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a b s t r a c t

The appropriate radiation conditions of ship motion problem with advancing speed in frequency domain
are investigated from a theoretical and practical point of view. From extensive numerical experiments
that have been conducted for evaluation of the relevant radiation conditions, a hybrid radiation tech-
nique is proposed in which the Sommerfeld radiation condition and the free surface damping are mixed.
Based on the comparison with the results of the translating and pulsating Green function method, the
optimal damping factor of the hybrid radiation technique is selected, and the observed limitations of the
proposed hybrid radiation technique are discussed, along with its accuracy obtained from the numerical
solutions. Comparative studies of the forward-speed seakeeping prediction methods available confirm
that the results of applying the hybrid radiation technique are relatively similar to those obtained from
the translating and pulsating Green function method. This confirmation is made in comparisons with the
results of solely applying either the free surface damping, or the Sommerfeld radiation condition. By
applying the proposed hybrid radiation technique, the wave patterns, hydrodynamic coefficients, and
motion responses of the Wigley III hull are finally calculated, and compared with those of model tests. It
is found that, in comparison with the model test results, the three-dimensional Rankine source method
adopting the proposed hybrid radiation technique is more robust in terms of accuracy and numerical
stability, as well as in obtaining the forward speed seakeeping solution.
© 2021 Society of Naval Architects of Korea. Production and hosting by Elsevier B.V. This is an open access

article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

The analysis of ship motions with forward speed in waves
widely uses a potential flow theory. According to the technique of
representing the shape of the ship hull, the potential theory is
largely divided into two-dimensional and three-dimensional
methods. Despite the earlier success of frequency-domain two-
dimensional strip method (Korvin-Kroukovsky and Jacobs, 1957;
Gerritsma and Beukelman, 1967; Salvesen et al., 1970), the devel-
opment of a more rigorous three-dimensional ship motion pre-
diction method is necessary. This need and motivation for more
precious theory led to the development of the three-dimensional
panel method, using either free surface Green function or
Rankine source. The three-dimensional free surface Green function
method to predict the forward speed ship motion can be divided
f Naval Architects of Korea.

rea. Production and hosting by El
into two different approaches, depending on the fundamental form
of the singularity function i.e. zero-speed pulsating Green function,
and more exact translating and pulsating Green function in a linear
seakeeping sense. The method using the zero-speed pulsating
Green function in conjunction with consideration of the ship's
encounter frequency has been widely used for forward speed sea-
keeping calculations, due to its relative simplicity of implementa-
tion. Nowadays, it is commonly used and applied to seakeeping
calculations in initial ship design with stable results, considering
the approximate forward speed effect. However, it should be kept
in mind that it cannot consider the forward speed effect in an ac-
curate manner. More accurate methods that are based on the use of
the translating and pulsating Green function can be considered for
the forward speed case, and many investigators have developed
them (Chang, 1977; Inglis and Price, 1981; Guevel and Bougis, 1982;
Wu and Eatock Taylor, 1989; Iwashita and Ohkusu, 1989; Chan,
1990; Lee and Yum, 1994; Kim, 2005; Kim and Shin, 2007). To
overcome some difficulties in the calculation of translating and
pulsating Green function, various methods based on time-domain
transient Green functions were also investigated and developed
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(Lin et al., 1991; Bingham et al., 1994; Sen, 2002; Hong and Hong,
2008). However, in some situations, there are limitations in
obtaining accurate seakeeping solutions, due to difficulties in ac-
counting for near-field flow conditions and avoiding irregular fre-
quencies. Alternatively, the use of the Rankine source method has
been proposed to overcome the limitations of the Green function
method, which is to obtain the solution of the boundary value
problem by distributing the Rankine source over the mean wetted
part of the hull surface and free surface, to satisfy the given
boundary conditions. Therefore, it is possible to consider the effect
of the forward speed in a more accurate manner, due to the ad-
vantages that the complex free surface boundary conditions can be
easily applied from a numerical point of view. Because of these
advantages, the Rankine source method has been popularly used in
recent years for the analysis of ship motions with forward speed in
waves. In the case of the frequency-domain Rankine source
method, it is mainly applied to perform only in the limited speed-
frequency region of either Brard number t > 0.25 or zero speed,
because beyond this regime, there is no appropriate far-field radi-
ation condition. Despite these limitations, the Rankine source
methods have been developed for the analysis of ship motions with
forward speed in waves (Nakos, 1990; Bertram, 1990; Hong and
Choi, 1995; Iwashita and Ito, 1998; Yang et al., 2001; Kim and
Kim, 2018). In the case of the frequency-domain Rankine source
method, it can only be performed in the limited speed region with
the Brard number t > 0.25 or zero speed, as mentioned previously.
To overcome this limited speed range and extend to nonlinear
analysis, a time-domain Rankine panel method has emerged as an
alternative, and has resulted in many successful results, such as
Sclavounos et al. (1997) and Kim et al. (2011). Compared to the
time-domain Rankine panel method, the frequency-domain
Rankine source method has a limited speed range, but has the
great advantage of efficient numerical calculations. For example,
the desingularized indirect integral equation method has been
successfully applied due to the computational efficiency and ac-
curacy for the calculation of motions and nonlinear mean drift load
of floating bodies (Oh et al., 2019).

