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a b s t r a c t

A key factor that governs the wave interferences of a submerged body is the dimensionless Froude
number. Computational Fluid Dynamics (CFD) is used to describe the resistance force coefficients and the
generated waves of two SUBOFF submarine models. Grid independence studies are performed on two
cases, totally and shallowly submerged cases, with four sets of computing meshes. The highest peaks are
marked by red points at given wavelengths, a line is fitted to those points with a least-squares
approximation, and the half wake angle at multiple Froude numbers is defined between the fitted line
and the centerline of the free surface. The results show that when the depth of the target is 1.1D,
constructive interferences occur at Fn ¼ 0.3 and 0.5, while destructive interference occurs at Fn ¼ 0.35
with distortion of the waveform. The half wake angle is less than 19.47� because of the interference
between the bow and stern wave systems.
© 2021 The Society of Naval Architects of Korea. Production and hosting by Elsevier B.V. This is an open

access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

A visual consequence of ship sailing on the free surface in deep
water is the creation of surface gravity wave that closely resembles
a Kelvin wave pattern. According to a survey carried out by Lord
Kelvin, the relatively constant wave pattern in question is restricted
within a V-shaped region between a pair of cusp lines with a half
wake angle equal to 19.47�. Similarly, the submerged body under
water which is not quite different from the vessel over water also
excites wakes when the body is running at shallow depth. In an
unstratified medium, three types of hydrodynamic disturbances,
namely, a Bernoulli hump, Kelvin wave, and turbulent wake, are
generated under the direct interaction between the dynamic
pressure distribution along the body hull and the flexible free
surface.

The wave systems created by ships and submarines have
received remarkable attention in the field of hydrodynamics. One of
the main goals of both designers and researchers is to estimate the
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wave-making resistance resulting from the energy radiated by the
wave system. An analytical approach based on potential flow is
usually used to calculate the wave resistance of marine vehicles
(Algie et al., 2018). The spatial features of wakes are approximated
as the sum of Kelvinwaves caused by multiple pressure points, and
the sources are located along the middle longitudinal section of the
body hull based on thin ship theory. In this context, (Liu and Qiu,
2017) considered the wake elevations of two real-size submarine
models (including all the major appendages) with open-source
software Flotilla based on thin ship theory. Using the same
approach, (Liu et al., 2019) denoted the total disturbances of the
free surface as a linear superposition of natural waves and Kelvin
waves. (He et al., 2015) compared three simple models of Kelvin’s
ship wake: the first was offered by Rabaud and Moisy under the
assumption that the ship wavelength is shorter than the hull
length, the second was based on the approximation of pressure
sources following a Gaussian distribution, and the third was pro-
posed by the author taking the bow and stern wave interferences
into consideration. The waves computed under the third assump-
tion were noticeably smaller than those predicted by the second.

Experimental measurements of the flow field from axisym-
metric bodies were previously conducted in a ship model basin and
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Fig. 1. Kelvin waves.
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(DARPA) SUBOFF project. The resistance and pressure coefficients of
two submarine models, namely, a model with a bare hull (AFF-1)
and another fully appended model (AFF-8), usually serve as the
database for CFD validations (Huang and Liu, 1994). (Caplier et al.,
2020) measured ship wakes in deep water and confined water
configurations under different Froude numbers by using a nonin-
trusive optical stereo-correlation method; in addition, the authors
investigated the resistance of the ship hull in deep and confined
water configurations with a hydrodynamic balance.

CFD may be more applicable to compute the hydrodynamic
problems of bodies with complex hulls (Jasak et al., 2019; Shin et al.,
2020). (Shariati and Mousavizadegan, 2017) employed the Rey-
nolds Average Navier Stokes (RANS) to investigate the flow field
around the DARPA SUBOFF models and the Volume of Fluid (VOF)
method to capture the water-air interface. The hydrodynamic
characteristics, including the resistance components and the waves
generated by the submarine model near the free surface, were
calculated for different Froude numbers and four submerged
depths. Then, an identification algorithm was developed for esti-
mating the overall dimensions, sailing velocity and submergence
depth using the surface wave patterns from CFD results (Khalil and
Hossein, 2018). (Liu and Guo, 2013) applied CFD to compute the
elevation contours of an Ohio-class submarine and extracted the
wave spectrum by using the short-time First Fourier Transform to
find out the wave-making characteristics of the submarine. The lift
force and pitch moment of shallowly submerged submarines were
studied by (Amiri et al., 2019), and the analysis demonstrated that
the constructive interferences between the transverse and diver-
gent waves generated by the bow and stern have a dominant effect
on the hydrodynamic performance.

