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GLOBAL LARGE SOLUTIONS FOR THE COMPRESSIBLE
MAGNETOHYDRODYNAMIC SYSTEM

JINLU L1, YANGHAI YU, AND WEIPENG ZHU

ABSTRACT. In this paper we consider the global well-posedness of com-
pressible magnetohydrodynamic system in R with d > 2, in the frame-
work of the critical Besov spaces. We can show that if the initial data, the
shear viscosity and the magnetic diffusion coefficient are small comparing
with the volume viscosity, then the compressible magnetohydrodynamic
system has a unique global solution. Our result improves the previous
one by Danchin and Mucha [10] who considered the compressible Navier-
Stokes equations.

1. Introduction

The present paper is devoted to the equations of magnetohydrodynamics
(MHD) which describe the motion of electrically conducting fluids in the pres-
ence of a magnetic field. The barotropic compressible magnetohydrodynamic
system can be written as

Oyp + div(pu) = 0, in Rt x R4
di(pu) + div(pu @ u) + VP(p) = b- Vb — 1V([b]?)

(1) + pAu+ V((p+ Ndivu), in Rt xR?
Ob+ (divu)b+u-Vb—b-Vu—vAb=0, in Rt xR?
divh = 0, in Rt x RY,

where p = p(t,z) € RT denotes the density, u = u(t,z) € R? and b =
b(t,z) € R? stand for the velocity field and the magnetic field, respectively.
The barotropic assumption means that the pressure P = P(p) is given and
assumed to be strictly increasing. The constant v > 0 is the resistivity acting
as the magnetic diffusion coefficient of the magnetic field. The shear and vol-
ume viscosity coefficients p and A\ are constant and fulfill the standard strong
parabolicity assumption:

p>0 and K=X+2p>0.

Received January 18, 2021; Accepted April 28, 2021.
2010 Mathematics Subject Classification. Primary 35Q35, 76D03.
Key words and phrases. Compressible MHD system, global solution, Besov spaces.

(©2021 Korean Mathematical Society



1522 J.LI, Y. YU, AND W. ZHU

To complete the system (1), the initial data are supplemented by

(2) (u, b, p)(t, )| =0 = (uo(x), bo(x), po())
and also, as the space variable tends to infinity, we assume
(3) \:El\gnoo (UO(JC)’ bo(l'), 00(17)) = (07 Oa 1)

The system of MHD involves various topics such as the evolution and dynam-
ics of astrophysical objects, thermonuclear fusion, metallurgy and semiconduc-
tor crystal growth, see for example [2,18]. Roughly speaking, the system (1) is a
coupling between the compressible Navier-Stokes equations with the magnetic
equations (heat equations). When b = 0, the system (1) reduces to the usual
compressible Navier-Stokes system for baratropic fluids. We should mentioned
that the system (1) contains much richer structures than the Navier-Stokes sys-
tem and offer us new opportunities. Due to its physical importance, complexity,
rich phenomena and mathematical challenges, there have been huge literatures
on the study of the compressible MHD problem (1) by many physicists and
mathematicians, see for example, [3,4,11-26] and the references therein.

Now, we briefly recall some results concerned with the multi-dimensional
compressible MHD equations in the absence of vacuum, which are more rel-
atively with our problem. Kawashima [17] established the local and global
well-posedness of the solutions to the compressible MHD equations as the ini-
tial density is strictly positive, see also Strohmer [21] and Vol’pert—Khudiaev
[23] for the local existence results. To catch the scaling invariance property,
Danchin firstly introduced in his series papers [5-9] the “Critical Besov Spaces”
which were inspired by those efforts on the incompressible Navier-Stokes. Li—
Mu—Wang [19] obtained the local well-posedness of the system (1) in the frame-
work of critical Besov spaces under the assumption that the initial density is
bounded away from 0. Danchin and Mucha [10] proved that the compressible
Navier-Stokes system convergence to the homogeneous incompressible case for
the large volume viscosity. Motivated by these works, our main goal of the
present paper is devoted to extend the compressible Navier-Stokes system to
the MHD system. Since there is no global well-posedness theory for general
initial data, we will prove the global existence of strong solutions to (1) for a
class of large initial data.

