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1. Introduction

Among the displacement behaviors of structures, 

buckling is the one that most affects safety and 

reliability. The buckling point, which is critical for 

determining the safety and instability of a structure, 

is used as a reference in designs. Thus, research 

into it has been conducted over a long period by 

many researchers[1-5].

Because cylindrical structures are essential 

elements in designing aircraft and other industrial 

structures, many analyses have been conducted and 

articles published on buckling behavior related to 

these structures. Andre et al.[6] explored 

post-buckling phenomena, while Shahsiah et al.[7] 

investigated buckling due to thermal effects and 

Foroutan et al.[8] conducted a study on dynamic 

buckling. Buckling analysis is largely divided into 

nonlinear and linear. Nonlinear buckling analysis 

typically uses nonlinear analysis methods such as 

displacement control and arc-length[9] to analyze 

buckling and post-buckling behavior. On the other 
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hand, linear buckling analysis is used to calculate 

the unstable buckling point with an initial stress 

state that is defined based on the vibration mode of 

the structure. The theoretical background and 

analysis results of buckling have been clearly 

formulated, with the latter also being very reliable.

Based on the existing theoretical background, the 

effect of buckling when a thermal load is applied 

was investigated in this study. In other words, a 

theoretical formulation was derived to identify the 

critical point for buckling of a structure subjected to 

thermal stress (initial stress) due to temperature rise 

and its effect evaluated on a cylindrical shell 

structure. In addition, the post-buckling behavior was 

calculated by using the arc-length method to clearly 

identify the nonlinear buckling behavior 

characteristics of the cylindrical structure, and the 

results of this analysis were compared with those of 

the linear buckling analysis with discussion of the 

differences.

2. Formulation for the Finite Element 

Analysis (FEA) 

2.1 Equilibrium Equation of Degenerated 

Shell Element

One of the most utilized elements in analyzing 

3D structures is the shell element. The shell element 

can efficiently represent displacements from actions 

such as bending, shearing, and tension when the 

number of nodes per element is relatively small. In 

particular, a shell element having only one node in 

the thickness direction is called a degenerated shell 

element. Fig. 1 shows the basic shell elements that 

are conventionally used.

The formulation of shell elements is clearly 

defined and has three displacements and three 

rotational degrees of freedom for each node. This 

displacement and rotation can be quantitatively 

represented as

Fig. 1 4-noded shell element configuration
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Here, the displacements at time , , and 

can be represented as in Equation (2).

                     (2)
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Substituting Equation (1) into Equations (2) and 

(3) leads to Equation (4) as follows:
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Subsequently, Equation (4) is used to calculate 

the total displacement. To perform the calculation 

using Equation (5), it must first be expressed in the 

form of a direction cosine with respect to the 

vertical direction of the shell surface. The vertical 

vector to the tangent vector of the shell represented 

by 
 and 

 is 
 . The following relationship 

is established between the tangent vector and the 

vertical vector of the shell, 
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  × 

 × 
           (7)
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               (8)


  

  
            (9)

where  and  represent the angles of rotation 

around the tangent vectors 
 and 

, 

respectively. The displacement at each calculation 

step represented as an incremental formula is as 

shown in Equation (10). The displacement and 

rotation angle calculated in the iterative calculation 

are the data used to calculate the new tangent and 

vertical vectors in the next step.

  
  




  



 



  
   

     (10)

The vertical vector updated by displacement and 

rotation is as follows. 


  




 
  

   (11)

The form of the final equation used for the 

displacement calculation in the total Lagrangian 

nonlinear equilibrium equation of shell elements is 

shown in Equation (12). 
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Here,
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2.2 Nonlinear Analysis by Applying the 

Arc-Length Method

Buckling is accompanied by snap-through and 

snap-back phenomena. When these occur, an 

incremental nonlinear numerical analysis method is 

required to clearly calculate the force-displacement 

relationship behavior of the structure. The arc-length 

method can be effectively applied in buckling 

analysis when snap-back occurs. The analysis was 

performed by using both the arc-length method and 

the displacement control method. In the arc-length 

method, the load factor  for the incremental 

calculation is used to find a solution through a 

numerical analysis method, as shown in Fig. 2. 