A numerical flow analysis was conducted using Smoothed Par-
ticle Hydrodynamics (SPH) based on discretizing the continuum
fields of hydrodynamics through meshless particles (Akbari and
Pooyarad, 2020). Due to its robustness and reliability, SPH has
also been widely used to study marine engineering problems
(Capone et al., 2010; Tafuni et al., 2016), and is especially suitable
for free surfaces (Shibata et al., 2012; Tafuni and Sahin, 2014). For
example, (Carberry et al., 2018) employed the SPH method for free
surface flow and utilized commercial CFD software ANSYS Fluent
for fully submerged cases to simulate the navigation of Titan sub-
marines at different velocities and depths. Two-dimensional nu-
merical simulations were carried out by (Das et al., 2009) for a
freely falling wedge representing a landslide and examined the
subsequent generation of waves with both CFD and SPH; the nu-
merical results obtained from both approaches were compared
with experimental data.

A key feature of wave interference is the reduction in the wake
angle. (Rabaud and Moisy, 2014) took 37 photos of traveling waves
at different speeds with the high-resolution Synthetic Aperture
Radar (SAR) installed on a satellite and used these pictures to
measure the wake angle. The results showed that the half wake
angle is less than 19.47� at a high Froude number. (Pethiyagoda
et al., 2014) focused on the effect of nonlinearity on the apparent
wake angle. Furthermore, (Noblesse et al., 2014) stated that the
interference between the transverse and divergent waves created
by the bow and stern of a monohull yielded the largest waves at
angles significantly narrower than the Kelvin angle; they then
introduced a two-point model comprising the superposition of two
dominant Kelvin waves with origins at the ship bow and stern.

In this paper, a realizable k-ε turbulence model is employed to
compute the flow fields around two SUBOFF submarine models in
conjunction with the VOF method to capture the water-air inter-
face. The resistance coefficients and waves for the hulls are ob-
tained by performing grid independence studies on four sets of
meshes under totally and shallowly submerged cases. The highest
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peaks are observed according to the locations of interference be-
tween the transverse and divergent waves created by the bow and
stern wave systems in the CFD results, and then a best-fitting line
through these points is drawn with a least-squares approximation
after measuring the x and y coordinates of the highest peaks.
Finally, the angle between the best-fitting line and the centerline of
the free surface is taken as the half wake angle. The wave in-
terferences between the bow and stern waves are explained with
the resistance force coefficients and the half wake angle.

2. Classical Kelvin wave pattern

Classical Kelvin waves are composed of two distinct wave sys-
tems: transverse waves that propagate in the direction of the
pressure point with wavelength lt and divergent waves that
propagate at an oblique angle b to the x axis with wavelength ld.
These two waves interfere to cusp waves, as shown in Fig. 1(a),
where the highest peaks of the givenwavelengths are marked with
red dots.

lt ¼2pU2

g
ld ¼ 2pU2

g
cos 2 b (1)

However, the generated waves of submerged bodies are
composed of many pressure points located on the hull surface
under different speeds and depths. In other words, taking the su-
perposition of bow and stern waves into consideration, the wave
features depend strongly on the length Froude number Fn and
depth Froude number Fr, as depicted in Fig. 1(b).

