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Partial AUC using the sensitivity and specificity lines
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Abstract

The receiver operating characteristic (ROC) curve is expressed as both sensitivity and specificity; in addition,
some optimal thresholds using the ROC curve are also represented with both sensitivity and specificity. In
addition to the sensitivity and specificity, the expected usefulness function is considered as disease prevalence
and usefulness. In particular, partial the area under the ROC curve (AUC) on a certain range should be
compared when the AUCs of the crossing ROC curves have similar values. In this study, partial AUCs rep-
resenting high sensitivity and specificity are proposed by using sensitivity and specificity lines, respectively.
Assume various distribution functions with ROC curves that are crossing and AUCs that have the same
value. We propose a method to improve the discriminant power of the classification models while comparing
the partial AUCs obtained using sensitivity and specificity lines.
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1. Introduction

2 A= Y5t Boky #HAM F HEE 2T & = 2 (disease, positive; d)3} A/ (normal,
negative; n)¢l I @A (subject)oll thet EFEEE EFole ATFE

o] RopllA ZyA ARSE™ H7RF vu ¥ HEAAES AR dxFd W
I} (performance) & 7|¥Fo 2 EFZ 2} (classifier Z} & g

2 receiver operating characteristic (ROC) 41& 183t} ROC =42
2 o =3= u]&(false positive rate; FPR) (1 — specificity) 2} AA] 23 Y
+ W& (true positive rate; TPR) (sensitivity)= 2zt £33} 235 FAx2 239
Zweig®} Campbell, 1993; Greiner 5, 2000; Tasche, 2006). ROC ZAlo] o3t P& &Hs= F
Ao g ROC 249 o}efe] WAL UeEhHE area under the ROC curve (AUC)ES wo] AR23tct,
a8 Ak £ oA EREFHY AsS vaE w= £& AUC (partial AUC; pAUC)E ©]
g3ttt} (Centor, 1991; Jiang 5, 1996; Bradley, 1997; Swets %, 2000; Fawcett, 2003; Krzanowski2}
Hand, 2009).

ROC SAoIA F RE Alole] Bde g kst AA%E 257 (optimal threshold) & 7312 th
&k HH O 2 ‘closest to point(0,1)’ (Perkins®} Schisterman, 2006), Youden A<= (Youden, 1950),
sum of sensitivity and specificity (Koepsell?} Connell, 1985), accuracy area (Brasil, 2010) 5]
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Figure 1.1. ROC curve and expected utility.
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(Irwin®} Trwin, 2012; Dodd®} Pepe, 2003). ©]23F BHHEL 97 7T (sensitivity) 2} So
specificity) THS HFd e 8 A E (disease prevalence) ¥} 22 44 235 183HA] g1} (So

, 1988). therA el ¥i¥ o g Subtil®} Rabilloud (2015) AHET} EHF2HE 24T ¢+ = 3
(utility, benefit)S 1 &3 5 WS Al skAch

=230 AFE A st = e ARZA] 2x2 &5 (confusion matrix) 2 YeREH| Zt
true positive (TP), false positive (FP), false negative (FN), true negative (TN) 2.2 A=t}
FEo| 7z 7ol 53 &8-S YEPd 839 (utility matrix) 2 EHE 4= glom o] o33}
2 AEF 280y Upp s} Upn2 S8 F S80It

‘_7‘;‘/\]-(d1agnost1c test)ol] T2 &2 ¥ 2] 7|t &8 (expected utility, expected ben-
t HEFHolu, Sox 5 (1988)0] A<+t &g L@E% Ups 2713 7lulgg
el 7 7ol BT BET TS FAA B A (L1)3} 2o] eI eh
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EU(t) = Uo + sen(t)mUrp + (1 — spe(t))(1 — m)Urp + (1 — sen(t))mUrn~ + spe(t)(1 — 7)Urn
NC 11—
x {sen(t) — {@ X T} (1 —spe(t)) ¢, (1.1)
o714 sen(t) %t spe(t)< 74 toll he WA=} Sol=8 247 e, ne AWECITh. 18X
e A¥Ler E£R7dke 18 (net cost; NC)& Urn — Urpoln], A& AWor FRdte o
9] (net benefit; NB)= Urp — Upn O] BZ NC/N = =8]8} 5ol o] T3t 2 = (odds)ZE 34 sict.
21 (1.1)S Hugsle= FHEFAE toe S W3} (Subtild} Rabilloud 2015, Equation A4).

