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THE GROWTH OF SOLUTIONS OF COMPLEX
DIFFERENTIAL EQUATIONS WITH ENTIRE COEFFICIENT
HAVING FINITE DEFICIENT VALUE

GUOWEI ZHANG

ABSTRACT. The growth of solutions of second order complex differential
equations [+ A(z)f' 4+ B(z)f = 0 with transcendental entire coefficients
is considered. Assuming that A(z) has a finite deficient value and that
B(z) has either Fabry gaps or a multiply connected Fatou component, it
follows that all solutions are of infinite order of growth.

1. Introduction and main results

Our main purpose is to study the growth of the solutions of the second order
linear complex differential equation

(1.1) f"+A()f + B(2)f =0,

where A(z) and B(z) are entire functions. It’s well known that every solution
of this equation is also entire function. The growth of entire function f shows
by the order p(f) and lower order pu(f), which are defined respectively by

p(f) = limsup w = limsup og log (r, f)
r— 400 log T r—s—4o0 IOg r

u(f) = liminf w — liminf og log (r, f)7
r—+00 logr r—+o00 logr

where T'(r, f) is the Nevanlinna characteristic function, log™ z = max{logz,0}
and M (r, f) denotes the maximum modulus of f on the circle |z| = r. Nevan-
linna theory plays an important role in the study of complex differential equa-
tions, its basic results and standard notations, such as T'(r, f), m(r, f), N(r, f)
and d(a, f), can be found in [19,29].
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It’s well known that if B(z) is transcendental and fi, fo are two linearly
independent solutions of the equation (1.1), then at least one of fi, fo is of
infinite order, see [17]. However, there exist some equations of form (1.1)
that have a nontrivial solution of finite order. For example, f(z) = e* satisfies
differential equation f”+e~*f'—(e”*+41)f = 0. A natural question is that what
conditions on A(z) and B(z) can guarantee that every solution f(z 0) of the
equation (1.1) is of infinite order? There has been many results in the literature
on this subject, see [17,19]. For example, let A(z) and B(z) be nonconstant
entire functions, satisfying p(A) < p(B) (see [13]) or p(B) < p(A) < 1 (see
[16]), then every nontrivial solution f of the equation (1.1) has infinite order.

In this paper, we continue to study the above question and consider the
question by assuming max{p(A4), p(B)} < oo in the following theorems. At
first, we consider the case in which one coefficient of the equation (1.1) has
deficient value. Let f be a non-constant meromorphic function in the complex
plane and a be any complex number, the deficiency of a with respect to f(2)
is defined by

L om) NG )
O(a, f) = hrrggolf o) 1 hfiﬁp o)
If §(a, f) > 0, then the complex number a is named a deficient value of f(z).
If an entire function f(z) has a finite deficient value, then u(f) > 1/2, see
[30, Theorem 3.5]. Particularly, if entire coefficient A(z) is of positive order
and has a finite Borel exceptional value a, we have §(a, A) = 1 by [29, Theorem
2.12]. Moreover, if B(z) has some other properties, there have been some results
about the solution f of (1.1) with infinite order, for example see [8,11,21,22].
We state one of these as following.

Theorem 1.1 ([22, Theorem 1.8]). Let A(z) be an entire function having a
finite Borel exceptional value, and let B(z) be an entire function with Fabry
gaps. Then every nontrivial solution of (1.1) is of infinite order.

For entire function B(z) = Y o, a,z*" with Fabry gaps, it satisfies the gaps
condition )‘7” — o0 as n — oo and it has positive order which was shown in [15,
p. 651], then B(z) is transcendental. In Theorem 1.1 suppose the finite Borel
exceptional value of A(z) is a, as mentioned above we have d(a, A) = 1 and
A(z) is of positive integer or infinite order by [29, Theorem 2.11]. Furthermore,
we consider the general situation that assume A(z) has a finite deficient value
a, which implies §(a, A) may be less than 1. In fact, there have been some
results as following.

Theorem 1.2. Let A(z) be a finite order entire function with a finite deficient
value and B(z) be a transcendental entire function, satisfying any one of the
following additional hypotheses:

(1) u(B) < 1/2, see [28];
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(2) T(r,B) ~ logM(r,B) as r — oo outside a set of finite logarithmic
measure, see [26, Lemma 2.7],
then every nontrivial solution f of the equation (1.1) has infinite order.

