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Abstract

In this paper, we propose the new time-varying coefficient GARCH-in-Mean model. The benefit of our model is to allow the risk-return 
parameter in the mean equation to vary over time. At the end of 2019 to the beginning of 2020, the world witnessed two shocking events: 
COVID-19 pandemic and 2020 oil price war. So, we decide to use the daily data from December 2, 2019 to May 29, 2020, which cover these 
two major events. The purpose of this study is to find the dynamic movement between risk and return in four major oil markets: Brent, West 
Texas Intermediate, Dubai, and Singapore Exchange, during COVID-19 pandemic and 2020 oil price war. For the European oil market, our 
model found a significant and positive risk-return relationship in Brent during March 26-April 21, 2020. For the North America oil market, 
our model found a significant positive risk return relationship in West Texas Intermediate (WTI) during March 12-May 8, 2020. For the 
Middle East oil market, we found a significant and positive risk-return relationship in Dubai during March 12-April 14, 2020. Lastly, for 
the South East Asia oil market, we found a significant positive risk return relationship in Singapore Exchange (SGX) from March 9-May 
29, 2020.
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for more return in order to compensate the higher risk, then 
he proposed that the risk and return relationship should be 
positive (Merton, 1973). 

From the end of 2019 to the beginning of 2020, we have 
two major crises, the COVID-19 pandemic and the 2020 oil 
price war, which affect directly the crude oil market. The 
new Corona Virus, called COVID-19, starts to spread from 
Wuhan, China, at the beginning of December 2019. The 
World Health Organization (WHO) announces COVID-19 
as a pandemic on March 11, 2020. During the COVID-19 
pandemic, almost every country decided to use the 
‘lockdown’ strategy – closing the whole country in order to 
stop the spread of the virus. Since many economic activities 
have had to stop, especially land and air travels, the demand 
for crude oil had dropped heavily. U.S. Energy Information 
Administration (2020) predicted that the demand for liquid 
fuels will drop from 100 million barrels per day to 80 million 
barrels per day in the second quarter of 2020. 

Since the demand for oil had been declining, OPEC’s 
leader, Saudi Arabia, wanted to sustain the price of crude 
oil by organizing a meeting between OPEC members and 
non-OPEC oil exporter countries, such as Russia, to lower 
the global oil production. However, the talk between Saudi 

1.  Introduction

Crude oil is one of the very important commodities that 
drive the world economy since it is one of the main energy 
sources that we rely on these days. The price of crude oil 
is determined by the power of demand and supply in the 
market. Even though, the crude oil price in the future market 
fluctuated much, it induces many investors to take a risk for 
a great return. Then, to study the risk-return relationship in 
crude oil market is one of the interesting topics in financial 
and economics fields. Merton’s intertemporal capital asset 
pricing model describes that the investor has always expected 
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Arabia and Russia failed on March 8, 2020. Then, both 
countries announced that they will produce more oil in the 
global market. In 2019, the oil production from Saudi Arabia 
and Russia accounted for 23% of the world market. The 
failure of the March 8, 2020 meeting led to the crude oil 
price falling heavily. So, it can be said that March 8, 2020, 
marks the beginning of the 2020 oil price war.

The price of crude oil in the beginning of 2020 has been 
fluctuating due to the timeline of COVID-19 pandemic 
and the oil price war. Then, the question is: “What will the 
risk-return relationship be during these crises?” One of the 
workhorses for the risk-return study is the GARCH-in-Mean 
model (Engle et al., 1987). GARCH-in-Mean model has 
been used heavily to study the risk-return relationship in 
stock markets around the world (Nguyen & Nguyen, 2019; 
Sahadudheen, 2015). However, the risk-return relationship 
parameter that GARCH-in-Mean provides is a time-invariant 
parameter. So, it would be productive if we have a model 
that can provide the risk-return relationship parameter that 
is allowed to change over these crises. In the nutshell, our 
paper proposes the new time-varying coefficient GARCH-
in-Mean Model using GAM method to study the risk-
return relationship in four major crude oil markets during 
COVID-19 pandemic and 2020 oil price war.

