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GORENSTEIN FLAT-COTORSION MODULES OVER

FORMAL TRIANGULAR MATRIX RINGS

Dejun Wu

Abstract. Let A and B be rings and U be a (B,A)-bimodule. If BU
has finite flat dimension, UA has finite flat dimension and U ⊗A C is

a cotorsion left B-module for any cotorsion left A-module C, then the

Gorenstein flat-cotorsion modules over the formal triangular matrix ring
T =

(
A 0
U B

)
are explicitly described. As an application, it is proven

that each Gorenstein flat-cotorsion left T -module is flat-cotorsion if and

only if every Gorenstein flat-cotorsion left A-module and B-module is
flat-cotorsion. In addition, Gorenstein flat-cotorsion dimensions over the

formal triangular matrix ring T are studied.

Introduction

Throughout, all rings are associative with a unit. Let T = (A 0
U B ) be a

formal triangular matrix ring, where A and B are any associative rings and U
is a (B,A)-bimodule. It is very interesting and important to describe various
categories of T -modules; see for instance Gorenstein projective and injective
modules [4], pure projective and pure injective modules [8], Gorenstein flat
modules [10], Gorenstein projective modules [14] and Ω-Gorenstein modules
[13].

In recent years, it has been evident that one should pay more and more
attention to the category of Gorenstein flat modules that are also cotorsion.
Christensen, Estrada and Thompson [3] introduced Gorenstein flat-cotorsion
modules. Christensen, Estrada, Liang, Thompson, Wu and Yang [2] further
studied Gorenstein flat-cotorsion modules. The main purpose of this paper is
to describe the category of Gorenstein flat-cotorsion T -modules. More accu-
rately, let M =

(
M1

M2

)
ϕM

be a left T -module. If BU has finite flat dimension, UA
has finite flat dimension and U ⊗A C is a cotorsion left B-module for any co-
torsion left A-module C, then it is proven that M is a Gorenstein flat-cotorsion
left T -module if and only if M1 is a Gorenstein flat-cotorsion left A-module,

Received December 17, 2020; Accepted September 3, 2021.

2010 Mathematics Subject Classification. 16E10, 16G50, 18G25.

Key words and phrases. Formal triangular matrix ring, Gorenstein flat-cotorsion module.
The author was partly supported by NSF of China grants 11761047 and 11861043.

c©2021 Korean Mathematical Society

1483



1484 D. WU

Coker(ϕM ) is a Gorenstein flat-cotorsion left B-module and ϕM is a monomor-
phism.

1. Notation and terminology

Let X = · · · −→ Xi+1

∂Xi+1−−−−→ Xi
∂Xi−−−→ Xi−1 −→ · · · be a complex of left

R-modules. The following standard notations are used: Zi(X) = Ker(∂Xi )
and Ci(X) = Coker(∂Xi+1). For the definitions of Gorenstein projective module,
Gorenstein injective module and Gorenstein flat module, see Enochs and Jenda
[5].

An R-module M is said to be flat-cotorsion if it is flat and cotorsion. Recall
from Christensen, Estrada and Thompson [10, Definition 4.3 and Proposition
1.3] that a totally acyclic complex of flat-cotorsion modules is an acyclic com-
plex T of flat-cotorsion modules such that the complexes HomR(T,W ) and
HomR(W,T ) are acyclic for every flat-cotorsion R-module W . An R-module
G is called Gorenstein flat-cotorsion if there exists a totally acyclic complex of
flat-cotorsion R-modules with Z0(T ) = G.

The flat and injective dimensions of a left R-module M are written fdRM
and idRM ; idRoM denotes the injective dimension of a right R-module M .
For other notation we refer to [13].

Recall the following facts for later use.

Lemma 1.1 ([2, Lemma 3.2]). An R-module G is Gorenstein flat-cotorsion if
and only if the following conditions are satisfied.

(1) G is cotorsion.

(2) Exti>1
R (G,W ) = 0 holds for every flat-cotorsion R-module W .

(3) There exist a complex U = U0 → U−1 → · · · of flat-cotorsion R-
modules and an injective quasi-isomorphism ε : G→ U such that the
morphism HomR(ε,W ) is a quasi-isomorphism for every flat-cotorsion
R-module W .

Lemma 1.2 ([8, Theorem 4.2]). If T is a right coherent ring, then A and B
are right coherent rings.

