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ON THE DEFECTS OF HOLOMORPHIC CURVES

Liu Yang and Ting Zhu

Abstract. In this paper we consider the holomorphic curves (or derived

holomorphic curves introduced by Toda in [15]) with maximal defect sum
in the complex plane. Some well-known theorems on meromorphic func-

tions of finite order with maximal sum of defects are extended to holo-

morphic curves in projective space.

1. Introduction

In this paper, we use the usual notation of Nevanlinna theory of holomorphic
curve. For detail, see [5,11,20]. Let f be a holomorphic curve from the complex
plane C into the n-dimensional complex projective space Pn(C) and let

f̃ = (f1, . . . , fn+1) : C→ Cn+1\{000}
be a reduced representation of f, where n is a positive integer. We use the
following notation:

‖f̃(z)‖ = (|f1(z)|2 + · · ·+ |fn+1(z)|2)
1
2 .

The Nevanlinna-Cartan characteristic function of f is defined as following:

Tf (r) =
1

2π

∫ 2π

0

log ‖f̃(reiθ)‖dθ − log ‖f̃(0)‖.

Remark 1.1. The above definition is independent, up to an additive constant,
of the choice of the reduced representation of f.

We suppose throughout the paper that f is transcendental, that is to say,

lim
r→∞

Tf (r)

log r
=∞

and that f is linearly non-degenerate over C, namely, f1, . . . , fn+1 are linearly
independent over C.
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We denote the order of f by ρf and the lower order of f by µf respectively:

ρf = lim sup
r→∞

log Tf (r)

log r
, µf = lim inf

r→∞

log Tf (r)

log r
.

It is said that f is of regular growth if ρf = µf .
For a vector aaa = (a1, . . . , an+1) ∈ Cn+1\{000}, we write

〈aaa, f̃〉 = a1f1 + · · ·+ an+1fn+1.

The proximity function mf (r,aaa) is defined as

mf (r,aaa) =
1

2π

∫ 2π

0

‖aaa‖ · ‖f̃(reiθ)‖
|〈aaa, f̃(reiθ)〉|

dθ,

where ‖aaa‖ = (|a1|2 + · · · + |an+1|2)
1
2 . Let nf (r,aaa) be the number of zeros of

〈aaa, f̃〉 in the disk |z| < r, counting multiplicity. The counting function is then
defined by

Nf (r,aaa) =

∫ r

0

nf (t,aaa)− nf (0, aaa)

t
dt+ nf (0, aaa) log r.

The Poisson-Jensen formula implies:

The First Main Theorem (FMT).

Tf (r) = mf (r,aaa) +Nf (r,aaa) +O(1),

where O(1) is a constant independent of r.
We call the quantity

δ(aaa, f) = 1− lim sup
r→∞

Nf (r,aaa)

Tf (r)

the defect of f with respect to aaa.
Let X be a subset of vectors of Cn+1\{000} in N -subgeneral position satisfying

#X ≥ 2N − n+ 1, where N is an integer such that N ≥ n. That is to say, for
any N + 1 vectors aaa1, . . . , aaaN+1 of X , the linear span of aaa1, . . . , aaaN+1 is Cn+1.
Put X0 = {aaa = (a1, . . . , an+1) ∈ X ; an+1 = 0}. We say that the set X is in
general position if N = n. The notations X and X0 were introduced by Toda,
for more details see [16,18].

Let ν(z) be the order of zero of 〈aaa, f̃〉 at z. Suppose that k is a positive
integer or ∞. We set

n
(k)
f (r,aaa) =

∑
|z|≤r

min{ν(z), k},

N
(k)
f (r,aaa) =

∫ r

0

n
(k)
f (t,aaa)− n(k)f (0, aaa)

t
dt+ n

(k)
f (0, aaa) log r,

and

δk(aaa, f) = 1− lim sup
r→∞

N
(k)
f (r,aaa)

Tf (r)
.
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Thus, δ(aaa, f) = δ∞(aaa, f) and it is easy to see that:

Remark 1.2. For any 0 < k ≤ ∞,

0 ≤ δ(aaa, f) ≤ δk(aaa, f) ≤ 1.

It is well-known that the following defect relation is easily obtained from the
fundamental inequality of H. Cartan [1] and E. Nochka [8].

The Truncated Defect Relation.

(1)
∑
aaa∈X

δn(aaa, f) ≤ 2N − n+ 1.

In [15], Toda introduced a sort of derivative to holomorphic curves which
possess similar properties to the derivative of meromorphic functions. We call
the holomorphic curve induced by the mapping

(fn+1
1 , . . . , fn+1

n ,W (f1, . . . , fn+1)) : C→ Cn+1

the derived holomorphic curve of f and express it by f∗.