If the number of iterations is , the step is 

and the load factor is , which can be expressed as 

the following nonlinear equilibrium equation.


 

       (15)

Representing Equation (15) as an incremental 

equation becomes Equation (16). 

   
 

  

(16)

Displacement for each iteration can be obtained 

by combining the displacement of parts  and . 

Fig. 2 Arc-length procedure[10]
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        (17)


              (18)

The vector for the th iterative calculation 

connecting the previous and current steps at an 

arbitrary point is defined as follows.

              (19)

2.3 The Buckling Equation

Linear buckling analysis of a structure is often 

referred to as eigenvalue buckling analysis because 

the buckling load is calculated via numerical 

analysis. The stiffness matrix constructed in the 

geometrically nonlinear analysis of a structure is 

divided into a part for elastic energy and a stiffness 

matrix by geometric nonlinearity. The geometrically 

nonlinear stiffness matrix is proportional to the load 

that the structure can support[10].


  

         (20)

This equation can summarize displacement   as 

follows. 

 
  

      (21)

Because the displacement is not zero in Equation 

(21), there is no inverse of the stiffness matrix 

when assuming an unstable state when buckling 

occurs, i.e. the critical point at which the 

displacement becomes infinite and divergent. The 

relational expression that satisfies this is Equation 

(22). 

det
  

=          (22)

In this case,  refers to the buckling load factor 

(BLF) obtained through the eigenvalue analysis.

2.4 Thermal Stress FEA

A material that alternately expands and contracts 

due to heat generates thermal stress according to 

temperature change. Thermal strain,  , induces by 

thermal stress, as represented in the following 

equation. 


   


   


   


  

  
  

          (23)

The thermal stress resulting from  is shown as 

in Equation (24). 

                    (24)

Thermal stress is applied after conversion into a 

load in the nonlinear equilibrium equation. The load 

equation due to this thermal stress is Equation (25). 
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The total Lagrangian large displacement nonlinear 

equilibrium equation when considering thermal stress 

is as follows:


  

     
    (26)

3. Buckling of the Cylindrical Shell

3.1 Geometry and FEA Modeling

Fig. 3 shows the basic model concept of the 

cylindrical shell structure. Various boundary 

conditions are applied to part of the cylindrical 

structure through a geometric model, and the 

analysis was performed. In this analysis, the 

temperature boundary condition was set so that the 

same temperature acts on the entire structure. For 

the buckling analysis of the cylindrical shell, the 

model shown in Fig. 4 was explored. A simply 

supported boundary condition was given at the edge 

of the cylindrical shell having a radius of 

   , a length of    , and thickness 

of    . The Young's modulus (), Poisson 

ratio (), and thermal expansion coefficient () 

values of a material change linearly with 

temperature, as reported in Table 1. The FEA model 

for the cylindrical shell was prepared by using the 

four-node shell elements described in Section 2.1. 

The number of elements used was 1,152 and the 

number of nodes was 1,225.

Fig. 3 Cylindrical shell concept and temperature B.C.

Fig. 4 Cylindrical shell model for buckling analysis

Temperature( )

Properties 22 150

E(MPa) 210,000 170,000

 0.3 0.26

 22.0 17.0

Table 1 Material properties

The effect of temperature (thermal stress) on the 

buckling phenomenon of a cylindrical shell was 

evaluated in this study. The reference temperature at 

which the thermal stress becomes zero was 22 . ℃

The change in behavior of thermal stress on 

buckling was calculated at three temperatures: 50, 

100, and 150 °C. In this case, the temperature 

boundary condition was that the same temperature 

acts on the entire structure. In the case of the 

cylindrical shell shown in Fig. 4, even when the 

same temperature condition was applied to the entire 

structure, the distribution of the stress varies 

depending on the location because the geometry is 

curve-shaped. In other words, the maximum thermal 

stress occurred at the central part of the panel 

because thermal stress is induced by thermal 

expansion.

3.2 Thermal Stress and Nonlinear Buckling 

Analysis

The temperature at which the thermal stress was 

zero is 22 °C, as reported in the previous section. 