Lemma 1.3 ([2, Theorem 5.3]). Let M be an R-module. If M is Gorenstein
flat and cotorsion, then it is Gorenstein flat-cotorsion. The converse holds if
R is right coherent.

Lemma 1.4 ([2, Proposition 3.4]). Let 0 → G′ → G → G′′ → 0 be an exact
sequence of cotorsion R-modules. If G′′ is Gorenstein flat-cotorsion, then G is
Gorenstein flat-cotorsion if and only if G′ is Gorenstein flat-cotorsion.

Lemma 1.5 ([6, Proposition 1.14]). A left T -module F =
(
F1

F2

)
ϕF

is flat if and

only if F1 is a flat left A-module, Coker(ϕF ) is a flat left B-module and ϕF is
a monomorphism.
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Lemma 1.6 ([15, Proposition 3.4]). Let M =
(
M1

M2

)
ϕM

be a left T -module. If

BU has finite flat dimension, then M has finite flat dimension if and only if
M1 and M2 have finite flat dimensions.

Lemma 1.7 ([9, Corollary 4.3]). A left T -module C =
(
C1

C2

)
ϕC

is a cotorsion

left T -module if and only if C1 is a cotorsion left A-module and C2 is a cotorsion
left B-module.

2. Gorenstein flat-cotorsion modules

In this section, we will describe Gorenstein flat-cotorsion modules over for-
mal triangular matrix ring. Notice that the class of Gorenstein flat modules is
closed under extensions; see Šaroch and Štov́ıček [12, Corollary 3.12]. Hence
the condition “T is right coherent” is unnecessary of Mao [10, Theorem 2.3]
by the proof in it.

Lemma 2.1 ([10, Theorem 2.3]). Let M =
(
M1

M2

)
ϕM

be a left T -module. If BU

has finite flat dimension and UA has finite flat or injective dimension, then the
following conditions are equivalent.

(1) M is a Gorenstein flat left T -module.
(2) M1 is a Gorenstein flat left A-module, Coker(ϕM ) is a Gorenstein flat

left B-module and ϕM is a monomorphism.

In this case, U ⊗AM1 is a Gorenstein flat left B-module if and only if M2 is
a Gorenstein flat left B-module.

Corollary 2.2. If BU has finite flat dimension and UA has finite flat or in-
jective dimension, then each Gorenstein flat left T -module is flat if and only if
Gorenstein flat left A-module and B-module are flat.

Proof. Let M1 be a Gorenstein flat left A-module and M2 be a Gorenstein flat
left B-module. By Lemma 2.1, p(M1,M2) is a Gorenstein flat left T -module
and so it is a flat left T -module. It follows from Lemma 1.5 that M1 is a flat
left A-module and M2 is a flat left B-module.

Conversely, let M =
(
M1

M2

)
ϕM

be a Gorenstein flat left T -module. By

Lemma 2.1, M1 is a Gorenstein flat left A-module, Coker(ϕM ) is a Goren-
stein flat left B-module and ϕM is a monomorphism. Hence M1 is a flat left
A-module and Coker(ϕM ) is a flat left B-module. It follows from Lemma 1.5
that M is a flat left T -module. �

Proposition 2.3. Let T be a right coherent ring and M =
(
M1

M2

)
ϕM

be a left

T -module. If BU has finite flat dimension, UA has finite flat or injective dimen-
sion and U ⊗AM1 is a cotorsion left B-module, then the following conditions
are equivalent.

(1) M is a Gorenstein flat-cotorsion left T -module.
(2) M1 is a Gorenstein flat-cotorsion left A-module, Coker(ϕM ) is a Goren-

stein flat-cotorsion left B-module and ϕM is a monomorphism.
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In this case, U ⊗AM1 is a Gorenstein flat-cotorsion left B-module if and only
if M2 is a Gorenstein flat-cotorsion left B-module.

Proof. It follows from Lemmas 2.1, 1.2, 1.3, 1.4 and 1.7. �

Theorem 2.4. Let M =
(
M1

M2

)
ϕM

be a left T -module. If BU has finite flat

dimension, UA has finite flat dimension and U ⊗A C is a cotorsion left B-
module for any cotorsion left A-module C, then the following conditions are
equivalent.