Remark 1.3 ([15, Proposition 1]). The definition of derived holomorphic curve
f∗ of f does not depend on the choice of a reduced representation of f. When
n = 1, f∗ corresponds exactly to the derivative of the meromorphic function
f2/f1.

The main purpose of this paper is to investigate the properties of holomor-
phic curve f when f (or f∗) has maximum defect sum, that is, the equality in
(1) holds for f (or f∗) .

2. Holomorphic curves with order of integer

The properties of derivative of a meromorphic function with maximum defect
sum have been studied in depth, see [2–4, 10, 12, 19] and their references. For
example, Edrei [4] and Weitsman [19] proved:

Theorem A. Let f be a transcendental meromorphic function of finite order
ρ such that

δ(∞, f) = 1 and
∑
a∈C

δ(a, f) = 1.

Then f is of regular growth and ρ is a positive integer.

It is well known that there do exist meromorphic functions of order p
2 with

an odd integer p and satisfying
∑
a∈C δ(a, f) = 2. These interesting mero-

morphic functions offer a famous conjecture which is affirmed by D. Drasin
[2]. M. Ozawa [10] considered the meromorphic function whose derivative has
maximum defect sum and obtained:

Theorem B. Let f be a meromorphic function of finite order ρf such that∑
a∈C δ(a, f

′) = 2. Then ρf is a positive integer.
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The first result to extend Theorem A to holomorphic curves is due to Mori
[6]. See [7, 9, 14] for more results on holomorphic curves with maximal defect
sum. Moreover, Toda [16] also gave a generalization of Theorem A to holomor-
phic curves. Recently, Toda [18] weakened the condition treated in [16] and
obtained:

Theorem C. Let f be a non-degenerate holomorphic curve. Suppose that
ρf <∞;

(i) δ(eeei, f) = 1 (i = 1, . . . , n) and that
(ii)

∑
aaa∈X δ(aaa, f) = 2N − n+ 1.

Then f is of regular growth and ρf is a positive integer.

By the derived holomorphic curve introduced by Toda [15], we generalize
Theorem B to holomorphic curves.

Theorem 2.1. Let eeej , 1 ≤ j ≤ n + 1, be the standard basis of Cn+1. Suppose
that {eeei}ni=1 ⊂ X . Let f be a holomorphic curve of finite order ρf such that

(2)
∑
aaa∈X

δ(aaa, f∗) = 2N − n+ 1.

Then f is of regular growth and ρf is a positive integer.

The following example shows that there exists a set X in general position
which is uncountable.

Example 2.2. For each λ ∈ C, we set

aaaλ = (1, λ, λ2, . . . , λn).

It’s easy to obtain that {aaaλ;λ ∈ C} is a family of vectors in general position.
Indeed, take any n + 1 distinct numbers λ1, . . . , λn+1 ∈ C, we note that the
Vandermonde determinant∣∣∣∣∣∣∣∣∣

1 1 · · · 1
λ1 λ2 · · · λn+1

...
. . .

...
λn1 λn2 · · · λnn+1

∣∣∣∣∣∣∣∣∣ =
∏

1≤i<j≤n+1

(λj − λi) 6= 0.

Therefore, the set X = {aaaλ;λ ∈ C} ∪ {eeej ; 1 ≤ j ≤ n+ 1} is uncountable.

We now prove our first main result.

Proof of Theorem 2.1. Suppose that f̃ = (f1, . . . , fn+1) : C → Cn+1\{000} is
a reduced representation of f. Then there exists an entire function d(z) such
that fn+1

1 /d, . . . , fn+1
n /d and W (f1, . . . , fn+1)/d are entire functions without

common zeros for all. Then

(fn+1
1 /d, . . . , fn+1

n /d,W (f1, . . . , fn+1)/d)

is a reduced representation of f∗.
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We claim that all zeros of 〈eee1, f∗〉 have multiplicity at least n + 1, i.e., all
zeros of fn+1

1 /d have multiplicity ≥ n + 1. To this purpose, let z0 ∈ C be a
zero of the holomorphic function fn+1

1 /d.
Suppose first that d(z0) 6= 0. Then z0 is also a zero of fn+1

1 . We see at once
that z0 is a zero of fn+1

1 /d whose multiplicity at least n+ 1.
Suppose now that d(z0) = 0. Then z0 is a common zero of the functions

fn+1
1 , . . . , fn+1

n and W (f1, . . . , fn+1), and hence,

W (f1, . . . , fn+1)(z0) = f1(z0) = · · · = fn(z0) = 0.