This paper is organized as follows: section 2 describes 
the literature review; section 3 presents the model; section 4 
describes the data; section 5 shows the results; the summary 
is presented in the last section.

2.  Literature Review 

To understand the risk-return relationship in crude oil 
market is one of the interesting topics for the researcher. 
However, the results of this topic are still inconsistent, and 
may depend on the time period, the length of the data sets, 
and the models used. Some papers report that the risk and 
return have a positive relationship, while other studies report 
a negative relationship.

Cifarelli and Paladino (2010) found a positive risk return 
relationship on WTI crude oil spot price from October 6, 1992, 
to June 24, 2008, by using GARCH-in-Mean model. Gong et 
al. (2017) reported a positive contemporaneous relationship 
between risk and return of WTI crude oil between January 
1998 and April 2014. However, they found a negative and 
insignificant intertemporal risk-return relationship. Cotter 
and Hanly (2010) applied the GARCH-in-Mean model to 
study the risk-return relationship of Unleaded Gasoline in 
NYMEX from February 19, 1992, to October 29, 2008, 
and found that the relationship between risk and return 
is positive. Abduikareem and Abdulhakeem (2016) also 
used the GARCH-in-Mean model and found a positive 
relationship of risk and return in Nigerian crude oil market 
between January 1987 and June 2017. In addition, Deebom 

and Essi (2017) found a negative effect of asymmetric term 
in volatility equation on Nigerian crude oil market.

On the other hand, Li et al. (2013) reported a negative 
intertemporal relationship between risk and return by using 
GARCH-in-Mean model on the oil future price data from 
U.S. Energy Information Administration (EIA) from April 4, 
1983, to February 28, 2012. Trolle and Schwartz (2008) also 
found a negative relationship between risk and return of 
NYMAX crude oil between January 2, 1996, and November 
30, 2006. Moreover, Kristoufek (2014) reported a negative 
relationship between return and volatility risk of Brent and 
WTI crude oil. 

In summary, the inconsistence of the studies may come 
from the special events, such as economics crisis and war 
that happen during the period of the dataset in their studies. 
Unfortunately, GARCH-in-Mean model can provide only 
time-invariant parameters, which cannot be varied to account 
for special events. So, it is the main purpose of this paper to 
present the new time-varying coefficient GARCH-in-Mean 
model that can provide the risk-return parameter that can be 
changed over time. Moreover, we apply our new model to 
study the risk-return relationship in four major oil markets 
from December 2019 to May 2020 marked by two special 
events, COVID-19 pandemic and 2020 oil price war, that 
heavily affected oil markets around the world.

3.  Research Methods

3.1.  Model 

One of the popular models that can capture the 
relationship between risk and return is GARCH-in-Mean 
model proposed by Engle et al. (1987). The model allows 
for the conditional variance to be varied over time, which is 
called the heteroskedasticity condition, and the model treats 
the conditional variance as the risk of the asset we want to 
study. Equation (3) shows the variance equation in the form 
of Bollerslev (1986)’s GARCH (1,1) in which the conditional 
variance or risk (ht) depends on one lagged period of squared 
shock ( )2

1−εt  and one lagged period of risk (ht −1) itself. 
Equation (1) shows the mean equation which capture the 
contemporaneous relationship between return (rt) and risk (ht).

	 rt = c + γht + εt� (1)

	 ε ξ=t t th � (2)

	 2
1 1t t th hω αε β− −= + + � (3)

where rt is the returns, ( )1| 0t t− = ε , ( )2
1| tt t h− =ε , ht is the 

conditional variance or risk and ξt ∼ i. i. d. (0, 1)
The drawback of traditional GARCH-in-Mean model 

is that the parameters (c, γ) in the mean equation which 
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captures the risk return relationship are time-invariant. So, 
it means that over the period of the data that we put in the 
model, the relationship between risk and return will be fixed. 
The challenge arrives when we have special situations, such 
as the 2020 oil price war between Saudi Arabia and Russia 
and COVID-19 pandemic, which the risk-return relationship 
may change over time.