(1) M is a Gorenstein flat-cotorsion left T -module.
(2) M1 is a Gorenstein flat-cotorsion left A-module, Coker(ϕM ) is a Goren-

stein flat-cotorsion left B-module and ϕM is a monomorphism.

In this case, U ⊗AM1 is a Gorenstein flat-cotorsion left B-module if and only
if M2 is a Gorenstein flat-cotorsion left B-module.

Proof. (1) ⇒ (2): Let M be a Gorenstein flat-cotorsion left T -module. It

follows from Lemma 1.1 that M is a cotorsion left T -module, Exti>1
T (M,W ) =

0 holds for every flat-cotorsion left T -module W and there exists an exact
sequence of left T -modules

X : 0 −→
(
M1

M2

)
ϕM

τ1
τ2


−−−−→

(
X0

1

X0
2

)
ϕ0

d01
d02


−−−−−→

(
X1

1

X1
2

)
ϕ1

d11
d12


−−−−−→

(
X2

1

X2
2

)
ϕ2

−→ · · ·

with each
(
Xi1
Xi2

)
ϕi

flat-cotorsion for i ≥ 0, and HomT (X,W ) is exact for every

flat-cotorsion left T -module W . Hence M1 is a cotorsion left A-module and M2

is a cotorsion left B-module by Lemma 1.7.
Next we show that M1 is a Gorenstein flat-cotorsion left A-module. There

is an exact sequence

X1 : 0 −→M1
τ1−−→ X0

1

d01−−→ X1
1

d11−−→ X2
1

d21−−→ · · · ,

which is U ⊗A − exact by [4, Lemma 2.3] as each Xi
1 is a flat left A-module by

Lemma 1.5. Let τ1 : M1 → X0
1 and τ2 : M2 → X0

2 be the inclusions. Consider
the following commutative diagram of left B-modules.

U ⊗AM1

1⊗Aτ1
−−−−→ U ⊗A X0

1

ϕM
y ϕ0

y
M2

τ2

−−−−→ X0
2 ,

where ϕ0 is a monomorphism by Lemma 1.5. It follows that ϕM is a monomor-
phism. Now there is an exact sequence

0 −→ U ⊗AM1
ϕM−−→M2 −→ Coker(ϕM ) −→ 0,
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where U ⊗AM1 and M2 are cotorsion left B-modules. Hence Coker(ϕM ) is a
cotorsion left B-module. Let D be a flat-cotorsion left A-module. It follows
from Lemmas 1.5 and 1.7 and assumption that

(
D

U⊗AD
)

is a flat-cotorsion left
T -module. There is an exact sequence of cotorsion left T -modules

0→
(

0
U ⊗A D

)
→
(

D
U ⊗A D

)
→
(
D
0

)
→ 0 ,

where
(

0
U⊗AD

)
has finite flat dimension by Lemma 1.6. It follows from [2,

Theorem 4.5 and Remark 4.6] that Exti≥1T (
(
M1

M2

)
,
(

0
U⊗AD

)
) = 0. Hence the

sequence

0→ HomT (X,

(
0

U ⊗A D

)
)→ HomT (X,

(
D

U ⊗A D

)
)→ HomT (X,

(
D
0

)
)→ 0

is exact. Since HomT (X,
(

0
U⊗AD

)
) and HomT (X,

(
D

U⊗AD
)
) are acyclic, the

complex HomT (X, (D0 )) is acyclic. As (q,h) is an adjoint pair, there is an
isomorphism HomT (X, (D0 )) ∼= HomA(X1, D) and so HomA(X1, D) is acyclic.
Notice that

Exti≥1T (

(
M1

M2

)
,

(
D

U ⊗A D

)
) = 0

and so it follows from [9, Lemma 3.2] that

Exti≥1A (M1, D) ∼= Exti≥1T (

(
M1

M2

)
,

(
D
0

)
) = 0.

Thus M1 is a Gorenstein flat-cotorsion left A-module by Lemma 1.1.
Next we prove that Coker(ϕM ) is a Gorenstein flat-cotorsion left B-module.

Consider the following commutative diagram with exact rows:

0 0 0y y y
0 −−−−→ U ⊗AM1

ϕM

−−−−→ M2 −−−−→ Coker(ϕM ) −−−−→ 0

1⊗Aτ1
y τ2

y τ2

y
0 −−−−→ U ⊗A X0

1

ϕ0

−−−−→ X0
2 −−−−→ Coker(ϕ0) −−−−→ 0

1⊗Ad01
y d02

y d02

y
0 −−−−→ U ⊗A X1

1

ϕ1

−−−−→ X1
2 −−−−→ Coker(ϕ1) −−−−→ 0y y y

...
...