f

ol

EU(to) = max{sen(t) — S(1 —spe(t))}, (1.2)

047]” S = NC/NB x (1 —«)/moltt. HARFHS ot 41 FolAl ©ol AH3H= Youden A

= ROC =43} thzHA (chance line)? o) A&, J = max{(sen(t) — (1 — spe(t))}olH o=
ROC —-—/\401] T3} Figure 1.1(a)2} 2t} =, Youden A= A (1.2)9] 7|t R-&3H5o|A] 7]27]
S = ZFoltt. wakA 7t &89 A AFEH, Figure 1.1(b)°} Zo] 71&7]7F S 7|[HHE
& z—‘.ﬂ‘i-"]' ROC 47e] A Al 27k 2 off 7 28] HAhspe 2L o]o] th§sh= /%S 3
AREH o7 A3t (Metz 1978).
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ROC %4 Edjo] F 6528 L W o, T ROC F4o] AT Hthdl, 2 AUCS pAUC
e e ZEYo] Aol 94 2 /NEse BT BUY 4 ek Tet F ROC 3
Aol WATHE Aol T AZRPe] vmt TASNA e 5HT WSl thste] A Holof Tt

(McClish, 1989; Dodd$} Pepe, 2003). ol& ZA|E s 23}7] $38ted Subtild} Rabilloud (2015)&

ROC FAo 17=9} Solx AME nEste], & Solx T+ WHEE zhe W9l tigk ROC F

AelAe] pAUCE &3t AER P9 A vl S A% AAE 53 Altstdct

E AP ROC FAE] mAsta fFAGE AUC e 71 B85 hd5S vwslr) YA,
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ROC 413} Z47+e] Aadof osff 27w = pAUCe thaff A 3strt. Samawi 5 (2017)°] A| A8 ROC
FAE0] wAstAL FARRE AUC g2 7H B E< £33 bge BxdeE 2Asto], 3-0lAe

SolE A4 2ol 4dol e URE A4S wEo s T pAUCE WLsluA BEde Gag,
7}

A 9= =
5AAE ) 239 AL IARE Hlgo 2 ROC 2AL 7381, Solws} nizgs A 47
3to] pAUCE T3kl A%} vix 9t 6 Z o= A8 F 2310 &8 | tiste] E&stc}

ERFL B nel EFe T8-S WYAF|I o] E&o] AAIX o N A F 7%
7HeE AR gt

7H8 1 RE BRAE Ao R s A9

744 2: BE JPAS Ao AT B

7]’@ 101]/\1}5 ?_17\:}-1‘:— =0 la]—l_—’- %O]_‘:—'_ = 1O]E§ 7]‘:]1—'—6’.—%% E)[JtreatfnobodyE §§6}1> 7]'3:4) 201]*‘1

T RAE =1 383 5% = 0°|2E 7[HEES EUtearan® WEFATE A (1.1)9] 7|tHES T
2 7} 713 tiste] Aelshd 4] (2.1)3} 2t} (Subtils} Rabilloud, 2015).

EUtreat—nobody =0
NC 1-m

EUtreat—all =1- @ X -

A (L)Y 7TNESTTE EU(t) = EUtest-based (t) 22 EHEH, o] 7|tf&8o] 74 13} 29] 7]
JERHETH =& g2 7HA wjo §&3 o= 23 o)t} (Vickers? Elkin 2006). A, 7+ 10419
7B R} ASEYE & E0] 2 (F, EUtest-based (t) > EUtreat-nobody), sen(t) > S(1 —
spe(t)) L2 VYehH, of7]14 A sen(t) = S - (1 — spe(t)) Eo|= A (specificity line) 22 A2
Sttt T3 71 200419 7RG HT} SR 7B R o] =2 A= (F, EUtest-basea(t) >
EUtreat-an), sen(t) —1 > S(1 —spe(t) — 1) 22 Yehp, o] 7|4 2 A sen(t) = —S5 - spe(t) + 1+ 9
7% A A (sensitivity line) 22 A2 &+ th (Subtil®} Rabilloud 2015). Z,

=1-S (2.1)

A

o] A: sen(t) = S - (1 —spe(t)),

A: sen(t) = —S - spe(t) + 1,
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Figure 2.1. ROC curve with specificity and sensitivity lines.