Recently, various studies have been performed to overcome the
limitation of the speed range for the radiation condition of the
frequency-domain Rankine source method. S€odding and Bertram
(2009) and Yasuda et al. (2016) proposed the practical radiation
conditions by mixing the two different radiation conditions, and
showed that the results using their mixed radiation condition are in
good agreement with the model test results. Das and Cheung
(2012) and Yuan et al. (2014) successfully demonstrated the val-
idity of their radiation condition for the forward-speed problem
through the modification of the Sommerfeld radiation condition.
The proposed radiation techniques of the former can be easily
applied by introducing a damping term, but have limitations that
accompany the damping of radiation and scattered waves around
the ship hull. The latter proposed radiation techniques but have
difficulty in preventing spurious wave reflections, because of
solving the nonlinear simultaneous equations at all of the radiation
boundaries to calculate the Doppler-shifted wave frequency. Oh
(2019) compared and analyzed the available radiation techniques,
including damping term, point shift technique, and the Sommer-
feld radiation condition. In addition, Oh (2019) confirmed that the
damping of the radiated wave can be lowered, compared to the
damping technique proposed by S€odding and Bertram (2009) with
the Sommerfeld radiation condition, in which only a damping term
was introduced in the longitudinal spatial second derivatives of the
unsteady wave velocity potential 4xx term of the free surface
boundary condition.

In this paper, the parametric and comparative study was con-
ducted to determine the optimal damping factor and application
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range of 4xx in the proposed hybrid radiation technique that was
proposed earlier by Oh (2019). The optimal damping factor was
selected by comparing and analyzing the difference between the
free surface elevations induced by a translating and pulsating point
source and a Rankine source applied with the hybrid radiation
technique (Oh, 2019). By applying the hybrid radiation technique
with the selected optimal damping factor, the potential and its
longitudinal spatial derivative on the free surface induced by the
translating and pulsating point source were calculated and
compared to validate the effectiveness of the proposed hybrid ra-
diation technique. The characteristics and limits of the hybrid ra-
diation technique were also identified from the comparison results.
Finally, the wave pattern, hydrodynamic coefficients, wave exciting
forces and motion responses for the Wigley III hull of Journee
(1992) were calculated for various speeds, and compared with
the results obtained from model tests for validation.
2. Mathematical formulation and numerical method

2.1. Formulation of the boundary value problem

Figure 1 shows the coordinate system of a ship advancing with
mean forward speed U in a regular wave. In the right-handed
Cartesian coordinate system, the origin of the coordinates x and y
is located at the center of the waterplane area in the mean wetted
position of the ship, while the vertical axis z is directed upward for
the undisturbed water surface.

In Fig.1, the symbols A,u, and b are defined as the incident wave
amplitude, frequency of the incident wave, and incident wave
heading angle, respectively. Assuming that the fluid around the
ship is incompressible and inviscid, and the surrounding fluid
motion is irrotational, velocity potential can then be introduced,
and the governing equation of the fluid motion becomes the Lap-
lace equation, as shown in Eq. (1):

V2J
�
x!; t

�¼0 (1)

The advancing ship experiences six degrees of freedommotions
in the incident waves. Assuming that the incident waves and dis-
turbing waves induced by the ship motions are small in amplitude,
the linearized boundary value problem can be established. In this
study, the so-called double body linearization for basis flow was
applied, and the velocity potentialJ can be decomposed, as below:

J
�
x!; t

�¼F
�
x!�þ f

�
x!�þ 4

�
x!; t

�
(2)

where, F is the double-body flow velocity potential, f is the steady
wave velocity potential, and 4 is the unsteady wave velocity po-
tential. The double-body flow velocity potential can be obtained by
satisfying the rigid wall condition Fz ¼ 0 on the mean water sur-
face. The unsteady velocity potential can also be decomposed as
shown in Eq. (3), based on the linear assumption:

4
�
x!; t

�¼Re

8<
:eiuet

2
4
0
@Að40 þ47Þþ

X6
j¼1

zj4j

1
A
3
5
9=
; (3)

where, i is a unit imaginary number, zjðj¼ 1;2;…;6Þ is the complex
amplitude of the six-degree of freedom motion in j-motion mode,
and 4jðj¼ 1;2;…;6Þ is each complex velocity potential due to the
six-degree-of-freedom motion of the ship. Here, 40 is the incident
wave velocity potential, while 47 is the diffraction velocity potential
scattered by the restrained ship. The encounter frequency ue is
defined as Eq. (4):
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ue ¼ u� U k cosb (4)

The incident wave velocity potential of unit amplitude in deep
water is given by Eq. (5) by the linear theory:

40 ¼ i
g
u
ekðz�i½x cosbþy sinb� Þ (5)

where, k
�
k¼ u2

g

�
is the wave number, b is the incident angle of the

incoming waves, and g is the acceleration due to gravity.
Nakos (1990) has derived the linearized free surface boundary

conditions for the radiation problem due to the motions of the ship
and the diffraction problem due to the disturbance of the incident
wave by the retrained ship, as shown in Eq. (6):

g
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(6)

The linearized body boundary conditions of the radiation (j ¼ 1,
2, …, 6) and diffraction (j ¼ 7) problems in the mean position are
given as:

v4j

vn
¼

8>>>>><
>>>>>:

iuenj þmj ðj ¼ 1; 2;…; 6Þ

�v40
vn

ðj ¼ 7Þ

on SB (7)

In the above, SF and SB represent the undisturbed free surface
and mean wetted part of the hull surface, respectively.