We notice that if k tends to +o0, then velocity field and magnetic field shall
satisfy the incompressible MHD system:

QU + U -VU — pAU + VI — B- VB — 1V(|BJ?) =0,
&B+U-VB—B-VU —vAB =0,

divU = divB =0,

(U, B)li=0 = (Puo, bo),

(4)

where P is the Leray project operator.
Our main result can be stated as follows:
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. .d_

Theorem 1.1. Let d > 2, (ug,bo) € B3, 1(]Rd) x B3, 1(IR”l) and ag := po—1 €

Sd_ . d

Bs, 1(}Rd) N B3 (RY). Suppose that (4) generates a unique global solution
Ld_

(U,B) € C(R*; By, 1(Rd)). Let C be a large universal constant and denote

M :=||U,B Uy, By, uNV2?U,vV?B ,
0B, g )+ U6 BV UV2BI g
Dy:=Cexp (C(1+p ' +v )M +1)%)(|lao, QUO”B%” + /<;||a0||]_3% +1),
2,1 2,1

§o:=Cexp(2C(1+p > +v ) (M +1)*) (' D§ + H_%Do)-

Assume that k is large enough and ||ag|| .2 is small enough such that
B

d
2
2,

1
K 'Dyg <1 and So(p'+v ' +1)< 5

Then the system (1)—(3) has a unique global-in-time solution (p,u,b) which
satisfies

wbe CRY; BT N LY RY; B2,
a:=p—1cC®R"BE ' NB2)NIARY; BE)).
Remark 1.2. For d = 2, according to Proposition 2.3, we can set
M = C|[Up, Boll g, exp (€ (=" +v4)1Uo, Bolz ).

From Theorem 1.1, we deduce that the system (1)—(3) has a unique global-
in-time solution without any smallness condition on the initial velocity and
magnetic: the volume viscosity A just has to be sufficiently large.

2. Preliminaries

In this section, we recall basic notations and some useful properties involved
the homogeneous Besov spaces which will be used throughout this paper.

e The symbol A < B means that there is a uniform positive constant C
independent of A and B such that A < CB. We write A = B to denote
that A < B and B < A.

e For any k,m € ZT, we also use the simplified notations if there is no
ambiguity

IS FellX o= Al + -+ el
e The projectors P and Q are defined by
P:=Id+ (-A)"'Vdiv and Q:=—(-A)"'Vdiv.

Now, let us recall the definition of the homogenous Besov space (see [1]).
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Definition. Let s € R and (p,r) € [1,00]2. The homogeneous Besov space
B, , is defined by

By, = {1 € Si®Y : Ifll5,, = || 14,0 ]|, < +o0}-

Next, we give the important product acts on homogenous Besov spaces by
collecting some useful lemmas from [1].

Lemma 2.1. Let s1,s2 < 4, 51+ s > 0 and (f,9) € B;}l(Rd) X B;i(Rd).
Then we have

o gl gz -

||fg|| '51+32*% S CHf|
B2,1

Lemma 2.2. Let s > 0. Assume that F' € W[SHQ’OO(R) with F(0) = 0. Then

| loc
for any f € L=(R%) N B3 (R?), we have
IE sy, < CUFI=)I g

Proposition 2.3. Assume that Uy, By € Bgvl(RQ) with divUy = divBy = 0.
Then there exists a unique solution to (4) such that

U,B € C(R"; BY | (R*)) N L'(R*; B | (R?)).
Furthermore, there exists some universal constant C', one has for all T > 0,

10, Bl e g ) + |Ut, Be, iV U, vV Bll 1 g
< ClIUs, Boll g, exp (C (™" +v4)[Uo, Bollf2 ).

Proof. For any t € [0,T], the standard energy balance reads:

t t
\U(t), B®)|2 + 2u / VU122t + 20 / IV BIPadt = Vol + | Bolla.
which implies for all T" > 0,

(5) pi U] + v B < C||Uo, Bo|| 2

L4(B3,)
From the estimates of the Stokes system in homogeneous Besov spaces, we have
©) U Bllysqsy ) + Ve Broi VU0 Bl s s

< (U, Boll g, +1U - VU =B VBl g )+ B-VU=U - VBl 1y g ).