3714 Eol= FAL2 ROC A9 93 (0,0)S S33ta 7|27 S FAAoH, vizt: AL ROC
T4 A (1,1)L SHstn 71€7] S "ot}

Figure 2.1(a)= 7]€7]7} 1Rt} 2 Eo]x AMo] wx3l= F ROC ZAL E73it}). Eo|x FAo]
FHsE A Prol o] ROC 249 £330 1 — So|=9 gt (= 0.196)0] So|x 24lo] B3}3he
24 Pol B8k 1 - 5ol 3t (= 0.157) 1} o) mWelA A o] Bk 1 - Solwe]
91 (0, 0.196)°1 4 pAUC(3] 4] $-2)E 2tk 3, A Pooll thg3he Sol= gh(= 0.804) Hr} 22 5
o= E ZHA+ W (0.804, 1.0)°) thste] F EF] pAUCE 311 vl &A%t} wepi =& 5
ol% WelolAe] pAUC FollA 2 S Z+ B o] ghago] $4ajtha Sy,

ks U

Figure 2.1(b)+& 7]&7|7} 1E T} 22 R F o] & ROC 34 5 3] F4& F3slrt.
AT} ROC FA0] Bl A Pof t)23l= uhs (= 0.891) 2T} 2L 2izhsof thSah= 1 —
=2] W9 (0.4608, 1.0)ell thate] pAUCE Z+zt Fata vty J8ng 2 ugss
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3. Specificity line and pAUC
38oAE WABHE ROC FHEL THSIL Sol= A4le] Bashe 4ol thste] Sol

H= ROC 45 Fol4 Solwe] S48 A 2 wgshs ROC F40) thshs Solw e
3 pAUCE W] wsha 24 @},

d

RURey |
E2 SOlEE e Ave Sol= FAY 71e7] ST 1E 2 Afoln, AYE 771 0.5 o8kl Uwt

A ZfoMEe NC > NBE ¢H|§o] ¢o]drr} & A& sJ4Hrt. 183 NC > NBE Urn +
Urn > Urp + Upp 0| BEZ T Upn = Upp = 009, Urn > Urp©| Hol B0l S5+ &8
Urnol 1= thgdhs &8 Urp BTt 2 AFE ousitt. 2822 AHE «7F 0.5 ©]3Q gyt
2ol AoA S > 12 AL Figure 3.1(a)2} (b)olA Aty T8yt 7“”“%5 w7} 0.5 oAl 7
$o= NC/NB7} 1Kt} mil-¢ athd, 7]&7] S71 18t & 4 Qo8 2 o] Ao tisliA+= Figure
3~1(C)°ﬂ"1 Ao T
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Figure 3.1. ROC curves and specificity lines.

o] B A S A% 3(Case 3% F-E3to] AT 7 A9
£ AR Ar1elA nlaskes F 232 A'et ‘B'E AA%oh

A Fo(t) = ®(t;1,1), Fa(t) = @ (£;3,2%),
B: F,(t)=® (t;1,2°), Fu(t) = @ (t;3,2%),

Fo(t) = ®(t;0,1), Fa(t) =@ (t;0,03); 0a = {2,4,8,16},

) = ®(t;0,1), Fa(t) = 0.5®(¢; —pa, 1) + 0.5P(t; pa, 1); pa = {2,3,4,5}.