Our paper proposes the new time-varying coefficient 
GARCH-in-Mean model by allowing the parameters (c, γ) in 
the mean equation to be varied over time, while the variance 
equation is still in the form of GARCH (1,1). So, equation 
(1) will be changed to the following equation.

		      rt = ct + γt ht + εt� (4)

Since, the return (rt) series come directly from the data set, 
if we can estimate the risk (ht), then we can easily estimate 
the time varying parameters (ct γt) by using the Generalized 
Additive Model (GAM) from Hastie and Tibshirani (1990) 
and Wood (2006). GAM uses the technique of non-parametric 
smooth function, which is based on regression splines. To 
understand how to estimate the time-varying coefficient, 
we simplified the model to have only one time-varying 
coefficient to be estimate as it is shown in the following 
equation (Bringmann et al., 2017).

		          rt = ct + εt� (5)

The time-varying coefficient (ct) can be estimated by 
using regression splines method as the following equation.

( ) ( ) ( ) ( )1 1 2 2 3 3t̂ K Kc R t R t R t R t= + + +…+   α α α α � (6)

After choosing the type of basis function R() and the 
number of basis function (K), we can estimate t̂c by using 
a simple linear regression. For the easiest example, a 
polynomial with order 4 can be used as the basis function, 
then we have R1(t) = 1, R2(t) = t, R3(t) = t2,  R4(t) = t3, R5(t) = t4,  
 (Wood, 2006). We can call this method as a data driven 
approach, since each basis function can be calculated from 
the data. The coefficient ( ) that we estimate from equation 
(6) can be either linear or non-linear shape which is depended 
on time. In our paper, we use a thin-plate regression splines as 
the basis function in the model since it is the default setting in 
the R program package names “mgcv”. Thin-plate regression 
splines offer some advantage since it doesn’t need to provide 
the knot locations and it performs very well when we put 
more independent variables into the model (Wood, 2003). 

	       [ ] [ ]2 2

1

T

t t t
t

y c c" dt
+∞

−∞
=

− + λ∑ ∫ � (7)

The equation (7) can be minimized in order to get the 
optimal value of time-varying coefficient ( t̂c ). Equation (7) 
has a smoothing parameter λ which will balance between the 
linear least square term on the left and the wiggliness penalty 
term on the right. The value of a smoothing parameter λ will 
affect the shape of time-varying coefficient ( t̂c ). In the case 
that the value of λ is high, the wiggliness penalty will be 
large, then the time-varying coefficient ( t̂c ) will be a linear 
line. On the other hand, if the value of λ is low, the wiggliness 
penalty will be small, then the time-varying coefficient ( t̂c ) 
will be a non-linear line. Then, it comes to the next question, 
how to get the optimal value of a smoothing parameter λ.

	       ( )
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From Wahba (1980) and Wood (2006), the value of λ 
which provides the minimum number of the generalized 
Cross Validation (GCV) score in equation (8), will be the 
optimal value. By performing equation (6), (7) and (8) 
together, we will get the optimal value of the time-varying 
coefficient. 

The simple model in equation (5) can be easily extended 
to include more independent variables and time-varying 
coefficients (Wood, 2006). Time-varying model using 
GAM approach becomes more popular in the field of 
time-series econometrics. Bringmann et al. (2017) applied 
time-varying coefficient model using GAM approach 
to the autoregressive model to study in psychology area 
while Hongsakulvasu and Liammukda (2020) used time-
varying coefficient autoregressive model to study Asian 
stock markets. In additional, Haslbeck et al. (2017) applied 
time-varying coefficient model using GAM approach to the 
Vector Autoregressive model. However, our paper is the 
first to apply time-varying coefficient model using GAM 
approach to the GARCH-in-Mean model. Then, our time-
varying coefficients GARCH-in- Mean model is shown in 
the following equations. 