Following this idea, we extend the condition of A(z) in Theorem 1.1 to a
general case, that is, A(z) is an entire function with a finite deficient value. In
fact, we get a result as follows.

Theorem 1.3. Let A(z) be an entire function with a finite deficient value, and
let B(z) be an entire function with Fabry gaps. Then every nontrivial solution
of (1.1) is of infinite order.

In the below, in order to explain the assumption of Theorem 1.4 we give
brief introduction of transcendental entire function f having multiply connected
Fatou component. In the complex dynamic theory, see [6] for example, the
complex plane is divided into two sets, Fatou set and Julia set. Fatou set
F(f) of f is where the n-th iteration of f, denoted by f™, form a normal
family. The complement of F(f) in C is called the Julia set J(f) of f. The
set F(f) is completely invariant under f in the sense that z € F(f) if and
only if f(z) € F(f). Therefore, if U is a component of F(f), a so-called Fatou
component, then there exists, for some n = 0,1,2, ..., a Fatou component U,
such that f*(U) C U,. If, for some p > 1, we have U, = Uy = U, then
we say that U is a periodic component of period p, assuming p to be the
minimal. If U, is not eventually periodic, then U is a wandering domain of f.
Although some entire functions with only simply connected Fatou component,
such as Eremenko-Lyubich class function [9], there are many examples of entire
function with multiply connected Fatou components. The first such function
was constructed by Baker [1], who proved later [3] that this function has a
multiply connected Fatou component that is a wandering domain. Moreover,
Baker showed [2] that this is not a special property of this example: if U is
any multiply connected Fatou component of a transcendental entire function f,
then U is wandering domain which called Baker wandering domain. It has the
following properties: (1) each U, is bounded and multiply connected; (2) there
exists IV € N such that U,, and 0 lie in a bounded complementary component
of Uy41 for n > N; (3) dis(Uy, 0) — oo as n — oo. Therefore, if transcendental
entire function f has a multiply connected Fatou component, then J(f) has
only bounded component.

Theorem 1.4. Let A(z) be an entire function with a finite deficient value,
and B(z) be a transcendental entire function with a multiply connected Fatou
component. Then every nontrivial solution of (1.1) is of infinite order.

As mentioned above if p(A) < p(B), then every nontrivial solution of (1.1)
is of infinite order. On the contrary, there also have been some studies on
assumption p(B) < p(A) < oo and some other conditions to get that every
nontrivial solutions of (1.1) has infinite order, see [18,20]. In [23] the authors
replaced p(B) < p(A) < oo by p(B) < p(A) < oo and got the following result.
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Theorem 1.5. Suppose A(z) and B(z) are two entire functions with p(B) <
w(A) < oo, and T(r,A) ~ alog M(r, A) as r — oo outside a set of zero upper
logarithmic density. Then every nontrivial solution of (1.1) satisfies
e i) (E)
21(u(A) + u(B)) /27 (1 — o)
If a« =1, then p(f) = oco.

-1, a€(0,1).

Motivated by this result, we obtain the following theorem by changing the
condition on coefficient A(z).

Theorem 1.6. Let A(z) and B(z) be two entire functions with u(B) < u(A) <
oo, and A(z) has Fabry gaps. Then every nontrivial solution of (1.1) is of
infinite order.

2. Preliminary lemmas and auxiliary results

The Lebesgue linear measure of a set £ C [0,00) is m(E) = [, dt, and the
logarithmic measure of a set F' C [1,00) is my(F) = [, %

+- The upper and
lower logarithmic densities of F' C [1,00) are given by

E— Fnill
log densF = lim sup mu(F 0L 7))
r—00 1Og r
and Al
log densF = lim inf mu(F Ol r])
—— 00 logr

respectively. We say F' has logarithmic density if log dens(F') = log dens(F).
The proofs of our results highly rely on the estimation of logarithmic deriva-
tives, which is due to Gundersen [12].

Lemma 2.1 ([12]). Let f be a transcendental meromorphic function of finite
order p(f). Let e > 0 be a given real constant, and let k and j be two integers
such that k > j > 0. Then there exists a set E C (1,00) with m;(E) < oo such
that for all z satisfying |z| ¢ (E'U|0,1]), we have

F®(2)

f(j)(z)
The following result is a special form of [31, Corollary], in which we set

M(r, f) = max{|f(2)| : |z| = r}, L(r, f) = min{|f(2)] : |z| = r}.