Fn¼U
. ffiffiffiffiffi

gL
p

Fr ¼ U
. ffiffiffiffiffiffi

gh
p

(2)

For waves generated by ships, the effective origins x ¼ xb and
x ¼ xs of bow and stern waves, respectively, are positioned slightly
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aft of the ship bow and slightly ahead of the ship stern. Naval ar-
chitects commonly use the empirical value d ¼ xb-xsz0.9 L to avoid
longitudinal interferences between the two sets of waves (Noblesse
et al., 2014). The distance between the first crest of the first
transverse wave in the bow wave system and the first crest of the
transverse wave in the stern wave system is defined as the inter-
ference length, expressed as mL in Fig. 1(b). Based on plane pro-
ceeding wave theory, thewave resistance coefficient is expressed as
follows:

Cw ¼
�
CþD cos

2pmL
l

�
½Fn�4 (3)

where C and D are constant values. When mL/l ¼ n (n ¼ 1,2,3 …),
the two wave systems are in phase with the maximum Cw; when
mL/l ¼ 0.5n (n ¼ 1,3,5 …), the two wave systems are out of phase
with the minimum Cw.
3. CFD implementation

3.1. Governing equations

The continuity and RANS are used as the governing equations to
investigate the incompressible viscous flow fields around the
SUBOFF models. These equations are expressed as follows:
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where Ui represents the mean velocity and u0i represents the fluc-
tuation velocity component in the direction of Cartesian coordinate
xi. p refers to the mean pressure, r is the density, and n is the ki-
nematic viscosity of the fluid. In the k-ε turbulence model, which
has been used to simulate the turbulent flow around submarines,
the Reynolds stress tensor is calculated by the Boussinesq model:

u0iu
0
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vxi
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þ 2
3
dijk

nt ¼ Cmk2
.
ε

(6)

where nt is the eddy viscosity, Cm is an empirical constant, k is the
turbulent kinetic energy, and ε is the dissipation rate. The turbu-
lence quantities k and ε are then computed from the realizable k-ε
model using two transport equations (Lateb et al., 2013).
Fig. 2. Submarine configurations of AFF-1 and AFF-8.
3.2. Free surface treatment

The VOF method is applied to capture the effect of the air above
the water surface and track the interface between the two phases
(water and air), so the volume fraction function a is defined (Lee
et al., 2019). a takes values between 0 and 1 near the free surface,
while the properties (density and viscosity) in any cell are obtained
by volume phase averaging.
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r ¼ arw þ ð1� aÞra
m ¼ amw þ ð1� aÞma (7)

3.3. Submarine model configurations

The two submarine models, AFF-1 and AFF-8, are shown in
Fig. 2. The length and maximum diameter of the axisymmetric hull
are L¼ 4.356 m and D¼ 0.508 m, respectively. AFF-8 was originally
designed as a bare hull with a fairwater and four identical stern
appendages (Groves.N.C and Huang, 1989).

3.4. Computational domain and boundary conditions

The computational domain and its dimensions are presented in
Fig. 3. The horizontal distance from the origin to the entrance
(located at the head of the submerged body) is 2 L, and the distance
to the outlet is Lþ6l to ensure that four wavelengths are able to
mark the highest peaks. The top (þz) and bottom (-z) boundaries
are set at 2 L and 3 L from the free surface, respectively, and the side
(þy) boundary is set at 3 L. The submerged depth between the free
surface and the center of the SUBOFF model is defined as h.

Because of the symmetric nature of both submarine models,
only half of either submarine is modeled to reduce the computa-
tional time. Symmetric plane boundary conditions are selected for
both sides. The upstream region is defined as the velocity inlet, in
which a uniform velocity based on the Fn is specified, and the
downstream region is treated as the pressure outlet, in which the
hydrostatic pressure is specified. Velocity inlet conditions are also
used at the top and bottom boundaries on behalf of the open sea to
minimize flow reflection. Finally, a no-slip condition is applied over
the SUBOFF model hull.

3.5. Grid generation

To capture the pressure drop along the model hull and the
disturbance of the free surface, local grid refinements are applied in
two areas, namely, the Shell and in the Z direction of the Water
surface, as depicted in Fig. 3. There are at least fifteen cells in the
wave height. The mesh size varies with the body length L, as listed
in Table 1, and the base size e is a reference value for other grid
refinements as a percentage of this value.