Prior to the buckling analysis, the respective thermal 

stresses at 50, 100, and 150 were as shown in℃
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 (a)

 (b)

 (c)

Fig. 5 Thermal stress distribution: (a) 50 , (b) 10℃

0 , (c) 150℃ ℃

Fig. 5. Thermal stress is generated by thermal 

expansion, and thermal expansion is internally 

converted into thermal load before the final 

calculation. At the center, the maximum thermal 

stress was 59.5 Mpa at 50°C, 148 MPa at 100°C, 

and 242 MPa at 150°C. Due to the nature of the 

boundary conditions constrained by a simple support, 

the displacement due to thermal expansion directly 

increased the thermal stress, resulting in a 

considerably high level of stress distribution.

Nonlinear buckling analysis was performed to 

evaluate the effect of thermal stress on cylindrical 

shell buckling. Based on the load-displacement 

relationship at 22 , which is the temperature at ℃

which thermal stress does not act, the 

load-displacement relationships at 50, 100, and 150 ℃

are shown in Fig. 6. As the temperature increased,

Fig. 6 Displacement vs. load curves for individual 

temperature conditions

Temperature
( )

Displacement
(mm)

Buckling load
(N)

22 1.33 1,106.3

50 1.24 1,154.7

100 1.08 1,199.5

150 1.03 1,241.6

Table 2 Nonlinear buckling load analysis results 

according to temperature

the magnitude of the thermal stress became higher 

and the buckling load rose. Table 2 reports the 

specific temperature, vertical displacement, and 

buckling load when buckling occurred. At room 

temperature (22 ), buckling occurred when the ℃

vertical displacement was 1.33 mm, with a buckling 

load of 1,106 N. On the other hand, the 

displacement was 1.03 mm at 150 , with a ℃

buckling load of 1,241N, which was around 12.2% 

higher than the load at room temperature. As shown 

in Fig. 6, the force was applied in the reverse 

direction after the critical point of the first buckling 

had passed. When the force in the reverse direction 

passed through the second critical point again, the 

direction of the force was reversed. The 

displacement and reaction load of the second critical 

point compared to the first critical point showed 

significant changes according to temperature. This is 

a geometrical nonlinear behavioral characteristic that 

should be particularly noted when designing a
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Fig. 7 Stress variation during buckling progress

structure. In other words, because the change in 

stress at the second critical point is large, it is 

highly likely to exceed the yield strength of the 

material. When buckling occurs in geometric 

nonlinear analysis, it becomes considerably difficult 

to evaluate the safety of the material. For this 

reason, it is essential to accurately calculate the 

maximum stress at the time when buckling occurs. 

In the case of the cylindrical shell, the stress 

change during the buckling behavior at room 

temperature at the point where the buckling load 

acts is shown in Fig. 7, which indicates that the 

maximum stress did not occur at the load point 

during the buckling but instead occurred in the 

vicinity of the load application point. Snap-through 

or snap-back are typical buckling phenomena for a 

curved panel, and irregular or discontinuous stress 

and displacement can occur during this period. 

Because the yield strength or fracture strength is 

instantaneously passed through in nonlinear analysis, 

a careful review is required when evaluating and 

diagnosing the safety of a structure.

3.3 Thermal Stress and Linear Buckling 

Analysis

Linear buckling analysis is used to evaluate the 

buckling load based on the modal solution of the 

stiffness matrix, as described in Section 2.3. Modal

Mode

Temperature( )

22 50 100 150

Frequency (Hz)

1 1,690.8 1,637.0 1,536.3 1,428.5

2 1,778.5 1,719.9 1,610.8 1,495.0

3 2,065.8 2,002.1 1,882.5 1,753.8

4 3,099.4 3,004.7 2,826.7 2,635.0

5 4,079.7 3,944.0 3,691.9 3,424.7

Table 3 Modal analysis results according to 

temperature

analysis was performed on the cylindrical shell to 

determine the solution for the linear buckling load. 

Table 3 reports the modal frequencies according to 

each temperature condition.

In the case of no thermal stress, the frequency of 

the basic primary mode was around 1,690.8 Hz, 

which varied to 1,637.0, 1,536.3, and 1,428.5 Hz at 

50, 100, and 150°C, respectively. As the temperature 

increased, Young's modulus of the material became 

lower and the thermal stress rose. Considering the 

thermal stress and changes in the nonlinear 

properties of the material, the modal frequency 

gradually decreased as the temperature increased.