Lemma 2.2 ([31, Corollary 1]). Let f(z) be a transcendental meromorphic

function with at most finitely many poles. If J(f) has only bounded com-

ponents, then for any complex number a, there exist a constant 0 < d < 1

and two sequences {rn} and {R,} of positive numbers with r, — oo and

R, /rn — co(n — o0) such that

(2.2) M(r, f)* < L(r, f), req,

where G =y {r:rn <7 < Ry}.

(2.1) < |Z‘(kfj)(p(f)71+6).
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Obviously, in the above lemma the set G has infinite logarithmic measure,
but we can not ensure the logarithmic density of G is positive. For the proof
of Theorem 1.4, we need to give a modification of Lemma 2.2. In order to do
this, we state two necessary results as follow.

Lemma 2.3 ([5]). Let U be a domain in the complex plane and f(z) be defined
and analytic in f*(U), (n = 0,1,...) inductively such that H = U2 f™(U) has
at least two finite boundary points in the complex plane. If f™|y — oco(k —
00), then for any compact subset K of H, there exists a positive constant M
such that for all sufficiently large k, we have

(2.3) |7 ()] < 1F ()M
for all 21,20 € K.

Lemma 2.4 ([7]). Let f be a transcendental entire function with a multiply
connected wandering domain U. For each zg € U and each open set D C U
containing zo, there exists o € (0,1) such that for sufficiently large n € N,

(2.4) {z: 1/ (20)'= <[zl < [f"(20)]"**} € f*(D) C Un.

Lemma 2.5. Let f(z) be a transcendental entire function. If F(f) has a
multiply connected component, then there exist a constant 0 < d <1 and a set
G C (1, +00) with positive lower logarithmic density such that

(2.5) M(r, /)< L(r,f), r€QG.

Proof. Tt was shown in [4] that for a transcendental entire function, every mul-
tiply connected component of its Fatou set must be Baker wandering domain.
Then there exists a Baker wandering domain U containing a set D in Lemma
2.4. We have a sequence D,, = f"(D) in UpZof"(D). Set G = UpL,, {r :
[f"(20)' = < r < |f*(20)]* T} and C(r) = {2 : |2| = r}. Obviously, G has
positive lower logarithmic density 2a. For every r € G, we have C(r) C D,
for some n and we have a curve y(r) in D and a positive integer n such that
C(r) = f*(y(r)). Therefore, we have two points w; and wy in v(r) C D such
that

(2:6) M(r f) = max |f()| = (" (wn),
(27) Lir, f) = min /()] = £ (w2)).

Since D is a compact subset of U and f*(U) — oo(n — 00), by Lemma 2.3 we
have for some constant M > 1

(2.8) 7 wn)| < £ (wa) M
Combining (2.6), (2.7), (2.8), we obtain (2.5) with d = 1/M. O
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Lemma 2.6 ([10, Lemma 1]). Let h(z) be a meromorphic function of finite
order p. Given ¢ >0 and 0 <1 < 1/2, there exist a positive constant K(p, ()
and a set Fy C [0,+00) of lower logarithmic density

t—tdt
log densF := lim inf M >1-¢
E— T—00 log r
such that
R (re'?) 1
2. - K log =T
(29) [ |40 < K<) (0108 )T

for all r € F¢ and every interval J C [0,27) of length I.

We state the following lemma in regard to entire function with Fabry gaps.
It can be found in [10, Theorem 1] and [14, Lemma 2.2].

Lemma 2.7 ([10, Theorem 1]). Let B(z) = Yo" anz™ be an entire function
of finite order with Fabry gaps. Then, for any given ¢ > 0,

(2.10) log L(r,B) > (1 — ¢) log M (r, B)

holds outside a set of logarithmic density 0, here L(r, B), M (r, B) are as men-

tioned in Lemma 2.2.

For entire function with a finite deficient value, the following lemma is an
important estimation of its growth in a small sector.

Lemma 2.8. Let A(z) be an entire function with a finite deficient value a.
Then there exist a small interval I € [0,27) and a set Fr C (1,00) with lower
logarithmic density at least 1 — ¢ such that

(2.11) |A(re')| < [a] + 1
forr € Fr and p € 1.
Proof. Assume that A(z) has deficiency 6(a, A) = 26 at a € C. Then from the

definition of deficiency, the proximate function of - satisfying m(r, 72—) >
8T (r, A), so there exists a point z, = re?" such that

(2.12) log|A(z,) —a| < =6T'(r, A).