...

Since the first column and the second column are exact, the third column is
exact with Coker(ϕi) flat-cotorsion for i ≥ 0. Let H be a flat-cotorsion left
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B-module. Then ( 0
H )0 is a flat-cotorsion left T -module by Lemmas 1.5 and

1.7. Applying the functor HomB(−, H) to the first row in the above diagram,
one has the exact sequence

0→ HomB(Coker(ϕM ), H)→ HomB(M2, H)→ HomB(U ⊗AM1, H).

So HomB(Coker(ϕM ), H) ∼= Ker( HomB(M2, H) → HomB(U ⊗AM1, H)) ∼=
HomT (

(
M1

M2

)
ϕM

, ( 0
H )0), where the last isomorphism follows by a direct calcu-

lation. Similarly, one has HomB(Coker(ϕi), H) ∼= HomT (
(
Xi1
Xi2

)
ϕi
, ( 0
H )0) for

i ≥ 0. Hence the sequence

0→ Coker(ϕM )→ Coker(ϕ0)→ Coker(ϕ1)→ Coker(ϕ2)→ · · ·

is HomB(−, H) exact. Moreover, since Exti≥1T (
(
M1

M2

)
, ( 0
H )) = 0, it follows from

Gillespie [7, p. 3389] that Exti≥1B (Coker(ϕM ), H) = 0. Hence Coker(ϕM ) is a
Gorenstein flat-cotorsion left B-module by Lemma 1.1.

(2)⇒ (1): Let M1 be a Gorenstein flat-cotorsion left A-module, Coker(ϕM )
a Gorenstein flat-cotorsion left B-module and let ϕM be a monomorphism.
Then M1 is a cotorsion left A-module and Coker(ϕM ) is a cotorsion left B-
module by Lemma 1.1. As ϕM is a monomorphism, there is an exact sequence
of left T -modules

0→
(

M1

U ⊗AM1

)
→
(
M1

M2

)
→
(

0
Coker(ϕM )

)
→ 0 ,

where
(

M1

U⊗AM1

)
and

(
0

Coker(ϕM )

)
are cotorsion left T -modules by Lemma 1.7

and so is
(
M1

M2

)
. We will show that

(
M1

U⊗AM1

)
and

(
0

Coker(ϕM )

)
are Gorenstein

flat-cotorsion left T -modules. Then it follows from Lemma 1.4 that M is a
Gorenstein flat-cotorsion left T -module.

Since M1 is a Gorenstein flat-cotorsion left A-module, by Lemma 1.1 there
exists an exact sequence

Y1 : 0 −→M1
τ−−→ Y 0 d0−−→ Y 1 d1−−→ Y 2 d2−−→ · · ·

with Y i flat-cotorsion for i ≥ 0, and Exti≥1A (M1,K) = 0 for any flat-cotorsion
left A-module K and the complex HomA(Y1,K) is acyclic. As UA has fi-
nite flat dimension, the complex U ⊗A Y1 is acyclic by [4, Lemma 2.3] and so

TorAi≥1(U,M1) = 0. Now there is an exact sequence of left T -modules

Y : 0→
(

M1

U ⊗AM1

)  τ
1⊗A τ


−−−−−−−−→

(
Y 0

U ⊗A Y 0

)  d0

1⊗A d0


−−−−−−−−−→
(

Y 1

U ⊗A Y 1

)
→ · · ·
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with each
(

Y i

U⊗AY i

)
flat-cotorsion for i ≥ 0. Let W =

(
W1

W2

)
be a flat-cotorsion

left T -module. Since (p, q) is an adjoint pair, there are isomorphisms

HomT (

(
M1

U ⊗AM1

)
,

(
W1

W2

)
) ∼= HomA(M1,W1)

and HomT (
(

Y i

U⊗AY i

)
,
(
W1

W2

)
) ∼= HomA(Y i,W1) for i ≥ 0. It follows that

HomT (Y,W ) ∼= HomA(Y1,W1) is acyclic as W1 is a flat-cotorsion left A-
module. By [9, Lemma 3.2] one has

Exti≥1T (

(
M1

U ⊗AM1

)
,

(
W1

W2

)
) ∼= Exti≥1A (M1,W1) = 0.