L1
L%“(Bz2,1)

In view of the interpolation inequality and Young inequality, we deduce that

T
10~V UlL g gc/ U]y 1IN0y di
’ 0 2,1

1
2
BZ,l

T 1 3
<C Ul .1 Ul U2, dt
<c [ 1y 19Uk o,
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C T 4 2
™ < iy TN, 100+ <hlIV Uy g

Similar argument as in (7), we obtain

C T
®)  IB-VBIlL sy, < 537/0 ||BH;;g HBHBg,ldt+5”||VZBHL1T(BS,1)’

1
2
2,1

C T

©) U VBl s, < 55 i HUllzz%lllBllgg,ldt+6V|\VQBIIL1T<B;1),
C T 4 2

(10) 1BVl g, < 57 | 1BI3 NUlsg, At + enllVoUly cay,)-

Therefore, combing (6)—(10) and choosing € small enough, we find that
U, Bll e g ,) + U, Be, pV2U, vV Bl 1y 5

T
< C (100 Bollgg, + (w2 +v7%) [ I0BIL, 10, Bl a2).
2,1 ’

It follows from the Gronwall inequality and (5) that the desired result of Propo-
sition 2.3. 0

3. Global a priori estimates

The section is devoted to deduce the global a priori estimates which are
crucial to prove our main result.
Setting a = p — 1, we infer from (1) that
Ora + div(au) + divu = 0,
du+u-Vu+ P (1+a)Va—b-Vb+ 3V(|b*) — pAu
=V ((pr + Ndivu) = —a(ur + u - Vu),
b+ (divu)b +u - Vb—b-Vu —vAb =0,
divb = 0,
(u, b, a)(t, @) |t=0 = (uo(x), bo(x), ao(x)).
Before we move on, we recall the following local well-posedness of system
(11).

Theorem 3.1 (See [19]). Assume that the initial data (ag := p — 1,ug, bo)
satisfy divbg = 0 and

(1)

. d .d_q . d_q
(a0, u0,b0) € B3y X B3y x B3y .
In addition, infd ap(z) > —1, then there exists some time T > 0 such that the
z€R

system (11) has a local unique solution (a,u,b) on [0,T] x R? which belongs to
the function space

Br = C([0,T); BS,) x (C(0,T); B, )y n LLBE )2,
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where CN([O,T];B;l) = C([O,T];B;l) N E‘X’([O,T];B;J) with s € R and 1 <
q < oo.
Introducing the following new quantities
v=u—U and c=b-B,

we shall treat the potential Qu and divergence-free Pv parts of v, respectively.
Applying the operator Q to (11), and noticing that Qu = Qu, one has

(12) 0 (Qu) + Q((v+U)-VQu) — kAQu + Va = —Q(alU; + avy) — QRy,

here we denote k(a) = P’(1 + a) — 1 (here we assume that P’(1) = 1 for
notational simplicity) and

Ri=(1Q+a)v+U)-VPv+(1+a)(v+U) -VU+a(v+U) -VQu
1
+ k(a)Va— (B+c¢)-V(B+c)+ 5V(|B + c[?).
In view of equation (11),, then using u = Qu+Pv+ U, we find that a satisfies
(13) oa+ (v+U) - Va+ divQu = —adivQu.

Note that PU = U and P(Qu - VQu) = P(aVa) = 0, applying the operator P
to (11),, we have

(14) 0(Pv) + P((v+U) - VPv) — uAPv = —P(alU; + avy + aVa) — PRa,
where
Ro=(14a)v+U) - VQu+(1+a)v-VU+a(v+U)-VPu
+aU-VU - (B+¢)-Vec—c-VB
=14a)Pv-V{U+ Q)+ (1+a)U-VQu+ (1+a)Quv-VU
+a(v+U)-VPv+aU - -VU 4+ aQuv-VQu— (B+¢)-Ve—c-VB.
According to the magnetic equation of (11), we can show that ¢ satisfies
(15) dic+ (v+U)-Ve—vAc=—R3 with ¢|—g =0,
where
R3 = (divQu)B + (divQu)c+v-VB - (B+¢) - Vv —c- VU.