Set z = re'? and w = re™, by the integral we obtain

A(w) —a)’

log(A(z) — a) —log(A(zr) — a) = / (A(w) o
0 re) —a) . .
(213) = 'r"/e Mieltdt.
Taking modulus we get
0 reit /
(2.14) |log(A(z) — a)| < |log(A(z,) — a)| + T/g (i((reit)) _ ) dt.
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Applying Lemma 2.6 to A — a and taking the principle branch of logarithmic,
we can choose a set Fy of lower logarithmic density greater than 1 — ¢ such
that

bgKA@)—aﬂfEbgKA&J——®|+4ﬂ+4:£f(fizzz:i? at
g(—&+K@@ﬂ@ﬂbg%T&M$—®+4w
(2.15) < (=0 + K(p(4),Olog 1 + o(1))T(r, A)
holds. Therefore, set 6 = 6, + I, we have
log [(A(re'?) —a)| < log |(A(z) — a)| +4m +r /: W dt
<log|(A(z.) — a)| + 47 + r/: W dt
(2.16) < (=0 + K(p(A), O)llog 7 +o(1)T(r, 4)

for all z = re'? satisfying r € F¢ and ¢ € [0,, 60, +1]. Since lim;_,¢+ llog + =0,
we determine [ sufficiently small, then (2.16) implies log | A(re??) —a| < 0, that
is

(2.17) |A(re™)| < |a| + 1

for r € Feop € [6,,0, +1]. O

The last lemma is a simplified formulation of a result due to Miles and Rossi
[24, Theorem 1], sufficient for our use.

Lemma 2.9. Let f be a nonconstant entire function of finite order. For B €
(0,1) and r > 0, let

f'(re’)
f(ret?)

Then for M > 3 there exists a set Epy C [1,00) with lower logarithmic density
at least 1 — ﬁ such that

Ur—{GG[O,Qﬂ'):r‘

zmmaﬁ}

2
176 )) s re Fy.

m(Ur) > <7M(p 1

3. Proof of theorems
3.1. Proof Theorem 1.3

Suppose there is a nontrivial solution f of (1.1) with finite order p(f), we
shall seek a contradiction. Since A(z) has a finite deficient value a, by Lemma
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2.8 there exist a small interval I € [0,27) and a set Fy C (1,00) with lower
logarithmic density at least 1 — ¢ such that

(3.1) |A(rei®)] < Ja] +1

for r € Fy and ¢ € I. By Lemma 2.1, there exists a set F; with finite
logarithmic measure such that

k
(3.2) ‘ﬂk@

f(2)
for all » ¢ E1U[0, 1]. It’s clear that there exists a set E with positive logarithmic
density such that (2.10) and (3.1) holds simultaneously for » € E and ¢ € I.
Then, combining (2.10), (3.1) with (3.2), for all z = re®¥ satisfying r € E '\
(E1U[0,1]), ¢ € I and any given € > 0 we have

< |Z|2p(f)’ (k=1,2)

. i f"(re'?) f’
M(T‘,B)l < L(T, B) S |B(T€ Lp)‘ S W + |A Te“P
(3.3) < (2+ [a])r?t0),

Then,
(3.4) (1-e)T(r,B) < (1 —¢)logM(r,B) < 2p(f)logr + log(|a|] + 2)
asr € E\ (E1U[0,1]), ¢ € I. Since B(z) is transcendental, we get a contra-

diction.

3.2. Proof of Theorem 1.4

We assume that there is a nontrivial solution f of (1.1) with finite order.
By Lemma 2.8, there exist a small interval I € [0,27) and a set F¢ C (1,00)
with lower logarithmic density at least 1 — ¢ such that (3.1) holds for r € F
and ¢ € I. Moreover, by Lemma 2.1 there exists a set F C (1,00) with finite
logarithmic measure such that for all z satisfying |z| = r ¢ E U [0,1], (3.2)
holds. Since B(z) has a multiply connected Fatou component, by Lemma 2.7
there exist a constant 0 < d < 1 and a set G C (1, +o0) with positive lower
logarithmic density 2a such that

(3.5) M(r,B)* < L(r,B), reG
Since the characteristic function of Fr and G satisfy, see [27, p. 44],
(3.6) xrua(t) = xr (1) + xa(t) — Xr.na(t),
from [25, p. 121] we have

log densF; + log densG — log dens(F; N G) < log dens(F; UG)
(3.7) <1.