Hence
(

M1

U⊗AM1

)
is a Gorenstein flat-cotorsion left T -module by Lemma 1.1.

It remains to show that
(

0
Coker(ϕM )

)
is a Gorenstein flat-cotorsion left

T -module. As Coker(ϕM ) is a Gorenstein flat-cotorsion left B-module, by
Lemma 1.1 there is an exact sequence

Z2 : 0 −→ Coker(ϕM )
τ−−→ Z0 d0−−→ Z1 d1−−→ Z2 d2−−→ · · ·

with Zi flat-cotorsion for i ≥ 0, and Exti≥1B (Coker(ϕM ), L) = 0 for any flat-
cotorsion left B-module L and the complex HomB(Z2, L) is acyclic. Now there
is an exact sequence of left T -modules

Z : 0→
(

0
Coker(ϕM )

) 0
τ


−−−−→

(
0
Z0

)  0
d0


−−−−−→

(
0
Z1

)
→ · · ·

with each
(

0
Zi

)
flat-cotorsion for i ≥ 0. Let W =

(
W1

W2

)
be a flat-cotorsion left

T -module. Per Lemma 1.5 there is an exact sequence 0 −→ U ⊗AW1
ϕW−−→

W2 −→ Coker(ϕW ) −→ 0, where W2 has finite flat dimension by Lemma 1.6.
Since (p, q) is an adjoint pair, there are isomorphisms

HomT (

(
0

Coker(ϕM )

)
,

(
W1

W2

)
) ∼= HomB(Coker(ϕM ),W2)

and HomT (
(

0
Zi

)
,
(
W1

W2

)
) ∼= HomB(Zi,W2) for i ≥ 0. As W2 is a cotorsion

left B-module with finite flat dimension, it follows from [2, Theorem 4.5 and
Remark 4.6] that HomT (Z,W ) ∼= HomB(Z2,W2) is acyclic. By [9, Lemma 3.2]
and [2, Theorem 4.5 and Remark 4.6] one has

Exti≥1T (

(
0

Coker(ϕM )

)
,

(
W1

W2

)
) ∼= Exti≥1B (Coker(ϕM ),W2) = 0.

Therefore,
(

0
Coker(ϕM )

)
is a Gorenstein flat-cotorsion left T -module per

Lemma 1.1.
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Finally, if the equivalent conditions hold, then the last assertion follows from
Lemma 1.4. �

Remark 2.5. (1) Suppose that the class of cotorsion left A-modules is closed
under direct sums and A = B. If UA is projective, then U ⊗A C is a cotorsion
left B-module for any cotorsion left A-module C.

(2) If B is left Noetherian, BU is injective, UA is flat and C is a left A-
module, then one has idB(U ⊗A C) ≤ idB U . Hence U ⊗A C is a cotorsion left
B-module.

(3) If B is left Noetherian, BU is injective and AC is flat, then one has
idB(U ⊗A C) ≤ idB U . Hence U ⊗A C is a cotorsion left B-module.

Corollary 2.6. Let T = (R 0
R R ) and M =

(
M1

M2

)
ϕM

be a left T -module. Then

the following conditions are equivalent.

(1) M is a Gorenstein flat-cotorsion left T -module.
(2) M1 and Coker(ϕM ) are Gorenstein flat-cotorsion left R-modules, and

ϕM is a monomorphism.
(3) M2 and Coker(ϕM ) are Gorenstein flat-cotorsion left R-modules, and

ϕM is a monomorphism.

Proof. It is an immediate consequence of Theorem 2.4. �

Corollary 2.7. If BU has finite flat dimension, UA has finite flat dimension
and U ⊗A C is a cotorsion left B-module for any cotorsion left A-module C,
then each Gorenstein flat-cotorsion left T -module is flat-cotorsion if and only
if Gorenstein flat-cotorsion left A-module and B-module are flat-cotorsion.

Proof. By analogy with the proof of Corollary 2.2. �

Šaroch and Šťov́ıček introduced the following definition of a projectively
coresolved Gorenstein flat module (a PGF-module for short); see [12].