		    rt = ct + γt ht + εt� (9)

		      ε ξ=t t th � (10)

		  2
1 1t t th h− −= + +ω αε β � (11)

where  is the returns, ( )1| 0t t− = ε , ( )2
1|t t th− =ε , ht is the 

conditional variance or risk and  ξt ∼ i. i. d. (0, 1)
In equation (11), the variance equation follows 

GARCH(1,1) process, which assumes εt to have a normal 
distribution Engle (1982). However, the studied of Nelson 
(1991) reported a thick tail distribution of εt. Then, we 
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decide to follow the studies of Li et al. (2005) and Linton 
and Perron (2003) to assume εt to follow a Generalized Error 
Distribution (GED), which has a great benefit on cover the 
thick tail pattern in the distribution 

In equation (9), the time-varying coefficients (ct, γt) 
cannot be estimated without knowing the series of. ht 
However, ht, which depends on the GARCH process in 
equation (11), cannot be estimated without knowing the 
lagged of error term (ε). Finally, we cannot get the lagged of 
error term (ε) without knowing the time-varying coefficients 
in the mean equation.

In order to solve this problem, we apply the iterative 
estimation from Conrad and Manmen (2008). Our estimation 
procedure is described in the following steps. 

Step 1: Perform the traditional GARCH-in-Mean to get 
the initial value of ( )0

t̂h .
Step 2: Regress  rt on ( )0

t̂h  by using GAM approach 
to estimate the time varying coefficients, ( )ˆ i

tc  and ( )ˆ i
tγ and, 

consequently, we can get ( )ˆ i
tε .

Step 3: Perform GARCH (1,1) on ( )ˆ i
tε  to get the parameter

( )ˆ i
tω , ( )ˆ i

t α , ( )ˆ i
tβ  and the updated value of ( )ˆ i

th .
Step 4: Repeat step 2 and 3 for a finite fixed number of 

iterations or until convergence.
In our study, the estimation algorithm is very stable and 

the convergence is quite fast in which less than 10 iterations. 
The following equation is a convergence criterion, which we 
apply it from Conrad and Manmen (2008).

	     ( )
( )
( )

21
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21
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t tt

T k
tt

y y
k c

y c

−

=

−

=

−
Γ = <
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where k = 1, …, K are the number of iterations,  ˆˆ ˆk k k k
t t t ty c h= + γ  

and c  is some small prespecified in which we follow Conrad 
and Manmen (2008) to choose 0.001=c .

3.2.  Data Description 

In this paper, we study the risk-return relationship in three 
major crude oil markets, which are West Texas Intermediate 
(WTI), Brent, and Dubai, and one Asian fuel oil market in 
Singapore Exchange (SGX). For the three crude oil markets, 
we have price unit in US dollar per barrel while, in the SGX 
market, we have a unit of price in US dollar per metric ton. 
For Brent and Dubai, we use the crude oil future on June 
2020 contract, while for WTI we use the crude oil future on 
July 2020 contract. 

All of the data sets are obtained from Bloomberg. We use 
the daily data from December 2, 2019, to May 29, 2020. The 
reason to use the data over this period is because it covers 
the important events of COVID-19 pandemic and 2020 oil 
price war. COVID-19 started to spread in Wuhan, China, 

on December 2019. WHO declared COVID-19 a Public 
Health Emergency of International Concern (PHEIC) on 
Jan 30, 2020. And the international organization declared 
COVID-19 a pandemic on March 11, 2020. In addition, the 
2020 oil price war had started on March 8, 2020, following 
the break-up of negotiations between OPEC and Russia. The 
price of oil in WTI fell into negative price for the first time 
in recorded history on April 20, 2020.

The price on each market are converted to the return by 

using the formula: 
1

ln
−

 
=  

 
t

t
t

p
r

p
before put into the model. 

