni(A,,Y)}
a=r+1
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— O(X)hi(Y,PZ) + 0(Y)h(X,PZ)
— 9(X, PZ)h; (Y.C) + (Y, PZ)h}(X.C)

— (Vx0)(PZ)n:(Y) + (Vy0)(PZ)n;(X)

= (F+ D{g(Y, PZ)mi(X) — g(X, PZ)mi(Y)}

+ g{vi(X)g(JY, PZ) —vi(Y)g(JX,PZ) + 2v0;(PZ)g(X, JY)}.

Theorem 5.1. Let M be a Lie recurrent generic lightlike subman-
ifold of an indefinite complex space form M (c) with a semi-symmetric
metric connection such that ¢ belongs to S(T'M). Then ¢ =0, i.e., M(c)
is flat.

Proof. In case M is Lie recurrent. As 7;;(FX) = 0, from (4.14) we
get
(5.7) hi(Y,U;) = 0.
Applying Vx to this equation and using (3.8) and (5.7), we have

(Vxhi) (Y. Uj) = —hi(Y,F(A, X)) - ZH: Pia( X (Y, Wa)
a=r+1

— 0URL(Y, X) + 0 (X)hi(Y,€) + mi(X)hi (Y, FQ).
Substituting the last two equations into (5.5) such that Z = U;, we have
hf(Xa F(ANj Y)) - hf(Yv F(ANjX>)

— Y {pja(XDREY, Wa) — pja(Y)RE(X, Wa)}
a=r+1

+ > Da(X)R(Y,Up) = Aai(Y)R3 (X, Up)}
a=r+1

+ i (X)RE(Y, FC) =y (Y)BE(X, FC)
=S¥ )0 (0) = w0 (V) + 28,55(X, TY)}.

Taking X = ¢; and Y = Uj; to this and using (4.11)3 5 and (5.7), we get

g 3
(5.8) hi(& F(Ay UD)) + D pia(Unhi(&), Wa) = .
a=r+1

Replacing X by & to (2.10) and using (2.14); and the fact that h
is symmetric, we get h{(X,&;) = g(AZifj,X). From this result and
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(2.13)1, we obtain g(Ag &; + Azjfl-, X)=0forall X. As S(T'M) is non-
degenerate, we get Agiﬁj = —AZJ, &. Thus Agfj is skew-symmetric with
respect to ¢ and j.

On the other hand, taking Y = U; to (4.15), we have

ANj Ui=A,Uj.
Applying F to this equation, we have F(ANj U, = F(szi U;). Thus
F (ANi Uj) is symmetric with respect to ¢ and j. Therefore, we obtain
(5.9 B, F(AY,UD) = 9(AL&, F(A,, U)) = 0.
Also, from (2.13)9, (3.7)4, (4.11)4 and the fact that h is symmetric, we
get
(5.10)  hi(&, Wa) = eah(&. Vi) = €ahia(Vir§j) = = (Vi) = 0.
From (5.8)~ (5.10), we obtain ¢ = 0. O

Definition 5.2. A lightlike submanifold M is said to be screen con-
formal [5] if there exist non-vanishing smooth functions ¢; on U such
that

(5.11) hi(X,PY) = @;hf(X,PY), Vi
Theorem 5.3. Let M be a screen conformal irrotational generic
lightlike submanifold of an indefinite complex space form M (c) with a

semi-symmetric metric connection such that ¢ belongs to S(T'M). Then
c=0, ie., M(c) is flat.

Proof. Using (3.7)1,3 and (5.11), we get
Wo(X, Ui — @iVi) = — 0(V;)mi(X).
Replacing X by ¢; to this equation and using (2.14);, we have
(5.12) 0(Vi) = 0, WX, Us = ¢iVi) = 0.
If M is irrotational, then we have (2.15). Using (3.7)2 4 and (5.11), we
get
ha (X, Us — ¢iVi) = — €aB(Wa)mi(X).
Replacing X by &; to this equation and using (2.15)9, we obtain
(5.13) o(W,) =0, (X, U; — @ V) = 0.
Applying Vx to 8(V;) = 0 and using (2.15)1,2, (3.9) and (5.12);, we

obtain

(5.14) (Vx0)(V) = hi(X, FC) +ui(X).
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Applying Vx to hi (Y, PZ) = ¢;hi(Y, PZ), we have
(Vxhi)(Y, PZ) = (Xoi)hi(Y, PZ) + pi(Vxh) (Y, PZ).
Substituting this equation into (4.6) and using (4.5), we have
(Xei)hi (Y, PZ) = (Y i) hi(X, PZ)