Definition. A left R-module M is called a PGF -module if there exists an
acyclic complex P of projective left R-modules such that the complex I ⊗R P
is acyclic for every injective right R-module I and C0(P ) ∼= M . Denote the
class of PGF-modules by PGF .

Theorem 2.8. Let M =
(
M1

M2

)
ϕM

be a left T -module. If BU has finite flat

dimension and UA has finite flat or injective dimension, then the following
conditions are equivalent.

(1) M is a PGF left T -module.
(2) M1 is a PGF left A-module, Coker(ϕM ) is a PGF left B-module and

ϕM is a monomorphism.

In this case, U ⊗AM1 is a PGF left B-module if and only if M2 is a PGF left
B-module.

Proof. By analogy with the proof of [10, Theorem 2.3] and this time using
[12, Lemma 3.8], one could obtain the result. �
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3. Gorenstein flat-cotorsion dimensions

Recall that an R-complex F is said to be semi-flat if it consists of flat
modules and the functor −⊗R F preserves acyclicity; see Avramov and Foxby
[1]. An R-complex C is said to be semi-cotorsion if it consists of cotorsion
modules and HomR(F,C) is acyclic for every acyclic semi-flat R-complex F .
Following Nakamura and Thompson [11] that an R-complex W is called semi-
flat-cotorsion if it is semi-flat and semi-cotorsion. Let M be an R-complex.
A semi-flat-cotorsion complex that is isomorphic to M in the derived cate-
gory D(R) is called a semi-flat-cotorsion replacement of M ; see Christensen,
Estrada, Liang, Thompson, Wu and Yang [2].

Definition ([2, Definition 4.1]). Let M be an R-complex. The Gorenstein
flat-cotorsion dimension of M , written GfcdRM , is defined as

GfcdRM = inf

n ∈ Z

∣∣∣∣∣∣
There is a semi-flat-cotorsion replacement

W of M with Hi(W ) = 0 for all i > n and

with Cn(W ) Gorenstein flat-cotorsion


with inf ∅ =∞ by convention. We say that GfcdRM is finite if GfcdRM <∞.

Let C be a cotorsion R-module. It follows from [2, Remark 4.6] that
GfcdR C 6 n if and only if there exists an exact sequence

0 −→ G −→Wn−1 −→ · · · −→W0 −→ C −→ 0

such that each Wi is flat-cotorsion for 0 ≤ i ≤ n− 1 and G is Gorenstein flat-
cotorsion. In particular, a cotorsion R-module C is Gorenstein flat-cotorsion if
and only if GfcdR C = 0 holds.

Set LGFCD(R) = sup {GfcdRM |M is any left R-module}.

Lemma 3.1. Let A be right Noetherian, LGFCD(B) < ∞, BU be projective,
UA have finite injective dimension and M be a Gorenstein flat-cotorsion left A-
module. If U ⊗A C is a cotorsion left B-module for any cotorsion left A-module
C, then U ⊗AM is a Gorenstein flat-cotorsion left B-module.

Proof. Let M be a Gorenstein flat-cotorsion left A-module. Per Lemma 1.1
M is a cotorsion left A-module and by assumption U ⊗AM is a cotorsion
left B-module. Let D be a flat-cotorsion left B-module. It follows from [2,
Theorem 4.5] that idB D <∞ as LGFCD(B) <∞. Since A is right Noetherian,

BU is projective and idB D < ∞, one has fdA HomB(U,D) ≤ idAo U < ∞.
Let F be a flat left A-module. The isomorphism Ext1A(F,HomB(U,D)) ∼=
Ext1B(U ⊗A F ,D) = 0 yields that HomB(U,D) is a cotorsion left A-module.
Now it follows from [2, Theorem 4.5] that

Exti≥1B (U ⊗AM,D) ∼= Exti≥1A (M,HomB(U,D)) = 0

and so U ⊗AM is a Gorenstein flat-cotorsion left B-module. �
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Theorem 3.2. Let A be right Noetherian, LGFCD(B) <∞, BU be projective,

UA have finite injective and flat dimensions and M =
(
M1

M2

)
ϕM

be a cotorsion

left T -module. If U ⊗A C is a cotorsion left B-module for any cotorsion left
A-module C, then one has

max{GfcdAM1,GfcdBM2} ≤ GfcdT M ≤ max{GfcdAM1 + 1,GfcdBM2}.