In Eq. (7), njðj¼ 1;2;…;6Þ is the generalized normal vector of
the hull surface, and is defined as:

nj ¼
�
ðn1; n2; n3Þ ¼ n!
ðn4; n5; n6Þ ¼ x!� n! (8)

where, n! denotes the unit normal vector directed inward on the
body surface SB, and x! denotes the position vector on SB:

In Eq. (7), mjðj¼ 1;2;…;6Þ is a so-called m-term that accounts
for the interaction effects between the steady and unsteady flows,
which is defined as Eq. (9):

mj ¼
� ðm1; m2; m3Þ ¼ ��

n!$V
�
VF

ðm4; m5; m6Þ ¼ ��
n!$V

��
x!� VF

� (9)
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In the case of the bottom boundary condition, assuming an
infinite depth, it is automatically satisfied with the characteristics
of the Rankine source. To guarantee each unique solution of the
radiation and diffraction problems, the proper radiation condition
on SR should be imposed in which the waves generated by the ship
are propagated away from the ship to the far-field. There are
various techniques for satisfying the radiation condition of the
forward-speed radiation and diffraction problems. The techniques
for the radiation condition are described in detail in the subsequent
section.

2.2. Hydrodynamic forces and equations of motion

The unsteady velocity potential, which is the solution of the
Laplace equation Eq. (1), can be obtained by solving the boundary
value problem that consists of the given boundary conditions for
each boundary surface. Obtaining the solutions of the radiation and
diffraction problems, the dynamic pressure of the floating body is
calculated by the Bernoulli equation which requires the evaluation
of the corresponding unsteady velocity potential. Integrating the
dynamic pressure over the wetted surface at the mean position of
the ship hull, the unsteady hydrodynamic forces and moments
acting on the ship hull can be obtained.

When the ship encounters incident waves, diffraction waves are
scattered, and the ship hull experiences wave exciting forces and
moments. The expression of the wave exciting forces and moments
can be derived as Eq. (10) by integrating the dynamic pressure due
to the incident wave velocity potential 40, and the diffraction po-
tential 47:

FEi ¼ �r∬
SB

ðiueð40 þ 47Þ þ VF$Vð40 þ 47Þ Þnidsði ¼ 1;2;…;6 Þ

(10)

As a result of the wave exciting forces from the incident and
diffraction wave fields, the ship motions are generated. Then, the
six degrees of freedom oscillatory motions of the ship induce the
hydrodynamic forces, termed radiation forces. The radiation forces
are decomposed into orthogonal components that are proportional
to the acceleration and velocity of the ship response, as:

aij ¼ � r

u2
e
Re

�
∬
SB

�
iue4j þVF $V4j

�
nids

�
(11)

bij ¼
r

ue
Im

�
∬
SB

�
iue4j þVF $V4j

�
nids

�
(12)

where, aij and bij are the added mass and wave damping co-
efficients, respectively.

According to Newton's second law, the equations of ship mo-
tions in the frequency domain are derived as in Eq. (13):

X6
j¼1

h
� u2

e
�
Mij þ aij

�þ iuebij þ Cij
i
zj ¼ FEi ði ¼ 1;2;…;6 Þ

(13)

where, Mij is the mass matrix, Cij is the restoring coefficient matrix
and zj is the complex amplitude of the oscillatory motions of the
ship to be determined.

The elevation of the ambient free surface wave around the ship
hull can be obtained by using the dynamic free surface boundary



Fig. 1. Coordinate system.
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condition, as shown in Eq. (14):

h¼ �iue

g

0
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zj4j

1
A�1

g
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1
A
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2.3. Numerical methods

In order to solve the given boundary value problem satisfying
the boundary conditions as described in Eqs. (6) and (7), an indirect
boundary integral equation method is selected. As the fundamental
singularity for solving the boundary value problem to be distrib-
uted over the integration surface, the Rankine source is selected, as
expressed in Eq. (15):

G
�
x!; x

!� ¼
8>>><
>>>:

� 1
4pr

� 1
4pr

0 on SB; SR

� 1
4pr

on SF

where r
r
0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� x1Þ2 þ ðy� x2Þ2 þ ðzHx3Þ2

q (15)

The indirect boundary integral equation is given as shown in Eq.
(16):

4
�
x!� ¼

ð
SBþSFþSR

s
�
x!�

G
�
x!; x

!�
dSð x!Þ (16)

For numerical computations, Eq. (16) is approximated in a dis-
cretized form by distribution into the number N of flat panels over
the mean wetted part of the hull surface SB, free surface SF , and
radiation boundary surface SR, as in Eq. (17):
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4
�
xi
!� ¼ XN

j¼1

sj

ð
SBþSFþSR

G
�
xi
!
; x
!�

dSð x!Þ ¼
XN
j¼1

sjGij
(17)

The simultaneous equation can be constructed by substituting
the boundary conditions of the above-described boundary value
problem in Eq. (17). The source strength can be determined from
the constructed simultaneous equation, and the velocity potential
can then be obtained by substituting the determined source
strength into Eq. (17).

To minimize the singular behavior of the source singularities,
the so-called raised panel method was applied for the discretiza-
tion of the free surface. In the present study, the desingularized
distance of each raised source panel above the free surface is

defined as Dzj ¼
ffiffiffiffi
Sj

q
where, Sj is the area of the j-th panel.
3. Hybrid radiation technique and parametric study