The change of modal frequency with respect to 

temperature was not relatively large. Table 4 

summarizes the linear buckling mode according to 

each temperature. The results reveal a change in the 

buckling mode due to the additionally applied heat 

effect. The comparison between temperatures in the 

third buckling mode shows the same tendency at 22 

and 150 , as well as 50 and 100 .℃ ℃

Because the effect of the buckling mode is 

exerted as a combination of material property 

changes, thermal stress, geometry, and boundary 

conditions, additional research is necessary to 

independently identify the influence of each variable. 

However, under the assumption of the same 

geometry and boundary conditions, the results of 

this study confirm that thermal stress has a 

relatively large influence on buckling; linear and 

nonlinear buckling analysis methods were used to
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Buckling
mode

Temperature

22 50

1

2

3

Buckling
mode 100 150

1

2

3

Table 4 Eigen buckling mode according to temperature

evaluate the influence. Table 5 summarizes changes 

in the buckling load due to the thermal effect in 

the linear buckling analysis. These provided the 

results of calculating BLF  mentioned in Section 

2.3 for each variable. The linear buckling load is a 

value calculated based on the mode and frequency 

solution from the modal analysis.

Calculating the buckling load was achieved by 

analyzing it after applying a one-unit load to point 

A in the shape presented in Fig. 3. Thus, for no 

thermal stress, the value of buckling load becomes 

equivalent to BLF . Under thermal stress, the 

effect of thermal stress increases by a multiple of

Temperature( )

22 50 100 150

Mode Buckling Load Multiplier ()

1 1,918.2 24.6 9.7 6.6

2 4,267.5 54.3 21.5 14.6

3 6,389.0 91.1 36.4 24.6

4 7,221.3 92.1 36.5 24.8

5 7,802.5 98.7 39.2 26.5

Table 5 Eigen buckling load analysis results 

according to temperature

BLF because the buckling load value is obtained by 

multiplying the thermal stress and the stress value 

of the unit load. This can be verified by the fact 

that the BLF at 50 was 24.6, which is ℃

significantly lower than 1,928.2 with no thermal 

effect. Due to the cylindrical shell`s geometry, the 

higher the temperature, the lower the BLF. What is 

important here is that a lower BLF does not 

necessarily result in a lower overall buckling load 

because the value given at prestress is a 

combination of thermal stress and concentrated load 

rather than a single concentrated load.

The calculations of buckling load without thermal 

stress are 1,106.3 N from the nonlinear static 

numerical analysis (Table 2) and 1,918.2 N from 

the linear buckling analysis (Table 5); this difference 

can be attributed to the theoretical background of 

the numerical analysis. The actual behavior was in 

good agreement with the nonlinear static numerical 

analysis. In particular, as the geometrical 

nonlinearity became stronger in structures such as 

cylindrical shells, the difference between the results 

of the two analyses became higher. Because the 

stiffness matrix of the material changed rapidly as 

the structure deformed, the nonlinear static numerical 

analysis, which involves calculations while 

continuously updating the stiffness matrix, more 

accurately represents the actual phenomenon. On the 

other hand, because the buckling load is calculated 

using the initial stiffness matrix in the case of 

linear buckling analysis, the calculated and actual 
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buckling load values were significantly different. 

However, linear buckling analysis is highly accurate 

for geometrical structures that are essentially linear.

4. Conclusions

In this study, the buckling phenomenon of a 

cylindrical structure was analyzed by using 

four-node shell elements. The results of a numerical 

analysis regarding the effect of the change in 

thermal stress on the buckling load due to 

increasing temperature were presented. Furthermore, 

it was confirmed that the thermal stress sensitively 

affects the buckling behavior of the analyzed 

cylindrical shell. In addition, through the analysis of 

buckling and post-buckling phenomena by applying 

the arc-length method and displacement control, the 

exact displacement under buckling and the load in 

each case were explicitly calculated according to the 

change in thermal stress.

By clearly identifying the relationship between 

thermal stress and buckling when designing a 

structure where actual buckling occurs, the results of 

this study can be used as key basic data for reliable 

structural designs.
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