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GENERALIZATION OF SOME INEQUALITIES TO THE CLASS
OF GENERALIZED DERIVATIVE

IRFAN AHMAD WANI®**, MOHAMMAD IBRAHIM MIRP AND ISHFAQ NAZIR®

ABSTRACT. In this paper, we obtain some inequalities concerning the class of gen-
eralized derivative and generalized polar derivative which are analogous respectively
to the ordinary derivative and polar derivative of polynomials.

1. INTRODUCTION

Let P,, denote the space of all algebraic polynomials of the form P(z) = > a, 2z
=0

of degree n and let P'(z) be its derivative. Let R be the set of all n tuplgs v =
(71,7925 - - -, Yn) of positive real numbers with v, > 1, 1 < k < n, the polynomial

n n
G,[Pl(z) = Z'yk H (z — zy) be a generalized derivative [8] of P(z), where
k=1 v=1,v#k
21,22, ..., 2n are the zeros of P(z) . For v = (1,1,...,1), the generalized derivative
G4 [P](z) reduces to P'(z). In this paper, we extend the some well-known results
concerning the polynomials due to Dubinin [4], N.A. Rather et al. [7] to the class of
generalized derivative.

Concerning the estimation of the lower bound of Re(‘féi’?) on |z| = 1, Dubinin

[4] proved the following result.

Theorem 1.1. If P € P, having all its zeros in |z| < 1, then for all z on |z| =1
for which P(z) #0

= () 220 s (ara)

As a generalization of Theorem 1.1, N.A. Rather et al [7] have proved the following

result.
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Theorem 1.2. If P € P,, having all its zeros in |z| < k, k < 1, then for all z on
|z| =1 for which P(z) # 0

zP’(z)) n < k<k”\an—]ao|>)
1.2 Re > 1+—\ )
(12) < P(z) )~ 1+k n \ k"|an| + |aol
Also concerning the maximum of |P’(z)| in terms of maximum of |P(2)| on |z| = 1,
Turdn [9] showed that if P € P, and P(z) has all zeros in |z| < 1, then

(1.3) max|P'(2)] > = max |P(z)].
|z|=1 2 |z|=1

Equality in inequality (1.3) holds for those polynomials P € P, which have all
their zeros on |z| = 1.

Dubinin [4] used the boundary Schwarz lemma due to Osserman [6] to obtain an
interesting refinement of (1.3), in fact, proved that if all the zeros of P € P, lie in
|z| <1, then

, n 1 [/ |an| — lao
(1.4 e P01 5 (1 3 (1220 ) (e

As a generalization of inequality (1.3), Malik [5] proved the following result.

Theorem 1.3. If P € P, and P(z) has all zeros in |z| < k <1, then

n
1.5 P'(2)] > —— max|P(2)].
(1.5) max | (z)] 2 7 max|P(2)]

The result is sharp and best possible for P(z) = (z + k)™. It is natural to look
for a similar refinement of inequality (1.5), as the Dubinin [4] refined the inequality
(1.3). In this direction N.A. Rather et al. [7] proved the result which is refinement
of inequality (1.5) and generalization of inequality (1.4). In fact, they proved

Theorem 1.4. If P(z) = z°(ap+ a1z + -+ apn—s2""%) € Py, 0 < s < n, has all its
zeros in |z| <k, k <1, then

n k kn_8|an75| - |(I()|
1. r’ > 14+ — P(2)].
16 paylPe) > 1+,C( +n(s+k“|a“,+|ao| | PC2)

The result is sharp and equality holds for P(z) = 2°(2 4+ k)", s < n. On setting
s = 0 in Theorem 1.4, they proved the following corollary.

Corollary 1.5. If P € P,, and P(z) has all zeros in |z| < k <1, then

k (k™ an| — |aol
1. Pl2)) > — (14~ (24 =900 P(z)|.
a0 el S (i () ) e
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The result is sharp and equality holds for P(z) = (z + k)™.
The polar derivative D, P(z) of P € P,, with respect to the point o € C is defined
by

(1.8) DoP(z2) :=nP(2) + (a — 2)P'(2).

The polynomial D, P(z) is of degree at most n— 1 and it generalizes the ordinary
derivative P'(z) of P(z) in the sense that

(1.9) lim PeP)

a—00 «

= P'(2)

uniformly for |z| < R, R > 0.