To evaluate the uncertainties of the CFD results brought by the
mesh resolution, grid independence studies are conducted on four



Fig. 3. Computation domain and boundary conditions.
Fig. 4. Wall Yþ.
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meshes. The refinement ratio rG ¼ 1.414 is chosen, and the base size
e decreases from mesh1 to mesh4. However, the prism layer
thickness is fixed on the value L/435.6 to keep the wall Yþ in the
desired range from 10 to 110, as depicted in Fig. 4.

3.6. Grid independences of totally submerged cases

A desktop PC equipped with two Inter(R) Xeon(R) E5-2680v2@
2.80 GHz CPUs and 64 GB of RAM is used for all simulations through
commercial CFD software Starccm.

In the totally submerged cases, the normalized resistance force
CT is given at Re¼ 1.2 � 107 based on the free streamvelocity U and
body length L. The steady results of AFF-1 calculated by Eq. (8) grow
monotonically from mesh1 to mesh4, as shown in Table 1.

CT ¼ Fx
.�

0:5rU2L2
�

(8)

The pressure coefficients along the hulls of mesh3 and mesh4
are validated with Experimental Fluid Dynamics (EFD), as shown in
Fig. 5. The CFD and EFD results show good performance as a whole,
except for the sharp deformation areas near the head and tail with
large relative errors.

The resistance forces of AFF-1 and AFF-8 are also tested with
mesh3 for different inlet velocities, as depicted in Table 2. The CFD
results are smaller than the EFD results, but the relative errors are
under 2%.

3.7. Grid independences of shallowly submerged cases

The free surfaces corresponding to the four meshes are
compared in Fig. 6. The results of mesh1 and mesh2 cannot fully
describe the wave pattern, but the structure of the free surface with
mesh3 is close to that with mesh4, and the half wake angle is also
similar. Hence, mesh3 is employed as the final grid.

The temporal sensitivities of shallowly submerged cases are
conducted as unsteady with mesh3, and four time steps are oper-
ated at Re ¼ 1.2 � 107 (Fn ¼ 0.424) and h ¼ 1.1D. The profiles along
the centerline of the free surface are compared in Fig. 7, revealing
Table 1
The mesh size of AFF-1.

rG ¼ 1.4

Grid refinement mesh1

Base size e 0.2*L
Surface of SUBOFF
Shell
Water surface
Prism layer thickness
Total number of generated grids 770,842
CT of AFF-1 0.9578
CT of AFF-8 1.1976
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no significant differences between 0.01 s and 0.005 s. Ultimately,
the time step Dt ¼ 0.01 s is deemed optimal because less time is
consumed.

3.8. Method of measuring the half wake angle

To measure the half wake angle q of the free surface profile
under multiple Froude numbers, (Rabaud and Moisy, 2014) drew a
line through the brightest point in many satellite images of ship
wakes and measured the resulting angles by hand. (Darmon et al.,
2013) defined the wake angle in terms of the maximum of a curve
interpolated from the peaks within a given wavelength far down-
stream, and a line was drawn between this maximum and the
origin. Based on the CFD result of Fn ¼ 0.424, the position of the
black point is (10. 3.5353), and the connecting line from the coor-
dinate origin toward this point represents the cusp line; the angle
between the cusp line and the centerline of the free surface is
19.47�. The highest peaks of the four givenwavelengths are marked
by red dots, and a dashed line is fit through these points with a
least-squares approximation. Finally, the half wake angle is deter-
mined between the best-fitting line and the centerline of the free
surface (white line in Fig. 6). For Fn ¼ 0.424, the half wake angle is
16.46�.