To ensure the solutions of the radiation and diffraction prob-
lems, the proper radiation condition to prevent spurious wave
reflection at the open boundaries is required. Nakos and Sclavounos
(1990) and Bertram (1990) proposed the upstream radiation con-
ditions and point shift techniques, respectively, as the radiation
condition for the Rankine sourcemethod. However, it is known that
the radiation techniques are theoretically applicable only in the
region where the Brard number t is greater than 0.25 (in practice,
0.5). To overcome this limitation, S€odding and Bertram (2009) and
Yasuda et al. (2016) proposed the two different methods of mixing
the two radiation conditions and presented successful results from
a practical point of view. However, the hybrid radiation technique
of Yasuda et al. (2016) based on the point shift technique requires
an extremely large number of panels to guarantee the well-
conditioned matrix of the simultaneous equations to determine
the source strength of the boundary integral equation at very low
ship speed regime (S€odding and Bertram, 2009). The hybrid radi-
ation technique proposed by S€odding and Bertram (2009), which
introduced a damping term in the free surface condition, is rela-
tively simple and flexible to apply, but has been observed to cause
strong damping of the free surface elevation (Oh, 2019). Inspired by
the hybrid radiation technique of S€odding and Bertram (2009) and
Yasuda et al. (2016), Oh (2019) investigated the characteristics of
the hybrid radiation technique that combines the free surface
damping into the Sommerfeld radiation condition.

Oh (2019) introduced the damping factors da, db, dg, and dd in the
free surface conditions derived by the NeumanneKelvin lineari-
zation, as shown in Eq. (18). Here, da and dd were modeled as 0, so
that the damping termwas dependent on the forward speed, and it
was found through the numerical tests on the damping values on db
and dg that it was effective to apply the damping term only to dg as
follows:

�ð1þdaÞue
24�ð1þdbÞ2iueU4xþð1þdgÞU24xxþð1þddÞg4z¼0 on SF (18)

Based on the extensive parametric study results of Oh (2019), it
is suggested to use a radiation technique that combines the free
surface condition with damping factor as expressed in Eq. (19), and
the Sommerfeld radiation condition as given in Eq. (20). In Eq. (20),
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the Sommerfeld radiation condition is applied in a modified form
using the encounter frequency:

�ue
24� 2iueU4x þ ð1þ dgÞU24xx þ g4z ¼ 0 on SF (19)

v4j

vn
� i

ue
2

g
4j ¼ 0 ðj ¼ 1; 2;…; 7Þ on SR (20)

In the same manner as the NeumanneKelvin linearization, the
damping factor can be applied in the free surface conditions
derived based on the double-body linearization as shown in Eq.
(21).

�
	
ue

2 þ iueFzz



4þ 2iue

�
Fx4x þFy4y

�
þFxðFxx4x þ ð1þ dgÞFx4xx þ Fyx4y þ Fy4yx

�
þFy

�
Fxy4x þ Fx4xy þFyy4y þ Fy4yy

�
þ4x

�
FxFxx þFyFyx

�
þ4y

�
FxFxy þ FyFyy

�
�Fzz

�
Fx4x þ Fy4y

�þ g4z ¼ 0

on SF (21)

As seen in the proposed hybrid radiation technique above, the
damping term depends on 4xx. If it is not the forward speed case, it
can be easily seen that the hybrid radiation technique is the same as
the Sommerfeld radiation condition. When the forward speed in-
creases, the increased damping term by the forward-speed sup-
presses the distortions and errors of the unsteady velocity potential
andwave elevations. Through the parametric comparisons with the
results obtained from the translating and pulsating Green function
method, this study aims to determine the optimal damping factor
of the 4xx term and to understand the characteristics and limita-
tions of the proposed hybrid radiation technique. In comparison
studies of this section, the free surface conditions derived from the
NeumanneKelvin linearization, which is the same one as the
translating and pulsating Green function, are applied to the
Rankine source method. At the same time, the free surface condi-
tions based on the double-body linearization as Eq. (21), is applied
to the hydrodynamic analysis of the floating body in the next
section.

In this study, the accurate evaluation of the translating and
pulsating Green function, which can be an excellent reference for
validation of the proposed hybrid radiation technique for the for-
ward speed case, is a very important and critical factor. The trans-
lating and pulsating Green function GTP is expressed by

GTP
�
x!; x

!� ¼ 1
4pr

� 1
4pr

0 þ Gw
�
x!; x

!�

where r
r
0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� x1Þ2 þ ðy� x2Þ2 þ ðzHx3Þ2

q (22)

Here, Gw is free surface part excluding simple singularity part
and can be found in detailed formula from Hoff (1990). For the
accurate calculation of the translating and pulsating Green func-
tion, the numerical integration strategies proposed by Hoff (1990)
were applied, and the potential and x-derivative of the potential
induced by a translating and pulsating submerged point source,
which is one of the calculation cases in Hoff (1990), was calculated,
and compared, as shown in Fig. 2:

For comparison with the results of translating and pulsating
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Green function method (hereafter forward speed Green function
method), the calculation is performed using the Rankine source
method for the translating and pulsating submerged source point
in the calculation domain, as shown in Fig. 3.

The calculation domain, based on the length of the characteristic
length L, is defined as 4L in the x-direction, 2L in the y-direction,
and L in the z-direction. In the transverse y-direction, mirror im-
ages of sources are applied in consideration of symmetry to achieve
computational efficiency. The source point is located at (0, 0,�0.2L)
below the undisturbed free surface, and its image source is placed
in the same manner as in Eq. (23):

Gsource
�
x!; xsource

� ¼ 1
4pr

� 1
4pr

0

where
r
r
0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� 0Þ2 þ ðy� 0Þ2 þ ðz±0:2LÞ2

q (23)