In the sequel, we denote a’ and a” the low and high frequencies parts of a
as

(16) at = Z Aja and o' = Z Aja
27 k<1 27 k>1
and set
Xq(T) = ||Qu,a,kVa| a4, +||Qu + Va,kV?Qu,kV2a", Va"| 4 .,
LE(B3, ) Ly(B3y )
Ya(T) = Ya1(T) + Yy o(T)
= ||Pv, || 4-1) + | Pvg, co, uV*Po,vV3¢||

(132 L g1y
LFE (B3, Ly(B3y )



GLOBAL LARGE SOLUTIONS FOR CMHD 1527

ZyT)=|U,B| a4, +||Us, By, uV?*U,vV2B]|
LE(BZ, )

)

1 pat
Li(Bfy )

X4(0) = [lao, QUOHBE{I + ff\|a0||B§1-
It is easy to show that
(17) Zg(T) <M forall T > 0.

We concentrate our attention on the proof of global in time a priori estimates,
as the local well-posedness issue has been ensured by Theorem 3.1. We claim
that if k is large enough then one may find some (large) D and (small) 0 so
that there holds for all T' < T,

(18) Xd(T) < Da Yd(T) < 57 HilD < ]-a
S(pt+vt+1) <1, D>(M+1), |a(t,)|r~ < 3.

Next, our aim is to establish the global a priori estimates. We will divide it
into three steps.

Step 1. Estimate on the terms Pv and c.

We first consider the estimates for Pv. Applying A; to (14), taking the L?
inner product with Aij then using that P2 = P, we deduce that

1d

2 dt
= / (v + U, Aj] - VPo) - AjPuda

Rd

(19) 1A;Pv)|22 + ul VA Poll7

— Aj (aU; + avy + aVa + Ry) - Aj’P’de - % / |A]—'P’U|2divvdx,
R4 R

According to the commutator estimates of Lemma 2.100 in [1], we have

(20) 2GED|[o+ U, Aj] - VPu|| 2 < Ce; |V (0 + )| .4 |Poll .4,
322,1 322,1
where ||¢j||pn = 1.
Multiplying both sides of (19) by 21(5=1) and summing up over j € Z, then
using Lemma 2.1 and (20), we obtain that

21 Pv a_, VPP d
(21) I HL%O(Bz%1 aa HLIT(BQ%1 3
T
< \Y% U dit
S [ V@Dl 1ol
U, \Y R .
a0+ Poct (Que+ VDl s+ IRl
In order to bound H”PthL1 41y we infer from (14) and (21) that
T 2,1

d_q
21 )

22 Pu 4y +||Pv, uVEPu )
@) Pl g + PSP
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T T
5/ IV + D) 4 ||Pv||‘g_1dt+/ (w4 0U) - VPl 4, dt
0 322,1 322,1 0 322‘1

T T
+/ ||a(Ut+Pvt+(Qvt+Va))||B%_1dt+/ ||R2\| ,_ldt
0 2,1

For the second term of RHS for (22), we can infer from Lemma 2.1 that

(23) (v +U)- V7’v|| i

T T
< Pu Pu dt v+ U Pu dt
S [ 1Pl g Pl g e+ [ 1Qu UL 1ol

T
5/ ||7>v||.%,lnpvu.g“dw—/ (@0 )1 1Pl
2,

21

+ellpVEPoll g

T( 21)

For the third term of RHS for (22), from Lemma 2.1, one has

T
(24) / la(Uy + Poy + (Quy + Va))HB,%_ldt
0 2,1
< la P ( d_
| H =54 [ t|| L i
+ ||[Pv i, +| Qv+ Va Ld_y
1Pul,, s, + Qe+ Vall, o )

< kT Xa(T) (Xd(T) + Yy(T) + Z4(T)).