Al Ao Ezol viste], 83} 2 FEIL (1 - Fu(t), 1 — Fu(t)) 2 ROC FAER 71&7] 57}
RE 1HT E Solx g F7Hste] Flgure 3.1(a), (b), (c)ell F&83}3c}. Figure 3.1(a)= S0
T ROC FAEE 533 AFolty. AYEL 0580 F2 7 = 0.49]
3l NC/NB = 1.3322 £H|8o] olddiet 27 dAdte] 71€7] § = 29 Selx AHg n3d
th F ROC 413 Sol= o] vhix d& “J;lifﬂ 28 A9 ROC ZA oA vt do] 23
B2 ROC AR 2 EZ0 91X3l ROC A £3Z9 1 — Eo]x 9] 7t (=1 -0.5952)0] &
3 B ROC =43 vy 1 — Eo|x9] FHET =t} =, 28 A9l ROC ZA3} Eo|x FAlo] ut
U= Ao S5l Eo|EHT} =28 Eo]TE /A= W= 13 AV} 23 BRU} Yon o= Eo]
91 542 6 Wl WIShe AL SATIe. e 2y A% S0l Halo] mANe A tH——f‘fF
5% gk (= 0.5952) B} 22 50|58 71X+ WS (0.5952, 1.0)°l thsle] pAUCE *b:lirﬂ
A%) pAUC(S14 23)7} 29 Bith 2 2 stk + 9tk 1einE Solw 448 ug
PAUCE o] §3to] Solr} £& Welolie 28 Aol whdeo] B3 Burh Frhy aekat
Figure 3.1(b)& S°|% FAo] o2 LA &£ 01] t-&-3h= vl ROC &
= A$-olth. Figure 3.1(a)9} fAMSHA AW EL 0,53;} — 0.40]31 NC/NB =
Aste] 7127] § = 39 Solx A4g wEdct v ROC F 4 Eo1c HAo] T A
S 1 - Fol= oA, M 2 1 - Fel=g g (= 1-08387)€ vehle ROC F4e
A7} 71 2 Bz th3skE ROC FAojth. wehy 22 & 7} A= W7} 718 YL ROC
a2 ““"é Beie] 0g = 164 W2 Sol=o] A4S 7Hg wol £3eith. Ay AHle] 04 = 16 o
o= Aol wABHE Al theshe FolE g (= 0.8387) Rl £ Sol£8 e
0)ell g pAUC(Z A £4)E lmsla, 29 489 047 571855 pAUCT AR
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Table 3.1. pAUCs for three cases

Case 1 Case 2 Case 3
Model pAUC o4 pAUC “d pAUC
2 0.0370 2 0.0561
A 0.2806
4 0.0569 3 0.0753
8 0.0685 4 0.0814
B 0.2119
16 0.0745 5 0.0825

©
+

£7h 52 WAL 4 S5stn 2R 5 Aok

Figure 3.1(c)o14 % Sol= 4] Fe] the Z930] thg3h 1l ROC FHAEL Btk 79o]
t}. AYEo] 0.5HTE 2 1 = 0.6°]X% NC/NB = 4502 <=u]-g0] <=o]r} vl A HA 3}
7187 § = 39 Sol= A4S Ak o ROC FAEH Sol= 4o] it A5 thgshe 1
— Bl FolM, 7P B @ (= 1 - 0.8348)2 vehl: ROC F4e 37 Aol7t by 2 220
9h3Hs ROC Stk T8jm2 Solwrt ¥ WS 2+ ROC FA4L 33 Aele] =52 1)
A% dos Solxel S48 A% gol Mgtk 28 Arel = 59 el ROC S413} Solx A
o] wAsHe Aol thahe Bol® gt (= 0.8348)Hrh £& B0 =8 71X WS (0.8348, 1.0)°] o
& pAUCE 49118, 4% A7) a7t S7HE4% pAUCT A B2 g = 5 ] pAUCHH 744 =
U webA Solx A4E HEo s T pAUCE olgoe] 44 Arle] BEE Byl 2 A
o BEE HEYA BE ROC ZAE Fol4 428 REFSES B2 Aol g 2 =
© WA el Zbg Frha shebg 4 dlnt.