The price and return of crude oil in all four markets are 
presented in Figure 1 with the vertical blue dot line indicating 
the opened market day after the oil price war had started on 
March 8, 2020.

4.  Results

In this section, we provide the study results of the risk-
return relationship in the four major oil markets – Brent, 
Dubai, West Texas Intermediate (WTI), and Singapore 
Exchange (SGX). 

Firstly, we perform the traditional GARCH-in-Mean 
model in order to compare with our time-varying coefficient 
GARCH-in-Mean model. The variance equation of the 
traditional model follows GARCH(1,1) process and assumes 
the error term to have follow a Generalized Error Distribution 
(GED), which allows to have a thick tail in distribution. 
The results on the traditional GARCH-in-Mean model are 
shown in Table 1. For the risk-return parameter, γ we found 
a significant negative relationship between risk and return 
in Brent, Dubai, and SGX. However, for WTI, we found a 
significant positive relationship on risk and return. For the 
constant term, c, we found a strongly significant positive 
number in all four markets. However, the constant term, 
c, in all data sets is very small and close to zero. For the 
parameters in the variance equation (ω, α, β), the parameter, 
ω, is significant in all markets. The parameter α and β are 
also strongly significant in all cases, with the large value of 
β and the sum of α and β close to one, which is standard 
(Christensen et al., 2012).

Secondly, we perform our time-varying coefficient 
GARCH-in-Mean model and the results are shown in Figure 
2 and Table 2. Unlike the traditional GARCH-in-Mean 
model, the coefficients in the mean equation, rt = ct + γt ht + εt, 
of our model can be varying over-time. Our estimated time-
varying coefficients (ct, γt) and the 95% confident interval 
are shown in Figure 2. The left column of Figure 2 is the 
estimated time-varying coefficient ct, while the right column 
is for γt. Each rows of Figure 2 represents oil markets.
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Figure 1: The price and return of oil in 4 major markets; Brent, Dubai, West Texas Intermediate (WTI) and Singapore 
Exchange (SGX) during December 2, 2019 to May 29, 2020.
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For the parameter ct, we found a significant and negative 
value in all four markets, which are contrary to the results 
of the traditional GRACH-in-Mean model. The parameter 
ct,  in Brent is negative and significant from February 12 to 
April 20, 2020. For Dubai, ct is negative and significant from 
February 11 to April 24, 2020. For WTI, ct is negative and 
significant from February 26 to April 5, 2020. For SGX, ct is 
negative and significant from February 3, 2020.

For the risk-return parameter, γt, we found the results 
contrary to the traditional GARCH-in-Mean model on 
Brent, Dubai, and SPG market, while we found the same 
positive relationship on WTI. For the Brent crude oil 
market, our model found that there is a significant positive 
risk-return relationship between March 26 and April 21, 
2020. For the Dubai crude oil market, our model found 
that there is a significant positive risk-return relationship 
between March 12 and April 14, 2020. For the WTI crude 
oil market, our model found a significant positive risk-
return relationship between March 12 and May 8, 2020. 
For the SGX oil market, our model found that there is a 

significant positive risk-return relationship from March 9, 
2020.

The results from our time-varying coefficient GARCH-
in-Mean model are very interesting because they show 
that the risk and return are positive after the oil price war 
started in March 8, 2020. Before the oil price war, there is 
no risk-return relationship in all four markets. The positive 
risk-return relationship remains only a month and then, after 
the volatility or risk become lower in the end of April and 
the beginning of May, the risk-return relationship become 
insignificant. So, we can conclude that, in a normal situation, 
there is no risk-return relationship in crude oil market, but 
there is a positive risk-return relationship during the oil price 
war.   

For the estimated parameters in the variance equation 
of our model, which follows GARCH(1,1), processes are 
shown in Table 2. The parameter ω is insignificant in all 
markets. The parameters α and β are also strongly significant 
in all cases, with the large value of β and the sum of α and 
β close to one, which is standard (Christensen et al., 2012).