For the last term of RHS for (22), by Lemma 2.1, we can estimate them as
follows

(25) (1 +a)Pv- V(U + Qu)|

Ld_q
L%"(Bzzg )

T
< 1 U P dt
S [ lal g 10+ @l Pl

(26) 1+ a)(Qu-VU+U - VQv)HL1 i,
< (1+a Qu a ||U 4
(L+ [lal el )II I, ﬁn” ”LZT<B§1>

1

S (14w "Xy (T)) k"2 p %X (T) Za(T),

(27) lla(v+U) ~V7711|| ,_1)
< U
Slall g o+ ||mB,_1 L

S & T Xa(T)Ya(T) (Xa(T) 4 Ya(T) + Za(T)),
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(28) laU - VU + aQu - VQu|| 4y
1 B221 )

U]l Y U ||

=(B2, ) L(BE

+ ||Qv 4, ||Qu
1901, g+ 1201

Shal, g1 (
2,1

Lk (132+1 )
< IX(T) (7 Z3(T) + 5L XH(T)),

2 B . -VB
(29) (B4 Vet e VB, Ly

T T
/ Jell gl -+ / 1Bl 5.l 5 4
21 B 2

T
1
dt + — B|? dt
el gl gt / IBI7, g Tl g
+EH1/V2CH

A

A

d g .
322,1 )

Therefore, summing up (22)—(29), we obtain

(30) [Pl a0+ Po, uVEPY| e

T(21) T(21)

S KT Xa(T) (Xa(T) + Ya(T) + Za(T))
+ (14 ' Xa(T)) R 20 2 Xo(T) Za(T)
+ k' Xa(T) (01 Z3(T) + 7' XZ(T))
+ R T Xa(T)Ya(T) (Xa(T) + Ya(T) + Za(T))

T
+ [ (el NP0 Qo Tiel g+ Q0 DI g +IBIE 4 JYandt
0 2,1 2 2,1
+eYq(T).

Similar argument as in (22) and (23), we infer from (15) that

31 c N C,Z/V2c Ld_y
(31) HL%C(B%1 : (s “LlT(B;l :

T
< Pv, Qu,U|| . a, el .a_,dt+||[(v+TU)- Ve 4, +||R 4 -
[ I oallellgditl@+0) Vel , g +HIR, oo

For the last two terms of RHS for (31), due to Lemma 2.1, we can tackle with
them as follows:

. %71
(B )

(32) 1w +U)-Vell,

T T
S [Pl el gt [ 1Qu4 T g el g a
0 B3, B3, 0

21
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T T
1
< P dt + — Ul? dt
N/O ” '0”32%’1—1”6”32%;1 El//o ||QU, “B§1||C||B§;1

+ellpViel g,
LL(B2, )

di —c-Vu—c- .
(33) [[(divQv)e —c¢- Vv —¢ VU||L1 @i

T
<
S [ WP el gl g

(34) |(divQv)B+v-VB —B-Vuv || (B% :

A

T T
/ 1]l 4 I1B] gdt+/ 1Pl 181,
0 Bz,l 21 2

1

A

T 1 T
/ 1]l 4 I1B] %dt+—/ IPoll g IBI? , dt
0 321 1 EM Jo B2,1 322,1

+€||uV2Pv||L

L pe-t
(B3 )

A

1 1 T
ﬁ—ay—%xd(T)Zd(T)Jr*/ [Poll g IBIP 4 de
en Jo Bin o Bi,

+e|uVPPoll 4,

T( 21)

Hence, collecting the estimates (31)—(34), we get
(35) el g F e, vV2el| g,

T 21 T( 21 )

< vy (T)—I—EYd(T)—i-fi 2072 Xy(T) Z4(T)

T
+/ (IPv. Qu. U] g o 7 (7" 407 | Qu, U BI? 4 ) Yot
0 2,1

2,1
Combining (30) and (35), choosing € small enough and using Gronwall’s in-
equality, we have

(36)  Yo(T)

< Cexp <C||Pv, Qu, U, c| + 0 +v)lIQu. U B sl ))