>~I

A

T
Figure 3.1(a)olA & 23 A<} Be] pAUCS} Figure 3.1(b)ollA o4 = {2,4,8,16}°]] 2 pAUC 1
2]al Figure 3.12] (¢)olA pa = {2,3,4,5}° w2 pAUCE Table 3.19] 2]} c}t. Table 3.1}
Figure 3.15 53l Z} 42 pAUCE A5 R ™, Figure 3.1(a)oAl= 28 A2 pAUCY} 0.2806°.2
23 B pAUC = 0.2119%t} 3t} webA] wApstr] ob= WHAolA] pAUCTZE o1 7B 80| &
omg wY Al AEA Figwe 3.1(b)oIA 2 Aele] BEAR 0.7} ZHISE pAUCT 27}
3he A2 ¢ 4 1Al Figure 3.1(c)ollA AR el B pa7t 371855 pAUCTL 71k A& &
Q% 5 YT o)t a2 pa7t TARSE A4 Y Aelel BEA AAE WAo| Fadtnz

o] 27}37] Mol Hol= A vlEe s T8 pAUCTE 7 2 99 Bieo) Anely Ae

o
g 5 gk

4. Sensitivity line and pAUC

3014 M@ REPSED SAsP Aol wASHE ROC FHE 0FE F4o] BAse 7
ol Pato] B A4} gks ROC SAF FoIA4 Mgee] 548 A9 2 sk ROC 34
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Figure 4.1. ROC curves and sensitivity line.

Urp + Upp ¢ BE T Upy = Urp = 0011, Urn < Urp©|BE UZAE )35+ &8 Urpol &
olzof 3ot S UrnEth 2 A9E ou|stt. weba AHE 771 0.5 o)A AfolA 71&7]
S < 19 $E Figure 4.1(a)2} ()l A AH Lt a8y ZHE 77} 0.5 o] 3} o= NC/NB7}
18ch &3] ZAtid, 71€7] S7F 1R 2& = glonR o] Lo tisiA& Figure 4.1(b)E &3l 4
kia=g

3283 593 ROC FAEL Figure 4.1(a), (b), (c)oll F+A3L, 71&7] S7F BF 1HT} =2 d
75 AAdE F71ste], ROC F4AEH BAE Ao wxapsts 48 43Er} Figure 4.1(a)& 7
19 -gsk= F ROC FAES UHE Fddo] THdhe Aot APES 058 2 7 = 0.69]
T NC/NB = 0.45% <0]9o] <H] 2R} 27 A3t 7127 § = 0.39 ¥ 2}5 RS me 3.
UAE FMo] B3 A9l ROC FA43k= vhix ¢k 23 B ROC F ﬂ~
A (1 — Eolx = 0.5277)0llA whdt}. uletr 23 B ROC A3} vz E—f
£ ZE= HYdd S 1 — Seol=9 ¥ (0.5277, 1.0)] ROC “—?\_ LEZES AR
PAUC(EA $2)7h @ 8% #3o] Uehdth. Wgest 32 WoolA 29 Be ROC
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AYEL 05520 FL 1 = 040X NC/NB = 0.502 <0]9o] <=u] &K} 83| =7 AA3lo]
71€7) § = 0.759 9% AXNL vl ¥ ROC ZAS} Wzt Do) whils Ao o33ks
UAE FolA /M =2 UREE UERE ROC 342 2HA7 7P & B2l t-83H= ROC
FAoln oju WiZE g2 0.48810]t} (1 — &

Ao A% REoA wapst=

F_,
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t}. Figure 3.1(b)2} VWWE z‘”“" JEl €] L—é{ii} Ud7]' Z7P5—’F UR=rt S7tstee Ay A
Bje] o4 = 16 wje] ROC Aol W=7} 71 a1 o]o w2} pAUCT}F 718 At J2gBz 1

A% ANL WEOR T8 pAUCE ol§3te] B FAAY Hako] ThE REF4S9 ROC 3
AE Fol A Bato] 7bg 2 B39 ghao] NgE SuoA 44 STt EWE 4 Ak
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Table 4.1. pAUCs for three cases

Case 1 Case 2 Case 3
Model pAUC e Z] pAUC “d pAUC
2 0.0933 2 0.0847
A 0.4317
4 0.1239 3 0.1074
8 0.1409 4 0.1141
B 0.4476
16 0.1497 5 0.1152

r[o bt

4.1(a) S} FAFSHAl A E 5H T} —f— T =
0.652 Y= AXME 1t vl ROC 43 Uz
oA 7H¢ =& WA EE Y= ROC 4 Eo