Proof. First notice that M1 is a cotorsion left A-module and M2 is a cotorsion
left B-module per Lemma 1.7.

Next we show that max{GfcdAM1,GfcdBM2} ≤ GfcdT M . To this end, let
GfcdT M = n <∞. There is an exact sequence of left T -modules

0→
(
Gn1
Gn2

)
ϕn

dn1
dn2


−−−−−→

(
Gn−11

Gn−12

)
ϕn−1

→ · · · →
(
G0

1

G0
2

)
ϕ0

d01
d02


−−−−−→

(
M1

M2

)
ϕM
→ 0

such that each
(
Gi1
Gi2

)
ϕi

is Gorenstein flat-cotorsion for 0 ≤ i ≤ n. By The-

orem 2.4, all Gi1 and Coker(ϕi) are Gorenstein flat-cotorsion. Hence each
U ⊗A Gi1 is Gorenstein flat-cotorsion by Lemma 3.1 and so is each Gi2 for
0 ≤ i ≤ n. It follows that max{GfcdAM1,GfcdBM2} ≤ GfcdT M .

Next we prove that GfcdT M ≤ max{GfcdAM1 + 1,GfcdBM2}. Suppose
that max{GfcdAM1 + 1,GfcdBM2} = l <∞. There is an exact sequence

0 −→ Gl−1
αl−1−−−→ Gl−2 −→ · · · −→ G1

α1−−→ G0
α0−−→M1 −→ 0

such that each Gi is a Gorenstein flat-cotorsion left A-module. Take an exact

sequence W0
β0−−→ M2 −→ 0 with W0 flat-cotorsion. Hence there are short

exact sequences 0 −→ Ki+1
1 −→ Gi

πi−−→ Ki
1 −→ 0, where Ki

1 = Ker(αi−1)
is cotorsion for 1 ≤ i ≤ l − 2. Define γ0 : (U ⊗A G0) ⊕ W0 → M2 by
γ0(u⊗A g0, w0) = ϕM (u⊗A α0(g0)) + β0(w0) for u ∈ U, g0 ∈ G0 and w0 ∈W0.
It is clear that γ0 is an epimorphism. Now one has an exact sequence of left
T -modules

0→
(
K1

1

K1
2

)
ϕ1

→
(

G0

(U ⊗A G0)⊕W0

) α0

γ0


−−−−−→

(
M1

M2

)
ϕM
→ 0 .

Take an exact sequence W1
β1−−→ K1

2 −→ 0 with W1 flat-cotorsion as K1
2 is cotor-

sion. Define γ1 : (U ⊗A G1)⊕W1 → K1
2 by γ1(u⊗A g1, w1)=ϕ1(u⊗A π1(g1))+

β1(w1) for u ∈ U, g1 ∈ G1 and w1 ∈W1. It is clear that γ1 is an epimorphism.
Now one has an exact sequence of left T -modules

0→
(
K2

1

K2
2

)
ϕ2

→
(

G1

(U ⊗A G1)⊕W1

) α1

γ1


−−−−−→

(
K1

1

K1
2

)
ϕ1

→ 0.
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Proceeding in this manner, one has an exact sequence of left T -modules

0→
(

0
Kl

2

)
→
(

Gl−1
(U ⊗A Gl−1)⊕Wl−1

)
→ · · · →

(
G0

(U ⊗A G0)⊕W0

)
→
(
M1

M2

)
→ 0.

By Lemma 3.1 each U ⊗A Gi is Gorenstein flat-cotorsion. It follows from [2,
Proposition 3.3] that each (U ⊗A Gi) ⊕Wi is Gorenstein flat-cotorsion. Now

Kl
2 is Gorenstein flat-cotorsion since GfcdBM2 ≤ l. By Theorem 2.4,

(
0
Kl

2

)
and each

(
Gi

(U⊗AGi)⊕Wi

)
are Gorenstein flat-cotorsion and so GfcdRM ≤ l. �

Corollary 3.3. Let A be right Noetherian, LGFCD(B) <∞, BU be projective,

UA have finite injective and flat dimensions and M =
(
M1

M2

)
ϕM

be a cotorsion

left T -module. If U ⊗A C is a cotorsion left B-module for any cotorsion left
A-module C, then M has finite Gorenstein flat-cotorsion dimension if and only
if M1 and M2 have finite Gorenstein flat-cotorsion dimensions.
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