Definition 1.6. Define Ng[P](z) = zn:’ykP(z) + (a — 2)G,[P](z) with v € R} as
the generalized polar derivative of P(i):.1

The polynomial Ng[P](z) generalized the polar derivative in the sense for v =
(1,1,...,1), then Ng[P](z) reduces to D, P(z). In this paper we extend some results
to class of generalized polar derivative of P(z). A. Aziz [1] and Aziz and Rather [2]
obtained several estimates for maximum modulus of D, P(z) on |z| = 1 and among
other thing, they [3] extended inequality (1.5) to the polar derivative. In fact, they

proved

Theorem 1.7. If P € P,, and P(z) has all zeros in |z| < k < 1, then for a € C
with |a| > k,

ol =k
1.10 D, P(2)| > P
(1.10) gl'fg! () 2 n= ﬁi’f‘ (2)]
The result is sharp and best possible for P(z) = (z + k)". with |a| > k.
Next N.A. Rather et al. [7] establish the following refinement of inequality (1.10).
In fact, they proved

Theorem 1.8. If P(z) = z*(ap + a1z + - - + an—s2""°) € Py, 0 < s < n, has all its
zeros in |z| <k, k <1, then for a € C with |a| > k,

la| — k k k"% |an—s| — |ao
1.11 D,P > 1+ — P(z)].
( ) gl'i)l(’ (Z)’ Zn 1+I€ +n S+kn—s|an_s|_|_|a0‘ |I?|i)1(’ (Z)‘

The result is sharp and equality holds for P(z) = 2%(z + k)" *, s < n, with
|a| > k. On setting s = 0 in Theorem 1.8, they proved the following corollary.
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Corollary 1.9. If P € P, and P(z) has all zeros in |z| < k < 1, then for o € C
with o] > k,

la] — K k (k™ an| — |aol
1.12 D,P > 1+—- — P .
(1.12) glgl (Z)|—”1+k ol T aol gl‘i)lc\ (2)|

The result is sharp and equality holds for P(z) = (z + k)", with |«| > k.

2. MAIN RESULTS

In this paper, we extend Theorem 1.2 and Theorem 1.4 to the class of generalized
derivative. We get our first result which generalizes Theorem 1.2 to the generalized

derivative. In fact, we prove

Theorem 2.1. If P € P,, having all its zeros in |z| < k, k < 1, then for all z on
|z| =1 for which P(z) #0 and v € R} withy; >1,1<j<n

P T,L : n _
(2.1) Re(va[ ](z)) S 2=t i <1+ L (k an] |a0|>).
P(z) 1+k Zj:l ¥j \k"[an| + |aol
On setting £k = 1, we obtain the following result which is a generalization of
Theorem 1.1.

Corollary 2.2. If P € P, having all its zeros in |z| < k, k < 1, then for all z on
|z| = 1 for which P(z) #0 and v € R} withy; >1,1<j<mn

o () T ()

Remark 2.3. For a n-tuple v = (1,1,...,1), Theorem 2.1 and Corollary 2.2 reduce
to Theorem 1.2 and Theorem 1.1.

As an application of Theorem 2.1, we present the following result which extends

Theorem 2.4 to the class of generalized derivative. In fact, we prove

Theorem 2.4. If P(z) = z*(ap + a12+ -+ apn—s2""°) € Py, 0 < s < n, has all its
zeros in |z| <k, k<1, andy € R} withv; > 1,1 <j <mn, then
(2.3)
S Zn*S . n—s
i=17j k E"|ap—s| — |ao]
G, [P(2)|> + ==L P(2)].
|r?|i)1(’ ’Y[ ](z)’—{;7]+ 1+k (+Zn—s (kn—san_s‘+’a0| gl\i}l(‘ (2)’

=1 "VJ
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The result is sharp and equality holds for P(z) = 2°(z+ k)", s < n. On setting

s = 0 in Theorem 2.4, the following result is obtained.

Corollary 2.5. If P € P, and P(z) has all zeros in |z| < k < 1,and v € R} with
v = 1,1 <j<n, then

2 =17 k([ E"|an| — lao]
24 max |G z 2]{1+ 7 < = >}maXPz .
(2.4) ma |Gy [PI(2)] 2 5 S \Ffan] & Jao] \z|:1| (2)]

The result is sharp and equality holds for P(z) = (z + k)™. On setting k = 1, we

obtain the following result, which is in fact the generalization of inequality (1.4) to

the class of generalized derivative. In fact, we prove

Corollary 2.6. If P € P, and P(z) has all zeros in |z| < k < 1,and v € R} with
v 2 1,1 <5 <n, then

1 nl —

2 <|a||a0|> } max |P(z)].

n\ lan| +[aol / J Iz1=1

Remark 2.7. For a n-tuple v = (1,1,...,1), Theorem 2.4, Corollary 2.5 and Corol-
lary 2.6 reduce to Theorem 1.4 , Corollary 1.5 and inequality 1.4.