Obviously, we have log densF¢ > log densF¢ > 1—(, which implies log dens(F¢N
G) > 2a — (. Since the constant ¢ in Lemma 2.6 ([10, Lemma 1]) can take
any number in (0,1), then choose ¢ sufficiently small such that 2a — ¢ > 0.
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Therefore, the set F: N G has positive lower logarithmic density, so has infinite
logarithmic measure.

Combining (3.1), (3.2) with (3.5), we have, for z = re'# satisfying r €
FeNnG\(EU0,1]) and ¢ € I,

M B)Y < 1 B) < B < | )+ a |28
(3.8) < (la] +2)r*),
where d € (0,1). Thus,
(3.9) dT(r,B) < dlog M (r, B) < 2p(f)logr + log(|a| + 2)

asr € F, NG\ (EUJ0,1]). This is a contradiction since B(z) is transcendental.

3.3. Proof Theorem 1.6

Suppose on the contrary to the assertion that there is a nontrivial solution
f of (1.1) with finite order p(f) = p. We aim for a contradiction. In view of
(1.1), we have

(3.10) |A(2)] ‘J;l

<|B(2)| + ‘ff/l

By the definition of lower order, there exists an r¢ > 1 such that for all r > rg
and any given ¢ € (0, M), we have

(3.11) log M(r, A) > r#(A)=3,

Moreover, there exists a sequence {r,} with r, — oo as n — oo such that for
sufficiently large n, we have

(3.12) log M (ry,, B) < rHB)+e,

Set
n(B)+e

F = U[Tﬁm)iirn]a

n

then log dens(Fy) > %. Thus, for all » € F;, combining the above

two inequalities yields

w(B)te\ H(A)—e
IOg M(Ta B) < log M(Tn; B) < T‘ﬁ(B)Jrg = <’/‘ﬁ<A)E>

(3.13) < phA)=e,

By the argument in [13, p. 426], we know that for any nontrivial solution of
(1.1) it has at least one zero, then n(r,0, f) > 1 for some r > rg. Therefore,
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by Lemma 2.9, there exist a set Fy C [1,00) with lower logarithmic density at

2
least 1 — 2 and a set U, C [0,27) with m(U,.) > (Wpﬁl)) such that

/ Tei()
(3.14) r ’];(( ))

rett

> pBn(r,0,f) > B

for r € Fy and 0 € U,., where 8 € (0,1). In addition, by Lemma 2.7 there exists
a set F3 € (1,00) with logarithmic density 1 such that

(3.15) log L(r, A) > (1 — &) log M (r, A)

for any given € > 0 and r € Fj.

Finally, by Lemma 2.1, there exists a set Fy C (1, 00) with finite logarithmic
measure such that (3.2) holds for all z satisfying |z| = r & Fy U [0,1]. Denote
F§ and F¥ the complement set of F» and F3 in (0,00), respectively, the set
Fy = Fy N Fy N F3 satisfies

log densF > log densF; — log densFy — log densFy
= log densF; — (1 — log densFy)
pA) —p(B) =2 3

(3.16) v il e

if we take M = % > 3 in Lemma 2.9. For r € Fy \ (Fy U[0,1] and
6 € U,., substituting (3.11), (3.13), (3.14), and (3.15) into (3.10), we have
1— n(A)y—=< M A l—e L A ) 1 6
B exp{( er 2} < BM(r,A) < BL(r, A) < |A(rew)| ’ff((Te'e))
ret

r r r

i f”(Tew) 20(f)
§|B(T6 )|+‘M SM(T7B)+TP(
(3.17) < exp{rt=eY 4 200,

Obviously, this is a contradiction for sufficiently large . Then we complete the
proof.

Acknowledgements. I would like to thank anonymous referees for a great
number of valuable suggestions.

References

[1] I. N. Baker, Multiply connected domains of normality in iteration theory, Math. Z. 81
(1963), 206-214. https://doi.org/10.1007/BF01111543

, The domains of normality of an entire function, Ann. Acad. Sci. Fenn. Ser. A

I Math. 1 (1975), no. 2, 277-283.