Assume that ki (i = 1, . . . , n) and k are the zero multiplicities at z0 of fi (i =
1, . . . , n) and W (f1, . . . , fn+1), respectively. Then z0 is a zero of d with multi-
plicity which equals

min{(n+ 1)k1, . . . , (n+ 1)kn, k} = min{(n+ 1)ki0 , k},
where ki0 = min{k1, . . . , kn}. Thus, the zero multiplicity of d at z0 is greater
than or equal to (n + 1)k1 − (n + 1)ki0 = (n + 1)(k1 − ki0). It follows that
if k1 = ki0 , f

n+1
1 /d(z0) 6= 0, and if k1 > ki0 , z0 is a zero of fn+1

1 /d whose
multiplicity at least is (n+ 1)(k1 − ki0). The claim is valid.

Similarly, all zeros of 〈eeei, f∗〉 have multiplicity at least n+ 1 (i = 1, . . . , n).
It follows that

Nf∗(r,eeei) ≥
n+ 1

n
N

(n)
f∗ (r,eeei) =

(
1 +

1

n

)
N

(n)
f∗ (r,eeei)

for i = 1, . . . , n. Hence, we get

lim sup
r→∞

Nf∗(r,eeei)

Tf∗(r)
≥
(
1 +

1

n

)
lim sup
r→∞

N
(n)
f∗ (r,eeei)

Tf∗(r)

for i = 1, . . . , n. This, together with the definition of δ(eeei, f
∗) and the definition

of δn(eeei, f
∗), gives

(3) 1− δ(eeei, f∗) ≥
(
1 +

1

n

)
(1− δn(eeei, f

∗))

for i = 1, . . . , n.
From the condition (2) and Remark 1.2 we have for each aaa ∈ X ,

δ(aaa, f∗) = δn(aaa, f∗).

Then

(4) 0 ≤ δ(eeei, f∗) = δn(eeei, f
∗) ≤ 1 (i = 1, . . . , n)

by virtue of the condition {eeei}ni=1 ⊂ X . Thus, by (3) and (4) we obtain that

(5) δ(eeei, f
∗) = 1 (i = 1, . . . , n).

Combining (2) and (5) with Theorem C, we see that f∗ is of regular growth
and ρf∗ is a positive integer. Note the properties of f∗ that ρf∗ = ρf and µf∗ =
µf (cf. [18, p. 74]), f is also of regular growth and ρf is also a positive integer.
This completes the proof. �
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3. Characteristic functions of derived holomorphic curves

For a non-constant meromorphic function f on C, S. K. Singh and H. S.

Gopalakrishna [13] gave the lower bound of the quantity lim infr→∞
T (r,f ′)
T (r,f) by

the truncated defect sum.

Theorem D. If f is a non-constant meromorphic function of order ρf , then

lim inf
r→∞

T (r, f ′)

T (r, f)
≥
∑
a∈C

δ1(a, f),

where r → ∞ without restriction if ρf is finite and r → ∞ outside an excep-
tional set of finite measure if ρf =∞.

In [12], S. M. Shah and S. K. Singh got the relations between the character-
istics of a meromorphic function with maximum defect sum and its derivative.

Theorem E. Let f be a meromorphic function of finite order and assume that∑
a∈C δ(a, f) = 2. Then

T (r, f ′) ∼ 2T (r, f) as r →∞.

Our second main result is to improve Theorem D to holomorphic curve
case. As corollaries, we establish the relations between a holomorphic curve
with maximum defect sum and its derived curve from the point of view of
characteristics.

Theorem 3.1. Let f : C→ Pn(C) be a holomorphic curve of order ρf . Then∑
aaa∈X\X0

δ(aaa, f) ≤ 2N − n+ 1

n+ 1
lim inf
r→∞

Tf∗(r)

Tf (r)
+ (N − n),

where r → ∞ without restriction if ρf is finite and r → ∞ outside an excep-
tional set of finite measure if ρf =∞.

For the proof, we need the following lemma.

Lemma 3.2 ([17, Lemma 5]). For any aaa1, . . . , aaaq (2N − n + 1 < q < ∞) in
X\X0 and for r ≥ 1

q∑
j=1

mf (r,aaaj) ≤
2N − n+ 1

n+ 1
mf∗(r,eeen+1) + (N − n)Tf (r) + S(r, f).