= D {eimii(X) + 07 (X) + mi(Ay, X)Ih5(Y, PZ)
j=1

+ > Aeimi(Y) +ejmii (V) + mi(Ay, Y) (X, PZ)
=1

n

— S edpia XY, PZ) = pia(V)BA(X, PZ)}
a=r+1

— (VxO)(PZ)ni(Y) + (Vy6) (PZ)mi(X)
= (§+ D{m(X)g(Y: PZ) = ni(Y)g(X, PZ)}
+ i) = @iui(XOg(FY, PZ) ~ [oi(Y) = pii(V)]g(FX, PZ)
+ 2[vi(PZ) — piui(PZ)]g(X, JY)}.
Taking Y = & and PZ = Vj to this and using (2.15) and (5.14), we have

—(&p)hi (X, V) — hi(X, F¢)

+ > Aeimi(&) + 057 (&) +mi( Ay &) I5(X, V))

j=1
g 3
+ Y eapial&)G(X, V) = — 7 (X).
a=r+1
Taking X = U; + ¢;V; to this and using (5.12)2 and (5.13)2, we get
c=0 O

Definition 5.4. [1] We say that S(T'M) is totally umbilical in M if
there exist smooth functions +; on a coordinate neighborhood U such
that

(5.15) L (X, PY) = ~ig(X, PY), Vi.
In case v; = 0 on U, we say that S(TM) is totally geodesic in M.

Theorem 5.5. Let M be an irrotational generic lightlike submanifold
of an indefinite complex space form M (c) with a semi-symmetric metric
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connection such that ¢ belongs to S(T'M). If S(T'M) is totally umbilical
in M, then ¢ =0 and v; = 0, i.e., S(TM) is totally geodesic in M.

Proof. If S(T'M) is totally umbilical, then, from (3.7); and (5.15), we
have

Replacing X by &, Vi, Uy and ¢ to this by turns and using (2.14),, we
get

(5.16) 0(V;) =0, hi(Vi,Us) =0, hi(Uy,Us) = vi6k;, h5(Ui,¢) =0,
(5.17) R5(X, Us) = vy (X).

If M is irrotational, then we have (2.15). From (3.7)2 and (5.15), we
get

ha(X, Ui) = viwa(X) = 0(Wa)ni(X).

Replacing X by &;, Vi, U and ¢ to this by turns and using (2.15)2, we
have

(6.18) O(W,) =0, hy(Vi,U;) =0, hy(Ug,U;) =0, hg(Us;,¢) =0.

Applying Vx to 6(V;) = 0 and using (2.10), (2.15), (3.4) and (3.9), we
obtain

(Vx0)(V;) = hi(X, FC) + ui(X).

Taking X = F( to (5.17), we get hg(Ui, F(¢) = 0. Replacing X by U, to
the last equation and using the fact that hﬁ(UZ-, F() = 0, we obtain

(5.19) (Vu,0) (Vi) = 6.

Applying Vx to b} (Y, PZ) = ~,g(Y, PZ) and using (2.7), we obtain

(VXR)(Y,PZ) = (X7:)g(Y, PZ) +7i ) h5(X, PZ)n;(Y).
j=1
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Substituting this equation and (5.15) into (5.6), we have

(X3 = 3 2m(X) = [ + Um(X)}g(Y. P2)

— (Y7 = Y () = [ + Un(¥)}ho(X, PZ)
j=1

+ Z{Wb ) +mi(Ay Y)}hZ(X PZ)
-~ Z{%nj )+ mi(Ay, X)YhE(Y, PZ)

Z {hZ(Y7 PZ)ni(AEaX) - hZ(X’ PZ)ni(AEaY)}
a=r+1
— (VxO)(PZ)ni(Y) + (Vy ) (PZ)ni(X)

= Z{vi(X)g(FY,PZ)—vi(Y) (FX,PZ)+2v;(PZ)g(X,JY)}.

Replacing Y by & to this and using (2.15), (3.2) and (3.3), we have

(5.20) (@ = Y76 — [ + Udidg(X, P2)
j=1

= > {vibje + mi(Ay, &) Ih5(X, PZ)
j=1

- Z ni(AEa‘fk)hZ(XaPZ>

a=r+1
+ (Vx0)(PZ)di, — (Ve 0)(PZ)ni(X)

= g{vi(X)uk(PZ) +20i(PZ)uk(X)}-

Taking X = Up, and PZ =V}, and using (5.16)2, (5.18)2 and (5.19), we
have

- 3
(5.21) &vi — Y vimii (&) = 16Ok

Jj=1
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Applying Vx to g(¢,¢{) = 1 and using the fact that V is metric, we

obtain

(5.22) (Vx6)(C) = 0.