4. Results and discussion

4.1. Interferences between the bow and stern wave systems

The resistance force coefficients of AFF-1 are shown in Fig. 8.
There are two hump points located in Fn ¼ 0.3, 0.5 and one hollow
point in Fn ¼ 0.35 at h ¼ 1.1D. Constructive interferences occur at
Fn ¼ 0.3, 0.5 and destructive interferences form at Fn ¼ 0.35. At
Fn ¼ 0.3, the value of the resistance coefficient is approximately
twice that at Fn¼ 0.25, and the value of the resistance coefficient at
Fn ¼ 0.3 is parallel to that at Fn ¼ 0.424, with the velocity of latter
growing 1.4 times. The variation tendencies of the resistance forces
match those of Eq. (3) due to a cosine term. The value of this term
14

mesh2 mesh3 mesh4

0.1414*L 0.1*L 0.0707*L
1%*e
10%*e
2%*e

L/435.6
1,724,015 3,954,579 10,091,223
0.9637 0.9665 0.9670
1.1594 1.1466 1.1455
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Fig. 5. Pressure coefficient distribution.

Table 2
The relative error of resistance force.

U (m/s) CFD(N) EFD(N) d(%)

AFF-1 3.046 85.8 87.4 �1.83
AFF-8 3.051 100.6 102.3 �1.66

Fig. 6. Comparisons of the free surface for different meshes.

Fig. 7. The profiles for different time steps.

D. Li, Q. Yang, L. Zhai et al. International Journal of Naval Architecture and Ocean Engineering 13 (2021) 65e74
changes between �1 and 1 following the interferences of the bow
and stern wave systems. However, these extreme points disappear
at h ¼ 2.2D because of the large distance to the water surface.
4.2. Interference effect on the half wake angle

The wave patterns of surface gravity waves under multiple
Froude numbers are presented in Fig. 9, associated with the half
wake angle of the classical Kelvin wave pattern (black dotted line)
and the half wake angle of the SUBOFF generated wave systems
including the bow and sternwave interferences (red dotted line). At
Fn ¼ 0.25, these wave systems are mostly composed of transverse
69
waves. No obvious peaks occur at the given wavelengths. At
Fn¼ 0.3, constructive interferences occur, and thewave amplitudes
grow rapidly. Because of the low speed, the half wake angle of the
generated wave systems is close to 19.47� but is reduced to 18.44�

at Fn ¼ 0.33, and then destructive interferences occur at Fn ¼ 0.35.
At this Fn, the different phases of the bow and stern wave systems
are superimposed onto each other, resulting in a significantly
different wave pattern; the half wake angle decreases to 13.88�. At
Fn ¼ 0.37, we can clearly distinguish the bow and stern wave sys-
tems; the highest peaks of the bow wave system are marked with



Fig. 8. The resistance force coefficients of AFF-1.
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white dots in the lower part of Fig. 9. Resulting from the in-
teractions between these two wave systems, the angle of the bow
wave system decreases to 18.48�, and the angle of the generated
wave system decreases to 17.62�. Hence, the angle will diminish
gradually with increasing Fn from 0.4 to 0.5.
4.3. Effect of depth on the SUBOFF generated waves

The half wake angles of the SUBOFF generated wave systems at
h ¼ 2.2D are presented in Fig. 10. When Fn < 0.4, the generated
wave systems are composed of transverse waves, while divergent
waves are invisible at h ¼ 2.2D. When Fn > 0.4, there are at least
two peaks detected in the generated waves. At Fn ¼ 0.55, the half
wake angle decreases to 16.26� when the depth of the target is
h ¼ 2.2D.
Fig. 9. The half wake a
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Comparisons among the hydrodynamic characteristics
(including the generated waves, elevations along the centerline,
and resistance force coefficients) at four depths are shown in Fig.11.
At h ¼ 1.1D, the divergent waves are visible, and the four highest
peaks are marked at the given wavelengths. At h ¼ 2.2D, the
divergent waves are ambiguous, and the two highest peaks are
found at only the first two wavelengths. However, for h ¼ 3.3D and
4.4D, the divergent waves are entirely invisible, and the transverse
waves predominate the generated waves. The highest peaks cannot
be found at the given wavelengths, and the half wake angle is
difficult to determine at these two depths. According to the com-
parisons of the generated waves between h ¼ 3.3D and 4.4D, the
waveforms are similar, and the differences are focused on the value
of elevation. From Fig. 11(c), the wavelengths of the transverse
waves at the four depths are the same at approximately 6.7 m. In
other words, the wavelength is independent of the submerged
depth. In Fig. 11(d), the symbol∞ represents the totally submerged
case. The gap in the force coefficients between h ¼ 1.1D and
h ¼ 2.2D is larger than that between the two other adjacent depths
because of the transformation from divergent to transverse waves.
4.4. Effects of appendages on the SUBOFF generated waves

Comparisons of the resistance force coefficients between AFF-1
and AFF-8 at h ¼ 1.1D are pictured in Fig. 12. Regarding the wave
resistance sensitivity with Fn, both submarine models have the
same variation tendency but exhibit an approximately 10% increase
in value.