Here and in the following, we denote by S(r, f) any term such that if ρf =∞,
S(r, f) = o(Tf (r)) (r →∞), possibly outside some set of finite measure, and if
ρf < ∞, S(r, f) = O(log r) (r → ∞). In particular, if f is transcendental and
of finite order, then we assume that S(r, f) = o(Tf (r)) as r → ∞ without an
exceptional set.
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Proof of Theorem 3.1. By the argument in [20, p. 29], the set {aaa ∈ X ; δ(aaa, f) >
0} is at most countable. Let {aaaj}∞j=1 be an infinite sequence of distinct elements
of X\X0, which includes every aaa ∈ X\X0 for which δ(aaa, f) > 0. Then

(6)
∑

aaa∈X\X0

δ(aaa, f) =

∞∑
j=1

δ(aaaj , f).

For any positive integer q, by Lemma 3.2 and FMT, we have
q∑
j=1

mf (r,aaaj) ≤
2N − n+ 1

n+ 1
mf∗(r,eeen+1) + (N − n)Tf (r) + S(r, f)

≤ 2N − n+ 1

n+ 1
Tf∗(r) + (N − n)Tf (r) + S(r, f).

Adding
∑q
j=1Nf (r,aaaj) to both sides and using FMT again, we have

q Tf (r) ≤ 2N − n+ 1

n+ 1
Tf∗(r) +

q∑
j=1

Nf (r,aaaj) + (N − n)Tf (r) + S(r, f).

It follows that

q ≤ 2N − n+ 1

n+ 1

Tf∗(r)

Tf (r)
+

q∑
j=1

Nf (r,aaaj)

Tf (r)
+ (N − n) +

S(r, f)

Tf (r)
.

Hence

q ≤ 2N − n+ 1

n+ 1
lim inf
r→∞

Tf∗(r)

Tf (r)
+

q∑
j=1

lim sup
r→∞

Nf (r,aaaj)

Tf (r)

+ (N − n) + lim sup
r→∞

S(r, f)

Tf (r)
.

(7)

From (7), the definition of δ(aaaj , f) and the definition of S(r, f) we get

(8)

q∑
j=1

δ(aaaj , f) ≤ 2N − n+ 1

n+ 1
lim inf
r→∞

Tf∗(r)

Tf (r)
+ (N − n),

where r →∞ through all values if ρf <∞, and r →∞ outside an exceptional
set (which is independent of the aaaj and q) of finite measure if ρf =∞.

Letting q →∞ in (8) and noting (6), we obtain that∑
aaa∈X\X0

δ(aaa, f) ≤ 2N − n+ 1

n+ 1
lim inf
r→∞

Tf∗(r)

Tf (r)
+ (N − n),

where r →∞ through all values if ρf <∞, and r →∞ outside an exceptional
set of finite measure if ρf =∞. �

In the case of N = n, we have the following corollary which is the extension
of Theorem D to holomorphic curves.
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Corollary 3.3. Let X be a subset of vectors of Cn+1\{000} in general position.
Let f : C→ Pn(C) be a holomorphic curve of order ρf . Then

lim inf
r→∞

Tf∗(r)

Tf (r)
≥

∑
aaa∈X\X0

δ(aaa, f),

where r → ∞ without restriction if ρf is finite and r → ∞ outside an excep-
tional set of finite measure if ρf =∞.

Corollary 3.3, together with the following lemma, improves Theorem E to
holomorphic curves.

Lemma 3.4 ([15, Lemma 3]). Let X be a subset of vectors of Cn+1\{000} in
general position. If f is a non-degenerate holomorphic curve, then

Tf∗(r) < (n+ 1)Tf (r)−N(r, 1/d) + S(r, f).

Corollary 3.5. If f : C→ Pn(C) is a holomorphic curve of finite order such
that

∑
aaa∈X/X0

δ(aaa, f) = n+ 1, then

Tf∗(r) ∼ (n+ 1)Tf (r) as r →∞.

Proof. We have
∑
aaa∈X\X0

δ(aaa, f) = n+ 1. So, we have, by Corollary 3.3,

(9) lim inf
r→∞

Tf∗(r)

Tf (r)
≥ n+ 1.

On the other hand, applying Lemma 3.4, we have

Tf∗(r) < (n+ 1)Tf (r) + S(r, f).

It follows that

Tf∗(r)

Tf (r)
< n+ 1 +

S(r, f)

Tf (r)
.

Hence

(10) lim sup
r→∞

Tf∗(r)

Tf (r)
≤ n+ 1.

Therefore, we have

lim
r→∞

Tf∗(r)

Tf (r)
= n+ 1.

Thus Corollary 3.5 is proved. �
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