$3l= ROC FAloln ojuf Wizt 0.49990]t}h (1 — —‘::—,0]1.:_ = 0.2305). Figure 4. 1(b)2} uR7EA]
2 U7E AXAT ROC ZAlo] ghle HEo] ROC 2419 Y9ZH R4 mafslnz pAUCE ROC
FA9] AZRE (3] RE)S Asbsict. ojm AW *JHH e = 59 el ROC 24z wizte 24
o] watst= Aol tgate 1 — Fol=7tx¢] HH (0, 0.2305)) thate] vl 2F ] pAUCE T3}
vl gttt Figure 3.1(c) &t vh7AAI 2 AW el Hd7]' VTS NIRRT SRR A AE S
pa = 59 W] ROC FAolM UA=7) 7P £ oW A pAUCYE 7% Attt 182 g 1l
o 2 5 pAUCE o]&ate] 4 Aele] s wadoln AW Aee #x
$E2 ROC FAE FolA AEy B2 g Xo|7t 7P 2 23o] vl
E_ﬂ|o] —%-D}_T’_ 3}_].01—61— 2~ 011—4_

Figure 4.18] Z+ 304 ROC FAEF UZE AAo] thps HES 432, Figure 4.1(a)oA+=
ROC f4lo] RIZtE HM3} @ 2% FRoA watshe Foll t3dhe BE Hrh 12 ¥Izt: ¥l
A pAUCE 39t 28]a Figure 4.1(b)2} (c)9lA+= ROC 459 Wift% Ay & HEo
Al AR AR, 08E 7P E U9 HelelA pAUCE shebstqich tﬂra‘rfﬂ s A
9] 71€7] S7F 18T A2 39 pAUCTF LE2% T A% 8o et & J3S & 5 ok &
7A2o 3t pAUCE Table 4.10] F2]atgith. Table 4.13} Figure 4.15 $3) 2+ 429 pAUCE 4+
HEW, Figure 4.1(a)oA 23 B2 pAUC7} 0447622 23 A°] pAUC = 0.4317Ht} =t} e}
A 3ZA Sz AAg uesle] By AS AT A b2 ugs m% THEs AL 7y
B7F Az}t Figure 4.1(b)9] 21 Ao EEHA} 0,9 Figure 4.1(c)9] 24 AN AF pa7t 2
7 748 E pAUCE 378ttt ol 049 pa7t 37H845 A 49 "JHM TE7} FAA = WA
o] ZrasERE FH o] F7tsl7] wiEel 38 FYsHA URE AME v e g 3 pAUCTT M
2 239 spEgo] epeitt 48WE 5 Qi

Figure 4.1(c)oll A= e 240] 4<% 30] tjeah v ROC FHSE EFsh Aol Figure
Z 0. 0.6 S
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5. Illustrative example

ZY [e o e A8t HPLS 93 20189 692 ARE B8ty £ 65455709 HES
o 7] 4 (large enterprises), %227 (small and medium corporates), 7191 A5 &2 T3}, ALS o}
e FEWHSE 20719 THLE RS £ =RolAE o] AR FoA 714, F4714 o
3l 22 U2 W) 5to] Table 5.1 B3k 64, 264712 FES &-R3lo] EA3 ) th7|93 =

%

o
A7)
_/]\_

o) ALB7} ABE 77 N(7.89,2.74%)3} N(12.4,2.99%)9 AFEZE AFA7 & FREZ 50}

AR FARERSE A Figure 5,18 49129 9 4Y3ickn B9 4 ek
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Table 5.1. Credit evaluation data for large enterprises and small and medium corporates

Grade Large enterprises Small and medium corporates
1 745 0
2 1424 0
3 1837 0
4 2514 55
5 3860 56
6 5893 175
7 7676 189
8 8985 279
9 9455 518
10 5676 421
11 3759 875
12 2854 761
13 1546 631
14 1078 1102
15 5 555
16 16 965
17 12 347

[
o © @
o O O
o O O

Total 57335 6929

10 14 ES)

Figure 5.1. Sample and normal cumulative distribution functions.
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Figure 5.2. Specificity and sensitivity lines on ROC curve.
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