The free surface condition is applied to the NeumanneKelvin
linearization of Eq. (18) for comparison with the results of the
forward speed Green function method. The Sommerfeld radiation
condition is applied to the radiation boundary as in Eq. (20). To
select the optimal value of the damping factor dg in Eq. (19), the
parametric study was carried out by changing the value of the
damping factor dg, the Froude number Fn, and the number of panels
per unit length L=Dx. In this study, the aspect ratio of the panel is set
to about 1, in order to rule out the effect of the panel aspect ratio on
the numerical results. For the parametric study, the range of dg is
defined from (0 to�1.0) with increment of 0.1, while the range of Fn
is varied from (0.01e0.3) with increment of 0.01. In order to
investigate the dependence of the panel size, the numerical
calculation was performed by changing L=Dx to (10, 16, 20, and 30).
The encounter frequency ue for the parametric study is calculated
through Eq. (4) by selecting the incident wave frequency u whose
wavelength to ship length ratio l=L is 1, as the ship motion is sig-
nificant for the ship design at l=L ¼ 1 (Das and Cheung, 2012; Yuan
et al., 2014).
3.1. Selection of the optimal damping factor

In order to select the optimal damping value deducing the re-
sults obtained from the parametric study, the individual error Ei of
the difference in wave elevations between the results of the pul-
sating and translating Green function and the Rankine source
method is defined using the square of the wave amplitudes at the
origin (0,0,0), as shown in Eq. (24):

EiðFn; dgÞ¼100% �
������
z2FG � z2Rankine

z2FG

������ (24)

where, z2FG and z2Rankine are defined using the complex wave
amplitude and its complex conjugate, as shown in Eq. (25):

z2 ¼ 0:5z$z* (25)

Using the individual error Ei, the mean error Emean according to
the variation of Fn is defined as Eq. (26):



Fig. 2. Comparison with potential and x-derivative of potential along the line y ¼ 0 on the free surface (U ¼ 1.808 m/s, ue ¼ 2.712 rad/s).

Fig. 3. Calculation domain and panel arrangement of Rankine source method for the
translating and pulsating source.
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EmeanðdgÞ¼ 1
NFn

XNFn

i¼1

EiðFn; dgÞ (26)
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Using Eq. (26), Fig. 4 shows the mean error according to the
variation of dg and L=Dx. Figure 4 shows that the pattern of the
mean error according to the variation of dg for each L=Dx is
generally similar. When L=Dx is 16 or larger, it is noted that the
mean error Emean converges as observed from Fig. 4, and Emean

becomesminimumwhen dg is�0.1, except that L=Dx is 10. Based on
the converged results of Emean, it is concluded that the optimal
value of the damping factor dg can be selected as �0.1.

When applying the hybrid radiation technique, Fig. 5 shows the
results of the optimal damping factor, Ei, according to the variation
of Fn or t. It is seen that Ei also converges when L=Dx is 16 or larger,
similarly with Emean. Based on the converged results, when t is 0.25
or smaller, it shows the error of about 5% or less, except for some
regions; and when t is 0.25 or larger and Fn is 0.3 or smaller, the
errors are confirmed to be within about 1%. In the proposed hybrid
radiation technique, it is found that there is the mean error of 2% or
smaller. Based on these findings, the subsequent calculations were
carried out with L=Dx set to 20, to obtain the convergent solutions.

3.2. Potential and x-derivative of potential for a translating and
pulsating source

To understand the characteristics of the hybrid radiation tech-
nique, the potential and its x-derivative induced by the submerged
point source are calculated along the x-axis, corresponding to y¼ 0.
The calculation was carried out by changing the Froude number Fn
with values of (0.05, 0.08, 0.15, and 0.3). The results of the hybrid
radiation technique and the cases, where each radiation condition
was individually applied, were compared with ones of the forward
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speed Green function method. In addition, when Fn is (0.15 or 0.3),
it is compared with the result of applying the point shift technique
(Bertram, 1990), which is claimed to give almost the same solution
as the analytical solution, which can be the case of the Green
function method.

At Fn ¼ 0.05, the speedefrequency parameter t is 0.141, and
Fig. 6 shows the results under the corresponding speed by
comparing the calculated potential and its x-derivative. When only
the damping factor (dg¼ �0.1) is applied to the free surface con-
dition, it is seen that the radiation condition is not satisfied,
showing a large difference from the result of the forward speed
Green function method. Both the results of applying the Sommer-
feld radiation condition and the hybrid radiation technique are
similar, compared to the results of the Green function method, and
there are locally very small differences, as Fig. 6 shows. Almost
similar results obtained from the Sommerfeld radiation condition
and the hybrid radiation technique indicate that the damping term
in the hybrid radiation technique makes a small contribution,
especially in the low-speed range. This observation confirms that in
the low-speed range, the Sommerfeld radiation condition can also
satisfy the radiation condition.

At Fn ¼ 0.08, t is set to 0.241, and Fig. 7 also shows the results
under the corresponding speed by comparing the potential and its
x-derivative.When only the damping factor (dg¼�0.1) is applied to
the free surface condition, the radiation condition is still not
satisfied, showing a significant difference from the result of the
forward speed Green function method. However, these prominent
results at Fn ¼ 0.08 are relatively more similar to the result of the
Green function method than results at Fn ¼ 0.05. In the case of the
Sommerfeld radiation condition, it is generally similar to the result
of the Green function method, but it is shown that the difference of
the x-derivative of potential increases as it goes downstream. In the
case of the hybrid radiation technique, its result is also generally
close to the result of the Green function method; but as it goes
upstream, noticeable damping is observed. Compared to the result
of applying the damping term or the Sommerfeld radiation con-
dition solely, the result of applying the hybrid radiation technique is
considered to be relatively more similar to the result of the Green
function method.