3

(2.5) G- [P](2)] > 2{1+

Next, we present the following result which generalizes Theorem 1.7 to the class

of generalized polar derivative.

Theorem 2.8. If P(z) = z%(ap + a1z + -+ + an—s2""%) € P, 0 < s < n, has all
its zeros in |z| <k, k <1, and v € R} with v; > 1,1 < j < n, then for o € C with
la| > &,

(2.6)

max’]\f7 P}(z)’

|2|=1

1Y k E" 5 an—s| — |ao|
al — k ] ! (1 + ( max | P
z (o {Z A U s el el ) ) f B IPE
The result is sharp and equality holds for P(z) = 2z°(z + k)" %, s < n, with

|a| > k. On setting s = 0 in Theorem 2.8, we obtain the following result.

Corollary 2.9. If P(z) € Py, has all its zeros in |z| < k, k <1, and v € R} with
v; > 1,1 < j <mn, then for a € C with |a| > k,
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(2.7)

oA k k" a,| —
Z]—l i 1+ _ ( n‘a’ | |a0|> ax]P( )|
1+k > i=1%i \E™an| +laol ) [ |21=1

The result is sharp and equality holds for P(z) = (z + k)", with |a| > k.

maxx [N P)(2)] 2 (Jol - #)

Remark 2.10. For an-tupley = (1,1,...,1), Theorem 2.8 and Corollary 2.9 reduce
to Theorem 1.7 and Corollary 1.8.

3. LEMMA
For the proof of Theorem 2.1 and Theorem 2.4 , we need the following lemmas.

Lemma 3.1. If0 <2z <1 and v € R} with~y; > 1,1 <j <n, then

(1—xj) 1—Hn Lj
(3.1) ZVJ i) =17 VneN.
L+ z; _1+H71$J7

Lemma 3.1 above is easily obtained by induction.

Lemma 3.2. If P(z) € Py, has all its zeros in |z| < k, k < 1, and v € R} with
v > 1,1 < j <, then for|z| =1

(3.2) G4 [Q](2)] < k|G4[P](2)|

where Q(z) = 2"P(1/z).

Proof. Since all the zeros of a polynomial P(z) lie in |z| < k, where k < 1, we can

write

n
P(z):anH(z—zj), where |z,| <k, j=1,2,...,n
j=1
Since all the zeros of P(z) are in |z| < k, then, F(z) = P(kz) has all its zeros
in|z| < 1, for v € R%. This gives,

(3.3) ZG Z 7_3

Z z

where Cj:% and |(j| <1, 1<k<n.

Since for the points €, 0 < @ < 27, other than the zeros of F(z), we have
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ett ett n 10
() {5

n ei&
=Y yre{ o}
1 n
> 52 %
j=1

G, [F)(e) | 1
lﬁﬁxgmﬂﬁﬁzi

For the points €, 0 < § < 27, which are not the zeros of F(z), we have
ez‘GG7 [F] (eie?
(X1 i) F(e?)

Which implies,

1-—

(O j=1 1) F(e”)

S‘W@mw%

Equivalently

(3.4) G, [F](e")

(D) F(e”) = Gy [F(e”)
j=1

349

For the ¢, 0 < # < 2, which are not the zeros of F(z). Since the inequality (3.4)

is trivially true for points €, 0 < # < 2w, which are zeros of F(z), therefore, it

follows that

(3.5) < |G,[F](z)| for |z|=1.