Taking X = Uy and Z = ( to (5.20) and using (5.16)4, (5.21) and (5.22),

we get 0(U;) = 0. As g(J¢,¢) =0, we see that g(F¢,() = 0. Thus

(5.23) 0(Us) = 0, 9(F'¢,¢) =0.

As 0(V;) = 0(U;) = 0(W,) = 0, we get J( = F'¢ € I'(S(T'M)). Applying

Vx to 8(U;) = 0 and using (3.8), (5.18); and (5.23), we obtain
(Vx0)(Ui) = 7ig(X, F¢) + vi(X).

Taking X = V; and X = Uj to this equation by turns, we obtain

(5.24) (Vv,0)(Ui) = 65, (Vy,0)(Us) = 0.

Taking X =V}, and PZ = U}, to (5.20) and using (5.16)2, (5.18)2, (5.21)
and (5.24)1, we have ¢ = 0. Thus M (c) is flat.
As m(ANj &) is skew-symmetric with respect to i and j by (2.13)3

and h?(Ui, Uk) is symmetric with respect to ¢ and j by (5.16)3, we see
that
(5.25) 0i(Ay, )5 (Ui, Ux) = 0.

As ¢ =0, Eq. (5.20) reduces

Y b+ mi(Ay GIRS(X, PZ) + Y mi(Ag, &) (X, PZ)
j=1 a=r+1
= {(Vx0)(PZ) = g(X, PZ)}ou. — (Ve 0)(PZ)ni(X).
Taking X = U; and Z = Uy, to this and using (5.16)3, (5.18)3, (5.24)2
and (5.25), we have v; = 0. Thus S(T'M) is totally geodesic in M. [

Theorem 5.6. Let M be a generic lightlike submanifold of an indef-
inite Kaehler manifold M (c) with a semi-symmetric metric connection
such that ¢ belongs to S(T'M) and U;s are parallel with respect to the
connection V. If either p;, = 0 or 7;; = 0, then ¢ = 0, i.e., M(c) is flat.

Proof. (1) In case pj, = 0. Taking the scalar product with W, to
(3.8), we get €,0(U;)we(X) — 0(Wy)vi(X) = 0. Taking X = W, and
X =V, to this result by turns, we have

(5.26) o(U;) = 0, o(W,) = 0.
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Taking the scalar product with U;, N;, ¢ and F( to (3.8) by turns and
using (3.6), (5.26) and the fact that g(F'¢,() = 0, we obtain
(5.27) g(Ay, X, N;) =0, hi (X,U;) =0,
g(F(Ay, X), Q) =uvi(X),  hi(X,¢) = ni(X).

Applying Vx to 6(U;) = 0 and using (3.8) and (5.27)3, we have
(5.28) (Vx0)(U;) = 0.

Applying Vy to (5.27)2 and using the fact that VyU; = 0, we have

(V) (Y,Uj) = 0.

Substituting this equation and (5.27)9 into (5.6) such that PZ = U; and
using (2.13)4, (5.27)1,2,4, (5.28) and the fact that p;, = 0, we have

c
70 (V)X =0 (X)0i(Y) +0i(Y ) (X) = 0i(X);(Y)} = 0.
Taking X = & and Y = Vj to this equation, we obtain ¢ = 0.

(2) In case 1;; = 0. Taking the scalar product with V; to (3.8), we
get O(U;)u;(X) — 0(V;)v;(X) = 0. Taking X = U; and X = V; to this
equation by turns, we have

(5.29) o(U;) = 0, o(V;) = 0.

Taking the scalar product with U;, N;, F'¢ and ¢ to (3.8) by turns and
using (3.6), (5.29) and the fact that g(F¢, () = 0, we obtain

I(F(AyX), O+ D 0(Wa)pia(X) = vi(X).

a=r+1
Applying Vx to 6(U;) = 0 and using (3.8) and (5.30)4, we have
(5.31) (Vx0)(U;) = 0.

Applying Vy to (5.30)2 and using the fact that VyU; = 0, we have
(Vxhi)(Y,U;) = 0.

Substituting this equation and (5.30)2 into (5.6) with PZ = U; and
using (5.30)1,3 and (5.31), we have

c
70 (V)X =0 (X)0i(Y) +0i(Y ) (X) = 0i(X);(Y)} = 0.
Taking X = & and Y = Vj to this equation, we obtain ¢ = 0. ]
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