, An entire function which has wandering domains, J. Austral. Math. Soc. Ser.

A 22 (1976), no. 2, 173-176. https://doi.org/10.1017/s1446788700015287

, Wandering domains in the iteration of entire functions, Proc. London Math.

Soc. (3) 49 (1984), no. 3, 563-576. https://doi.org/10.1112/plms/s3-49.3.563

, Infinite limits in the iteration of entire functions, Ergodic Theory Dynam.

Systems 8 (1988), no. 4, 503-507. https://doi.org/10.1017/5014338570000465X

2]

3]

(4]

[5]



https://doi.org/10.1007/BF01111543
https://doi.org/10.1017/s1446788700015287
https://doi.org/10.1112/plms/s3-49.3.563
https://doi.org/10.1017/S014338570000465X

[6]

7]

(8]
[9]
(10]

(11]

(12]

(13]
14]

(15]

[16]
(17]

(18]

(19]

20]

(21]

(22]

23]

[24]

(25]

INFINITE GROWTH, COMPLEX DIFFERENTIAL EQUATIONS 1505

W. Bergweiler, Iteration of meromorphic functions, Bull. Amer. Math. Soc. (N.S.) 29
(1993), no. 2, 151-188. https://doi.org/10.1090/S0273-0979-1993-00432-4

W. Bergweiler, P. J. Rippon, and G. M. Stallard, Multiply connected wandering domains
of entire functions, Proc. Lond. Math. Soc. (3) 107 (2013), no. 6, 1261-1301. https:
//doi.org/10.1112/plms/pdt010

Z. Chen, The growth of solutions of f"" + e ?f + Q(z)f = 0 where the order (Q) = 1,
Sci. China Ser. A 45 (2002), no. 3, 290-300.

A. E. Erémenko and M. Yu. Lyubich, Dynamical properties of some classes of entire
functions, Ann. Inst. Fourier (Grenoble) 42 (1992), no. 4, 989-1020.

W. H. J. Fuchs, Proof of a conjecture of G. Pélya concerning gap series, Illinois J. Math.
7 (1963), 661-667. http://projecteuclid.org/euclid.ijm/1255645102

G. G. Gundersen, On the question of whether f” + e *f' + B(z)f = 0 can admit a
solution f # 0 of finite order, Proc. Roy. Soc. Edinburgh Sect. A 102 (1986), no. 1-2,
9-17. https://doi.org/10.1017/50308210500014451

, Estimates for the logarithmic derivative of a meromorphic function, plus simi-
lar estimates, J. London Math. Soc. (2) 37 (1988), no. 1, 88-104. https://doi.org/10.
1112/j1ms/s2-37.121.88

, Finite order solutions of second order linear differential equations, Trans. Amer.
Math. Soc. 305 (1988), no. 1, 415-429. https://doi .org/10.2307/2001061

W. K. Hayman, Angular value distribution of power series with gaps, Proc. London
Math. Soc. (3) 24 (1972), 590-624. https://doi.org/10.1112/plms/s3-24.4.590

W. K. Hayman and J. F. Rossi, Characteristic, mazximum modulus and value distribu-
tion, Trans. Amer. Math. Soc. 284 (1984), no. 2, 651-664. https://doi.org/10.2307/
1999100

S. Hellerstein, J. Miles, and J. Rossi, On the growth of solutions of f' + gf' +hf =0,
Trans. Amer. Math. Soc. 324 (1991), no. 2, 693-706. https://doi.org/10.2307/2001737
E. Hille, Lectures on Ordinary Differential Equations, Addison-Wesley Publ. Co., Read-
ing, MA, 1969.

K.-H. Kwon and J.-H. Kim, Mazimum modulus, characteristic, deficiency and growth of
solutions of second order linear differential equations, Kodai Math. J. 24 (2001), no. 3,
344-351. https://doi.org/10.2996/knj/ 1106168809

1. Laine, Nevanlinna Theory and Complex Differential Equations, De Gruyter Studies
in Mathematics, 15, Walter de Gruyter & Co., Berlin, 1993. https://doi.org/10.1515/
9783110863147

I. Laine and P. Wu, Growth of solutions of second order linear differential equations,
Proc. Amer. Math. Soc. 128 (2000), no. 9, 2693-2703. https://doi.org/10.1090/
S0002-9939-00-05350-8