Ly
x {7 X () (XalT) + Ya(T) + Za(T))
+ (14 £ Xa(D) R 20 2 Xa(T) Za(T)
+RTIXG(T) (nr Z3(T) + £ 1X3(T)) + k™20 % Xyg(T) Za(T)
1 T X (T)Ya(T) (Xa(T) + Ya(T) + Za(T) }.
Step 2. Estimate on the terms Qu and a.
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Now, applying A; to (11) and (12) yields that
(37 {ataj + (v+U) - Va; +divQu; = gj,
0:Qu; + Q((v+U) - VQu,) — kAQu; + Va; = fj,

where

a; =Aja, Quj=A;Qu, g; = —Aj(adivQu) — [A;, (v +U)]- Va,

fi = —A;Q(aU; + avy) — AjQRy — Q[A;, (v +U)] - VQu.
Taking the L? inner product of (37), with a; and (37), with Qu; yields

|ajH%2 + (a;,divQu;) = %(divv,a?) + (95, a5),

7 3]
(38) 34el1QujllZe + K1V Qu 122 — (aj, divQu;)
= 3(dive, [Quj[?) + (f;, Qu)).
We next want to estimate for ||Va;||2,. From (37),, we have
(39) OVaj+ (v+U)-VVa; + VdivQu; = Vg; — V(v +U) - Vag;.
From (39) and (37),, by simple calculations, we obtain
33:llVa;ll3z + (v +U) - VVay, Vay) + (VdivQuy, Vay)
=(Vg; = V(v+U)-Va;,Vay),
§#(Quj, Vag) + (v + U, V(Qu; - Vay)) — K(AQuj, Vay) + || Va; |7
+(VdivQuj, Qu;) = (Vg; — V(v +U) - Vaj, Qu;) + (f;, Va;).

(40)

Notice that (VdivQu;, Va;) = (AQu,, Va,;) and AQu,; = VdivQu;, we get

1d
@) 5 ®lIVelie +2(Qu; - Vay)) + ([IVa7z - IVQu;IZ2)

1
= (§H|Vaj|2 + Quj - Vaj,divv) + k(Vg; — V(v +U) - Vaj, Va,)
+(Vg; = V(v+U)-Va,, Quj) + (f;,Va;).
Multiplying (41) by x and adding up twice (38) yield

1d
(42) 5L+ (Vi3 + Ve e)

= /Rd(29jaj +2f; - Quj + k*Vg; - Va; + kVg; - Quj + kf; - Va;)dx

1
+3 /Rd(Qaf +2|Qu;|* + 26Qu; - Va; + |kVa,;|*)diveda

- Ii/ (V(v+U)-Vaj) - (kVa; + Quj)dx with
R4

(43) [,? = / (2a§ +2|Qu;|* 4+ 26Qu; - Va; + |kVa;|*)dx
Ra

1531
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= [ (26 +10u +1Qu; + 190, P)da ~ [(Quj. 5.1V

By (43), we obtain
K(IVQujll7z + IVayl72) > cmin (k2% x71) L3,
which along with (42) yields

1d : P
(44) §&£? + cmin(k2% )k 1)[:?

1, .
< <§||d1VU||L°° +C||V(U+U)||L°o)£? +Cllgj, f5, 6V gl 22 L;.-

Multiplying both sides of (44) by 2i(5=1 and summing up over j € Z, we have

45 a,kVa, Qu d kV2Qu, kV2a’, Va d
(5)  lwVa Qul g+ IOV VA
T
<
S 1 w90, @) g1+ [ U gV, @l
T -
+ [P Y gy gy kg et
0 jez

where the notations a’ and a” have been defined in (16).
Combining the estimates

T
ladivQu, KV (adivQv)|| L 5/ |divQu]| . ¢ |la,xVal . 4_,dt
0 322,1 322,1

L d_
LIT(Bzz),l )

and
T i d . .
/ S 9D Y[A;, (0 -+ U)]Va, Y (A, (v + U)|Va) | padt
0 j€Z
T
< / IV + U] 4 lla,wVal 4 . dt,
0 322,1 B22,1
we have
T T
) [ S Vg nVgleade S [ Ul gl nVal g
0 0 B22,1 B22,1

JEL

Next, we will estimate the last term fOT ez 295 =) || f;|| 2dt.
According to Lemmas 2.1-2.2 and the commutator estimates of Lemma 2.100
in [1], we have
(47) Q1+ a)v+U) - V(Pv+U)| .a_,
Ly(B3, )

S@A+lal g )POUL al, [[VPU, VU 4
L§(B2,) L (B2, ) LL(B2)
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T
+/ <1+||a||g>||w>v VUl g 1904t
0 2,