The evolution processes of the two SUBOFF generated waves at
Fn ¼ 0.45 and h ¼ 1.1D are compared in Fig. 13, which includes a
ngle at h ¼ 1.1D.



Fig. 10. The half wake angle at h ¼ 2.2D.

Fig. 11. Comparison of hydrodynamic characteristic at four depths.
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Fig. 12. The force coefficient of AFF-1 and AFF-8 at h ¼ 1.1D.
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contour map at the top and the profile along the centerline on the
bottom. In the beginning at t ¼ 0.2 s, the stagnation point of the
bow and the fairwater excite two crests, and the negative pressure
Fig. 13. Comparison of generated w
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zone behind the fairwater further excites a trough. For AFF-8, four
identical appendages are mounted exactly within the stern wave
region, but no significant differences between AFF-1 and AFF-8 are
detected in this region. With increasing time, the crest above the
fairwater merges with the bow wave, while the trough behind the
fairwater becomes a part of the sternwave located in the vicinity of
x ¼ 4 m. At t ¼ 10 s, the first peak of the generated wave, the
Bernoulli hump located at x ¼ 0.5 m, tends to be stable in front of
the fairwater. At t ¼ 20 s, the four highest peaks are marked by red
points; the half wake angles are 16.48� for AFF-1 and 16.35� for
AFF-8, with little difference. The transverse wavelength from CFD is
5.6 m, and that according to Eq. (1) is 5.5 m, so the relative error
between the two is less than 2%.

Other cases are compared in Fig. 14. The addition of appendages
has little effect on the wave pattern when the SUBOFF generated
waves are steady.
aves between AFF-1 and AFF-8.



Fig. 14. Comparisons of the generated wave at different Fn.
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5. Conclusions

We have numerically investigated the resistance force co-
efficients and the SUBOFF generated waves under different values
of Fn and Fr. Two types of submarine models are compared to es-
timate the effects of appendages. The simulations are carried out by
the realizable k-ε turbulence model in conjunction with the VOF
interface tracking method. Grid independence studies are con-
ducted on four meshes under totally and shallowly submerged
cases. The highest peaks are delineated by red points after
measuring their x and y coordinates, and the half wake angle is
extracted between those highest peaks and the centerline of the
free surface.

For the bare hull model (AFF-1), when the depth of the target is
h¼ 1.1D, constructive interferences occur at Fn¼ 0.3 and 0.5, while
destructive interferences occur at Fn ¼ 0.35. At Fn ¼ 0.35, the bow
and stern waves are out of phase, and there are significant differ-
ences in the wave patterns, resulting in smaller half wake angles
73
than in the other cases. At Fn ¼ 0.37, we can clearly distinguish the
bow and stern waves in the CFD results, and the half wake angle of
the bow wave is smaller than 19.47� because of the interaction
between the two wave systems. As the depth increases, the diver-
gent waves vanish, and the transverse waves predominate the
generated waves. The gap in the force coefficients between h¼ 1.1D
and h ¼ 2.2D is larger than that between the two other adjacent
depths because of the transformation from divergent to transverse
waves.

For the model with a fairwater and four identical stern ap-
pendages (AFF-8), the sensitivity of the resistance force coefficients
exhibits the same variation tendency with Fn but with a 10% in-
crease in value. The influences of appendages are focused mainly
during the initial stage of wave-making. With increasing time, the
crest above the fairwater merges with the bow wave, while the
trough behind the fairwater becomes a part of the stern wave.
There are few differences in the wave pattern and the half wake
angle after the SUBOFF generated waves tend to become steady.
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