At the speed of Fn ¼ 0.15, t is set to 0.517, and Fig. 8 also shows
Fig. 4. Mean errors according to the variation of dg and L=Dx.
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the results under the corresponding speed by comparing the po-
tential and the x-derivative of the potential. In the case of the
Sommerfeld radiation condition, it is shown that local differences
can occur in the results of the potential, compared to those of the
forward speed Green function method, and that differences
become more apparent in the results of its x-derivative calculation.
When the damping factor (dg¼ �0.1) is only applied to the free
surface condition, it is shown that the overall agreement is good,
except for small differences in the downstream compared to the
results of the Green function method, unlike the low-speed range.
Both the results of the hybrid radiation technique and the point
shift technique are in good agreement with the results of the Green
function method, as Fig. 8 shows.

At the higher speed case of Fn ¼ 0.3, t is set to 1.3175, and Fig. 9
shows the results under the corresponding speed. In the case of the
Sommerfeld radiation condition, it is confirmed that in comparison
with the results of the forward speed Green function method, the
radiation conditions are not satisfied numerically. In the case of the
hybrid radiation technique, overall it is similar to the result of the
Green functionmethod, but as it goes downstream, a little damping
and difference are observed. The results of the proposed hybrid
radiation technique are similar to the results of applying only the
damping term, so it can be deduced that as the advance speed in-
creases, the contribution of the Sommerfeld radiation condition to
the hybrid radiation technique is diminished.

3.3. Wave patterns induced by a translating and pulsating point
source

The free surface elevation induced by the submerged point
source was calculated by applying the hybrid radiation technique,
and Fig. 10 presents its results. The Froude number Fn for these
calculations is selected as (0.05, 0.08, 0.15, and 0.3). The contour of
the free surface waves calculated by applying the hybrid radiation
technique shows a locally small distortion at the radiation bound-
ary surface, compared to the result of the Green function method.
However, the overall wave pattern is similar to the result of the
Green function method, as Fig. 10 shows. In particular, as the
advancing speed of the point source increases, a phenomenon in
which the waves advancing upstream disappear is also observed at
Fig. 5. Individual errors Ei according to variation of the Froude number Fn.



Fig. 6. Real and imaginary parts of the potential and its x-derivative along the longitudinal cuts at y ¼ 0 (Fn ¼ 0.05, t ¼ 0.1410, submerged depth ¼ 0.2L).
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an advancing speed of t greater than 0.25, including that the
wavelength of the wave advancing upstream becoming shorter
than the wavelength of the advancing downstreamwave. Fig. 10 (b)
shows the small decrease of the wave elevations propagating up-
stream due to the damping term of the free surface condition.
However, the decrease of the wave elevations is negligible, with
very small magnitude:

Summarizing the parametric study results of the translating and
pulsating submerged point source, the optimal value of the
damping factor in the free surface condition of the proposed the
hybrid radiation technique is determined. In addition, it is
confirmed that to obtain the converged solution, L= Dx requires 16
or greater in the panel arrangement. It is found that the results by
applying the hybrid radiation technique show an error of about 5%
or less, except for some range, compared to the results of the Green
function method. Based on the comparison results, it was
confirmed that the hybrid radiation technique is more effective
than the use of the damping term or the Sommerfeld radiation
condition applied solely. From a practical point of view, it is ex-
pected that the proposed hybrid radiation technique can be more
useful for typical seakeeping analysis with the Froude number Fn in
the range (0e0.3).
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4. Numerical results and discussion

Further numerical analysis is carried out to validate the effec-
tiveness of the proposed hybrid radiation technique as presented in
the previous section. For the numerical computations, Journee's
Wigley III hull was used, as Fig. 11 shows. Table 1 shows the main
dimensions of the Wigley III hull.

Figure 12 shows the discretization of each boundary surface for
the Rankine source method of calculation with the Wigley III. The
computational domain is extended to 2L upstream, 2L downstream,
2L in the transverse direction, and L downward. For the panel
arrangement in the longitudinal direction, L=Dx is selected to be 20,
in order to ensure the convergence of the obtained numerical so-
lution. The panel aspect ratio of the free surface is set to about
1. Away from the waterline of the hull, the radiation surface panel
gradually becomes coarse. For efficient calculation, half of the
computational domain is modeled by considering the symmetric
condition. The number of total panels used in the calculation,
including the free surface and the radiation surface, is 6750. Nu-
merical calculations are carried out to obtain the wave pattern,
hydrodynamic forces, and motion responses of the vessel. The
calculation results are compared with the model test results



Fig. 7. Real and imaginary parts of the potential and its x-derivative along the longitudinal cuts at y ¼ 0 (Fn ¼ 0.08, t ¼ 0.2407, submerged depth ¼ 0.2L).
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(Journee, 1992), and those of the numerical calculations using the
zero speed Green function method or Rankine source method with
point shift technique.