Y iF(2) = 2G4 [F](2)
j=1

Since F(z) = P(kz), from (3.3) it follows that

n

CF)(z) = F(2) Y Zj% = kP(k2) Y kz”_fzj = kG [P](kz).
j=1 k j=1
Replacing F'(z) by P(kz) and G,[F|(z) by kG~[P](kz) in (3.5), we obtain

(3.6) Z’yjP(k:z) — 2kG,[P|(kz)| < k|Gy[P](kz)| for |z|=1.

j=1

Since k < 1, we take in particular z = %, 0 <6 <2rin (3.6) to get

n

> PE”) = eGP (e
j=1

< k|G, [P)(")
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This shows that,

(3.7) > 1iP(2) = 2G4 [P)(2)
j=1

Since

> P(e) G [Pl = P Y (- 2L )
j=1

P zZ — zj
_ S (67
(33 - P<>;<Zi;)
Also
" Z)=—z2 z Y
LRI = =m0/ 3 (Z_Z])
- Py (),
(3.9) = —P( );<Z_2j>
Combining (3.8) and (3.9) , for |z| = 1 we have
3.10) 1) = | S P - 26, [P
j=1
From (3.7) and (3.10) we have
(3.11) ‘GW[Q](z)‘ < k’GW[P](z)‘ for |2| = 1.

4. PROOF OF MAIN RESULTS

Proof of Theorem 2.1. Since all the zeros of P(z) lie in |z| < k, where k < 1, we can

write

n
P(z):anH(z—zj), where |z;| <k, j=1,2,...,n
v=1

Then, for v € R} and P(z) # 0 we have

i
Z z —jz]

Since for the points €, 0 < @ < 27, other than the zeros of P(z), we have
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Re{”GH(} Re{ % }

P(e?)
= Z’Yﬁe{ewe_zj}

N 1_‘2']‘

_ 2]:1% Z ’Z]’
1+k 1+k k—i—k\zj\

Since k < 1, thus, k + k|z;| < k + |zj| and v € R with y; > 1, 1< j <n, for the
points €, 0 < § < 2r, other than the zeros of P(z), the above inequality yields

0 [P](eie) E?: vi |21
Re{ ]-;y(ew) }Z 1—|—1k:] 1+szy]<1_’_zg|)

By Lemma 3.1 and noting that ‘Zlg‘ <1, 1<k<mn,wegetforall zon |z|] =1,
for which P(z) # 0

Red 2G21P1(2) >Z?:1’Yj+ k 1_M
PG [T Tk bk T

STy, b (Ml
trk S Rl + Jaol

That proves Theorem 2.1. O]

Proof of Theorem 2.4. Let P(z) = 2°F(z) € Py, where F(z) = ap + a1z + -+ +

an—sz""% 0<s<n,thenon |z] =1,

n(H07) S ()

Since F'(z) is a polynomial of degree n — s having all its zeros in |z| < k, k < 1,
therefore by Theorem 2.1 to F(z), for all points on|z| = 1, with other than the zeros
of P(z), we have

Re L >Z Py = 173( * (k - |a”s|_|a0|>>.
(2) 1+k Zj:l'Yj En=3|an—s| + |ao]
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Which implies for all points z on |z| = 1, with other than the zeros of P(z), we have

GoPIE) | - g (z%[ﬂ(z))
- P(2)

P(z)
Vs k E" 5| an—s| — |ao|
> L% () :
Z LRRNeY: (*z;;ffyj@n—s\an_s\ﬂaor

which gives, for |z| =1

(4.1)
5 k k"% lan—s| — [aol
G, [P)( PP <1 + < P(z)].
1P {ZJ ks gl ) ) PO
Which immediately leads to desired result. This proves Theorem 2.4. g

Proof of Theorem 2.8. Since Q(z) = 2"P(1/Z), then from (3.10) we have
G, 1QI)| = | Yo iPe) = 26, 1PI(2)| for [zl =1.
j=1

Since all the zeros of a polynomial P(z) lie in |z| < k, where k < 1, therefore by

Lemma 3.2, we have

(4.2) k:‘GV[P](z)‘ > ‘ Y iP(z) — 2G, P (z)‘ for |2| = 1.
j=1

Now for every a € C' with |a] > k, we have for |z| =1,

NI = | S P + (a - 26, PI:)
k=1

> || |G| P)(z

2G,[P)(2)

Using (4.2) we get
(4.3) INJ[PI(2)| = (lo] = k)[G,[P)(2)

[0}

for |z] =1

Combining (4.1) and (4.3), we obtain for |z| =1

1Y k E" 5| apn—s| — |ao]
> (Jo] - 2= (1 = ( - P(z)].
Z Vit 14k ijl v kn s|an_5| + |a0’ ‘ ‘

Which 1mmed1ately leads to desired result. This proves Theorem 2.8. O
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