1

B.
S (141X (1) (V2 +Zd< )

T
1 VP, VU| . a a_,dt,
+ [l g NPT 100l

(48) la(w+ 1) 9Qull,, oo
‘2
S lla .a |v,U a_ Qu
[ ||L%C(B§1)H || L 211)|| HLl(B >

< RTXIT)(Xa(T) + Ya(T) + Za(T)),

T
49 k(a)Va a1 < al? </ al,a|? . dt
(49)  |lk(a) ”Lwﬁl =~ IILQ(B i 5 ), [ ||Qg
T
< ¢ ¢ h)|2 )
S [ (Il g+ B2 Yo
< KTIXE(T),
50 2ED[A;, v + U]V Qu| L2dt
J
JEZ

T
< IVw+U)|| . a ||Qv| . a_,dt
/O 322,1 3221

(51) lalell | gy +llavell | a4y

T(21) T(21)

S Ue, Pog, Que + Va 4, |la + [lal/?
S [|Ut, Py, | Bl 1)|| | (3221) + [l (53 1)

< & Xa(T)(Xa(T) + Ya(T) + Za(T)),

(1B +c) = (B+c)- V(B+0)

Ld_q
L’}‘(BZZ,I )

|3

S IBsell 21|| ol | in
L (B2, ) LL(B2]

S v (Zi(T) + YH(T)).
Therefore, collecting (45)—(52), we have

(53) Xa(T) < Coxp (CO+lall g JIP0. QU o)

21) (21

)

x {Xd(()) +C(1+ 1 X (1)) (™t + v ) (YAT) + Z3(T))

+ C(K2XH(T) + 1 Xo(T)) (Xa(T) + Ya(T) + Zd(T))}
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Step 3. Closure of the a priori estimates.
By (17) and (18), we can deduce that

54 1+ |la 4 Pv, Qu, U, c 4
(54) Atllal_ g ) [

<A+s'D)T'D+ T M 4+ o 4+ v7h)
<214 p v (M + 1)
and

(55) (=t +v Qv U BI? 4
L3(B3,)

< () (ETID2 4 (4 v M?)
< (I+p2 v )M+ )2
Using (18), (36), (53)—(55), for a suitable large (universal) constant C, we have
(56) Ya(T) < Cexp (C(1+p 2 +v72)(M +1)?)
x(nleQ—&—/@*%(;f%—|—1/7%)DM—H-;*l,u*lDMZ—Hi*l,u*lDZé)
< Cexp(C(1+p+v ) (M+1)*) (s 'D*+ H_%D)

(57) Xo(T) < Cexp (CL+p t+v 1) (M +1))
X (Xa(0) + (u '+ v (1 + M?) + M +1)
< Cexp (C(1+p™t + v 1) (M +1)?) (X4(0) + 1).
So it is natural to take first
(58) D :=Cexp (C(L+p 2+ v %) (M +1)%) (Xq(0) + 1)
and then to set
(59) §:=Cexp (20(1 4+ p 2+ v ) (M +1)%) (k' D> + k" 2D)

for a suitable large (universal) constant C.
It is easy to prove that |ja(t,-)||L~ < Cxk~1D.
Therefore, if we make the assumption that x is large enough such that

1
k'D<1 and &(p'+v'4+1)< >

then we deduce from (56)—(59) that the desired result (18).

4. Proof of Theorem 1.1

Theorem 3.1 implies that there exists a unique maximal solution (a,u,b) to

~ . d ~ Ld_ . d
(11) which belongs to C([0,T7; B3 ;) x (C([0,T]; B3, 1) N LITBQQJH)M on some
time interval [0,7*). With the a priori estimates (17) and (18) at our hand,
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one can conclude that T* = +oc0. In fact, let us assume (by contradiction) that
T* < co. Applying (17) and (18) for all ¢t < T™* yields

(60) lall + [|w, b i, <C<oo.

.4 .
L (B3y) LE (B3,

Then, for all ty € [0,7%), one can solve (11) starting with data (ag,uo, bo)
at time ¢t = tg and get a solution according to Theorem 3.1 on the interval
[to, T + to] with T independent of ty. Choosing tg > T* — T thus shows that
the solution can be continued beyond T%, a contradiction.
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