The double-body linearization is applied for the linearized
boundary conditions for the calculations of Wigley III, such as Eqs.
(6) and (7). In order to evaluate the m-term in the body boundary
conditions, it is necessary to calculate the second derivatives of the
double-body flow velocity potential. In the case of the source panel
methodwith constant singularity strength, it is known that an error
occurs in the direct calculation of the second derivatives of the
velocity potential of the body surface (Zhao and Faltinsen, 1989),
based on the second derivatives of the influence functions. To
overcome the error of the direct calculation of the second de-
rivatives, the method of Chen and Malenica (1996) is used in the
present calculations. Once the steady potential and its derivatives
are obtained, a Dirichlet type problem is established to determine
the second derivatives of the potential. The uniform flow past a
sphere is considered to investigate the accuracy of the calculated
second derivatives of potential on the body surface. As expected,
the calculated second derivatives at the centroids of panels in green
color are in good agreement with the analytic solutions, as Fig. 13
shows:
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4.1. Wave pattern for the radiation problem

To investigate the characteristics of the hybrid radiation tech-
nique applied to the floating and advancing cases of the vessel, the
calculations of the radiated waves for unit heave are carried out at
various forward speeds. The encounter frequency ue used in the
calculations is set such that the l=L is 1. The ratio of wavelength to
the vessel length l=L ¼ 1 is known as a critical condition in terms of
the ship or offshore seakeeping design (Yuan et al., 2014). The wave
pattern calculations were carried out at Fn as (0, 0.083, 0.15, and
0.3), which are selected by considering the appropriate t. The
present calculation results are compared with the results of the
Sommerfeld radiation condition and the point shift technique, as
shown in Fig. 14.

For the zero speed case, the damping at 4xx term in the hybrid
radiation technique disappears, so the hybrid radiation technique
becomes exactly the same as the Sommerfeld radiation condition.
Therefore, the radiated wave patterns for the two radiation con-
ditions are propagated as circle patterns around the ship hull, as
Fig. 14 (a) shows. For Fn ¼ 0.083, t is 0.25, and Fig. 14 (b) shows that
there are still propagated waves ahead of the vessel. The wave-
length increases from upstream to downstream due to the forward
speed effect. In the case of the Sommerfeld radiation condition, the



Fig. 8. Real and imaginary parts of the potential and its x-derivative along the longitudinal cuts at y ¼ 0 (Fn ¼ 0.15, t ¼ 0.5174, submerged depth ¼ 0.2L).
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radiation condition is not satisfied due to the forward speed effect,
so local distortion and reflected waves are observed near the ra-
diation boundary surface. However, in the case of the hybrid radi-
ation technique, the radiated wave pattern is relatively more stable
and smoother than in the Sommerfeld radiation condition. When
Fn is (0.15 or 0.3), it is observed that the waves are generated from
the ship only in the downstream direction. In these cases, it is
known that applying the point shift technique provides reasonable
results. Therefore, the characteristics of the hybrid radiation tech-
nique were investigated through comparison with the results of
applying the point shift technique at Fn ¼ (0.15 or 0.3). For Fn ¼ 0.15,
t is 0.517, and Fig. 14 (c) shows that there are no propagated waves
ahead of the vessel. This numerical observation is consistent with
the phenomenon claimed in the known theory. In the case of the
hybrid radiation technique, this phenomenon is reasonably
captured, and radiated wave patterns around the vessel show good
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agreement with the wave patterns applying the point shift tech-
nique. In the case of the results of the point shift technique, the
radiation conditions in the downstream direction only are satisfied,
while the radiation conditions in the lateral direction are not
satisfied. Due to the inaccurate results of these lateral radiation
conditions of the point shift technique, the reflective waves at the
downstream lateral boundary surface are observed, as Fig. 14 (c)
shows. However, since the reflective wave does not reach the
vessel, it has no significant effect on the velocity potentials, which
are used for calculating the hydrodynamic forces acting on the
vessel. Because of this dissatisfactionwith the wave radiation in the
transverse direction, it can be seen that it is difficult to apply the
point shift technique at low t where the reflected wave from the
side boundary reaches the ship. In this regard, Iwashita and Ito
(1998) suggested from a practical point of view the use of the
point shift technique for t of 0.5 or greater. Unlike the result of the



Fig. 9. Real and imaginary parts of the potential and its x-derivative along the longitudinal cuts at y ¼ 0 (Fn ¼ 0.3, t ¼ 1.3175, submerged depth ¼ 0.2L).
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point shift technique, in the case of applying the hybrid radiation
technique, it is observed that the radiated waves are naturally
outgoing outward. For Fn ¼ 0.3, t is 1.318, and the wave pattern
behaves as a V-shape downstream, as Fig. 14 (d) shows. Compared
with the results of the point shift technique, the wave pattern
applying the hybrid radiation technique shows good agreement
around the ship. However, these local distortions are observed
because the radiation condition is not fully satisfied at the down-
stream boundary. As mentioned earlier, these local distortions do
not affect the results of the hydrodynamic forces calculation
because they do not reach the vessel. This observation is clearly
seen in the comparison of the hydrodynamic coefficients, which
will be described in the next section.
4.2. Hydrodynamic forces for radiation and diffraction problems

By applying the hybrid radiation technique, the hydrodynamic
coefficients andwave exciting forces were calculated and compared
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with the model test results of the modifiedWigley III performed by
Journee (1992).

Figure 15 shows the diagonal hydrodynamic coefficients in
heave and pitch. For Fn ¼ 0.0, the added mass and wave damping
coefficient are compared to the results of the zero speed Green
function method, and the agreement is quite good, as shown in
Fig. 15. For the forward speed case of Fn ¼ 0.3, the calculated results
are compared to themodel test results, and the numerical results of
applying the point shift technique. The results of the proposed
hybrid radiation technique are exactly the same as those of the
point shift technique. Through the numerically identical results, the
distortion of the waves generated at the downstream radiation
boundary mentioned in the previous section does not affect the
hydrodynamic coefficients. This is because the local distortion of
the waves is far away from reaching the vessel. Overall, the results
of the hybrid radiation technique are generally similar to those of
the model tests. However, in the case of the pitch damping coeffi-
cient at the high wave frequency region, both results obtained from



Fig. 10. Wave contour due to a translating and pulsating point source submerged below the free surface (submerged depth ¼ 0.2L).
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Fig. 11. Geometry of the Wigley III hull (Journee, 1992).