Table 1: Estimation results from the traditional GARCH-in-Mean model

Coefficient Brent Dubai WTI SGX

c 0.002513***
(0.000142)

0.002395***
(0.000085)

0.000862***
(0.000015)

0.005979***
(0.000275)

γ -0.172801***
(0.040032)

-0.315754***
(0.052497)

1.668859***
(0.031063)

-2.751739***
(0.091287)

ω 0.000047***
(0.000014)

0.000047***
(0.000018)

0.000058***
(0.000006)

0.000047***
(0.000003)

α 0.33327***
(0.06269)

0.314565***
(0.045173)

0.385811***
(0.013494)

0.120231***
(0.005668)

β 0.66573***
(0.043623)

0.684434***
(0.044523)

0.613189***
(0.022602)

0.846922***
(0.020714)

Note: rt = c + γ ht + εt, 
2

1 1t t th h− −= + +ω αε β .The robust standard errors are reported in parenthesis. Asterisks indicate statistical significance at 
the 10% (*), 5% (**) or 1% (***) level.

Table 2: Estimation results of conditional variance equation from Time-varying coefficient GARCH in Mean Model

Coefficient Brent Dubai WTI SGX

ω 0.00004
(0.000029)

0.000046
(0.000036)

0.000049
(0.000029)

0.000043
(0.000041)

α 0.2522**
(0.108126)

0.269232***
(0.104519)

0.233053***
(0.06288)

0.127782**
(0.058493)

β 0.74681***
(0.11208)

0.729768***
(0.11341)

0.765947***
(0.064901)

0.832703***
(0.078133)

Note: Time-varying coefficient GARCH in Mean Model: rt = ct + γt ht + εt, ω αε β2
1 1t t - t -h = + + h . The robust standard errors are reported in 

parenthesis. Asterisks indicate statistical significance at the 10% (*), 5% (**) or 1% (***) level.
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Note: The solid black line are the estimated time varying coefficients and the dot black lines are the area of 95% confident 
interval. Time-varying coefficient GARCH in Mean Model: rt = ct + γt ht + εt, ω αε β2

1 1t t - t -h = + + h .
Figure 2: The estimated Time-varying coefficients (ct, γt) of the Time-varying coefficient GARCH in Mean Model.
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Lastly, in order to compare the performance of our 
time-varying coefficient GARCH-in-Mean model and the 
traditional GARCH-in-Mean model, we use the goodness of 
fit measures from Christensen et al. (2012) as is shown in the 
following equations.

	 ( ) ( )2

1
ˆˆ1 T

t t t tt
MSE mean r c h

T =
= − −∑ γ � (13)

( ) ( )1

22ˆ ˆˆ1
t t t t

T

t tMSE variance r c h h
T =

 = − − −  ∑ γ � (14)

The results on the goodness of fit are shown in Table 3.  
Our time-varying coefficient GARCH-in-Mean model 
provides the lower value of and than the traditional GARCH-
in-Mean model in all cases. So, it means that, to have the 
time-varying coefficients in the mean equation performs 
better than the traditional one. 

5.  Conclusion 

In this paper, we propose the new time-varying coefficient 
GARCH-in-Mean model to study the risk and return 
relationship in four major oil markets during the COVID-19 
pandemic and 2020 oil price war. Unlike the traditional 
GARCH-in-Mean model, in which the risk-return parameter 
is time invariant, our new model allows the coefficients in 
the mean equation to vary over time. After applying our 
new model to study the risk-return relationship in Brant, 
Dubai, WTI, and SGX, we found that, even though the 
COVID-19 started to spread around the world in December 
2019, there was no risk-return relationship from December 
2019 to the beginning of March, 2020. However, after the oil 
price war started in March 8, 2020, we found a positive and 
significant risk-return relationship in all four markets, but 
the relationship remains only a month and then disappeared 
with the reduction in market volatility. Finally, we show that 

our new model performs better than the traditional GARCH-
in-Mean model. 
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