J. K. Langley, On complez oscillation and a problem of Ozawa, Kodai Math. J. 9 (1986),
no. 3, 430-439. https://doi.org/10.2996/kmj/1138037272

J. Long, Growth of solutions of second order complex linear differential equations
with entire coefficients, Filomat 32 (2018), no. 1, 275-284. https://doi.org/10.2298/
£i118012751

J. Long, J. Heittokangas, and Z. Ye, On the relationship between the lower order of
coefficients and the growth of solutions of differential equations, J. Math. Anal. Appl.
444 (2016), no. 1, 153-166. https://doi.org/10.1016/j. jmaa.2016.06.030

J. Miles and J. Rossi, Linear combinations of logarithmic derivatives of entire functions
with applications to differential equations, Pacific J. Math. 174 (1996), no. 1, 195-214.
http://projecteuclid.org/euclid.pjm/1102365365

M. Tsuji, Potential Theory in Modern Function Theory, Chelsea Publishing Co., New
York, 1975.



https://doi.org/10.1090/S0273-0979-1993-00432-4
https://doi.org/10.1112/plms/pdt010
https://doi.org/10.1112/plms/pdt010
http://projecteuclid.org/euclid.ijm/1255645102
https://doi.org/10.1017/S0308210500014451
https://doi.org/10.1112/jlms/s2-37.121.88
https://doi.org/10.1112/jlms/s2-37.121.88
https://doi.org/10.2307/2001061
https://doi.org/10.1112/plms/s3-24.4.590
https://doi.org/10.2307/1999100
https://doi.org/10.2307/1999100
https://doi.org/10.2307/2001737
https://doi.org/10.2996/kmj/1106168809
https://doi.org/10.1515/9783110863147
https://doi.org/10.1515/9783110863147
https://doi.org/10.1090/S0002-9939-00-05350-8
https://doi.org/10.1090/S0002-9939-00-05350-8
https://doi.org/10.2996/kmj/1138037272
https://doi.org/10.2298/fil1801275l
https://doi.org/10.2298/fil1801275l
https://doi.org/10.1016/j.jmaa.2016.06.030
http://projecteuclid.org/euclid.pjm/1102365365

1506 G. W. ZHANG

[26] J. Wang and Z. Chen, Limiting directions of Julia sets of entire solutions to complex
differential equations, Acta Math. Sci. Ser. B (Engl. Ed.) 37 (2017), no. 1, 97-107.
https://doi.org/10.1016/50252-9602(16)30118-7

[27] J. Wang and I. Laine, Growth of solutions of second order linear differential equations,
J. Math. Anal. Appl. 342 (2008), no. 1, 39-51. https://doi.org/10.1016/j. jmaa.2007.
11.022

[28] P. Wu and J. Zhu, On the growth of solutions to the complex differential equation
f" + Af' + Bf =0, Sci. China Math. 54 (2011), no. 5, 939-947. https://doi.org/10.
1007/s11425-010-4153-x

[29] C.-C. Yang and H.-X. Yi, Uniqueness Theory of Meromorphic Functions, Mathematics
and its Applications, 557, Kluwer Academic Publishers Group, Dordrecht, 2003.

[30] G. H. Zhang, Theory of Entire and Meromorphic Functions-Deficient Values, Asymp-
totic Values and Singular Directions, Springer-Verlag, Berlin, 1993.

[31] J.-H. Zheng, On multiply-connected Fatou components in iteration of meromorphic func-
tions, J. Math. Anal. Appl. 313 (2006), no. 1, 24-37. https://doi.org/10.1016/j. jmaa.
2005.05.038

GUOWEI ZHANG

SCHOOL OF MATHEMATICS AND STATISTICS
ANYANG NORMAL UNIVERSITY

ANYANG 455000, HENAN, P. R. CHINA
Email address: herrzgw@foxmail.com


https://doi.org/10.1016/S0252-9602(16)30118-7
https://doi.org/10.1016/j.jmaa.2007.11.022
https://doi.org/10.1016/j.jmaa.2007.11.022
https://doi.org/10.1007/s11425-010-4153-x
https://doi.org/10.1007/s11425-010-4153-x
https://doi.org/10.1016/j.jmaa.2005.05.038
https://doi.org/10.1016/j.jmaa.2005.05.038