Fig. 12. Discretization of the calculation domain with the Wigley III for application of
the Rankine source method.
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applying the point shift technique and the hybrid radiation tech-
nique are predicted to be slightly small, compared to those of the
model tests. This discrepancy is also observed in other studies, such
as van't Veer (1988), and Kim and Kim (2010).

Figure 16 shows the off-diagonal hydrodynamic coefficients in
heave and pitch at Fn ¼ 0.3. For this forward case, the results of the
hybrid radiation technique are also observed to be the same as
those of the point shift technique. Compared with the model test
results, the overall agreement is found to be quite good. For sym-
metric hull shapes such as Wigley III, Timman and Newman (1962)
showed that the off-diagonal hydrodynamic coefficients, between
heave and pitch, are symmetric relations. These symmetric re-
lations are also found from Journee's experiment results. The pre-
sent numerical results based on the double body linearization
satisfy the TimmaneNewman relationship in an exact manner, as
Fig. 16 shows.

Figure 17 shows the wave exciting forces and moments in heave
and pitch. For Fn ¼ 0.0, the wave exciting forces and moments
obtained from applying the hybrid radiation technique are
compared to those calculated by the zero speed Green function
method, and Fig. 17 shows that the agreement is quite good. For
Fn ¼ 0.3, the calculated wave exciting forces and moments are
compared to the model test results, and the numerical results of
applying the point shift technique. The results of the hybrid radi-
ation technique are the same as those of the point shift technique.
Overall, the wave exciting forces and moments calculated by the
hybrid radiation technique are in good agreement with the model
test results.

Figure 18 presents the heave and pitch motion responses in
head seas. In the cases of Fn ¼ (0.2 and 0.3), it is seen that the results
of applying the point shift technique and the hybrid radiation
technique are almost identical. It is observed that all calculated
results are generally similar to the results of Journee's (1992) model
tests. In particular, it can be observed that unlike the zero-speed
condition, under the forward speed condition, the peak value oc-
curs in the heave and pitch responses. For the forward speed case,
Table 1
Main dimension of the Wigley III hull (Journee, 1992).

Wigley III

Length L [m] 3.0
Breadth B [m] 0.3
Draught D [m] 0.1875
Displacement V [m3] 0.078
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the numerical methods applied in this study predict this peak value
of the motion responses in a reasonably accurate manner, as Fig. 18
shows. Therefore, from a practical point of view, the proposed
hybrid radiation technique can be useful for performing forward-
speed seakeeping calculations, and obtaining accurate seakeeping
results.

5. Conclusions

A three-dimensional frequency-domain Rankine source method
to predict the advancing ship motions in waves is developed using
the hybrid radiation technique, which combines the linearized free
surface condition with the damping factor. To investigate the val-
idity of the proposed method, results obtained from both the for-
ward speed Green function method, and the numerical hybrid
radiation technique proposed by Oh (2019), are systematically
compared. Through the extensive parametric studies, the value of
the optimal damping factor in the proposed radiation condition is
selected. In addition, the characteristics and limits of the hybrid
radiation technique considering the selected damping factor are
analyzed. By applying the proposed hybrid radiation technique, the
wave patterns, hydrodynamic coefficients, and motion responses of
the modified Wigley III are calculated, and compared with the re-
sults of the available model tests. Through the comparative study
conducted, the following conclusions were obtained:

(1) The optimal damping factor dg ¼ �0.1 is suggested to use
through the parametric and comparative studies, in com-
parisonwith the results of the forward speed Green function
method. The result of the hybrid radiation technique to
which the selected damping factor is applied shows an error
of less than 2% on average in the range where Fn is 0.3 or less,
compared to the results of the Green function method.

(2) The hybrid radiation technique is a numerical method of
mixing the Sommerfeld radiation condition and the damping
technique on the free surface condition. The comparative
studies demonstrate that the role of the Sommerfeld radia-
tion condition is more outstanding in the low-speed region;
and as the speed increase, the role of the damping term on
the free surface condition gradually become prominent.



Fig. 13. First and second derivatives of potential on the sphere surface in a uniform flow (U ¼ 1 m/s).
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Compared to the result of solely applying either the damping
technique or the Sommerfeld radiation condition, the result
of applying the hybrid radiation technique is relatively
similar to the result of the forward speed Green function
method.

(3) The wave patterns calculated by the hybrid radiation tech-
nique are overall in good agreement with those calculated by
the Green functionmethod. Small distortions at the radiation
boundary are observed. However, these observed discrep-
ancies can be negligible, since these distortions do not reach
the source point or the surface of the vessel, which is far from
the radiation boundary. The comparison results of the
calculated hydrodynamic coefficients support the fact that
there are no effects of distortion of the interface.
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(4) A three-dimensional forward-speed seakeeping code, which
is developed based on the Rankine source method applying
the hybrid radiation technique, can be very practical and
useful for predicting the motion response of the advancing
ship in waves. It was confirmed that the developed code can
reasonably predict the results of hydrodynamic forces and
motions by comparing the results of model tests.
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Fig. 14. Radiated waves for unit heave with hybrid radiation technique.
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Fig. 15. Diagonal hydrodynamic coefficients in heave and pitch for the modified Wigley III.

Fig. 16. Off-diagonal hydrodynamic coefficients in heave and pitch for the modified Wigley III at Fn ¼ 0.3.
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Fig. 17. Wave exciting forces and moments in heave and pitch for the modified Wigley III.

Fig. 18. Response amplitude operators for the modified Wigley III.
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