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Abstract. Let D be a division ring and n > 1 be an integer. In this
paper, it is shown that if D 6= F3, then every subpermutable subgroup of

the general skew linear group GLn(D) is normal. By applying this result,

we show that every subpermutable subgroup of the unit group (RG)∗ of
the real group algebras RG of finite groups G is normal in (RG)∗.

1. Introduction and main results

Let G be a group. A subgroup Q of G is called permutable in G, write
Q <p G, if PQ = QP for every subgroup P ofG. A permutable subgroup is also
called quasinormal in some papers or books. In this paper, following [23], we
prefer to use “a permutable subgroup” rather than “a quasinormal subgroup”.
Also in [23], Q is called subpermutable in G if there exists a permutable series
of subgroups of G

Q = Qn <p Qn−1 <p · · · <p Q1 <p Q0 = G.

Clearly, notions of permutable and subpermutable subgroups extend naturally
of normal and subnormal ones respectively. There are some examples of groups
having permutable subgroups that are even not subnormal (see [23]). There are
many papers on permutable subgroups of certain groups (e.g., see [1–5, 9, 11,
14,15,21,23,24]). For a survey on permutable subgroups, we refer to [9,16,25].
It seems to be interesting to find classes of groups whose (sub)permutable
subgroups are (sub)normal. It is well known that in the case when G is finite,
then every permutable subgroup of G is subnormal [19]. An another example,
[22, Corollary C2] showed that a simple group contains no proper non-trivial
permutable subgroups. The nicest result on this topic is maybe from [23]. In
fact, it is shown in [23] that if G is finitely generated, then every subpermutable
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subgroup of G is subnormal. Our groups in this paper are unit groups of
algebras and these algebras are matrix rings over division rings and real group
algebras of finite groups.

There are many reasons why we focus on the class of matrix rings over
division rings and real group algebras. First of all, the unit groups of these
algebras are “big” enough to work on. For example, if RH is the real group
algebra of a finite group H, then the unit group (RH)∗ contains strictly the
set of trivial units {ah | a ∈ R∗ and h ∈ H}. The second reason is from the
fact that the classification of skew linear groups is a classic and interesting
topic. Recently, the first author showed some results on permutable subgroups
of GLn(D) and this paper can be considered as a continuation work of [6]. An
another reason is from techniques. In details, if RH is the group algebra of a
finite group H over the field of real numbers R, then by Wedderburn-Artin’s
Theorem, RH is isomorphic to a direct product of finitely many matrix rings
over division rings. We may use results on subpermutable subgroups of general
skew linear groups to apply for the group algebras.

The following theorem is our first main result:

Theorem 1.1. Let D be a division ring, n ≥ 2 an integer and Q a non-
central subgroup of GLn(D). The following statements are equivalent unless
GLn(D) = GL2(F3):

(1) Q contains SLn(D);
(2) Q is normal in GLn(D);
(3) Q is subnormal in GLn(D);
(4) Q is permutable in GLn(D);
(5) Q is subpermutable in GLn(D).

Our assumption requires n > 1 since it was shown that there exists a division
ring D such that D∗ contains a non-subnormal subpermutable subgroup (see
[6]). We also except the case GL2(F3) where Fq is denoted by the field of q
elements. For convenience, we also present results on GL2(F3) whose proof is
simple here.

Denote by Q8 the quaternion group. It is shown that Q8 is isomorphic to
the subgroup 〈i, j〉 of H∗ generated by {i, j}, where H is the division ring of
real quaternions.

Proposition 1.2. GL2(F3) contains a normal subgroup Q which is isomorphic
to the quaternion group Q8 such that:

(1) Q /GL2(F3);
(2) 〈i〉 / Q8 and;
(3) The embedding of 〈i〉 into GL2(F3) is not normal.

The following corollary is implied directly from Theorem 1.1 and Proposition
1.2.

Corollary 1.3. Every subpermutable subgroup of GLn(D) is subnormal in
GLn(D).
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The second aim of this paper is to show that if G is a finite group, then
every subpermutable subgroups of (RG)∗ is normal. To do this, we need to
work on division rings over R. It is well known that there are equivalent finite-
dimensional division rings over R which are R, the field of complex numbers C
and the real quaternion division ring H. There is nothing difficult for R and
C. With the real quaternion division ring H, we have the following statement
which may be considered as a generalization of [8, Example].

Theorem 1.4. Let H be the real quaternion division ring. Put

H1 = {a+ bi+ cj + dk ∈ H | a2 + b2 + c2 + d2 = 1}.
For a non-central subgroup Q of H∗, the following assertions are equivalent:

(1) Q contains H1;
(2) Q is normal in H∗;
(3) Q is subnormal in H∗;
(4) Q is permutable in H∗;
(5) Q is subpermutable in H∗.

By applying results above, we have the next main result on the real group
algebra of a finite group.

Theorem 1.5. Let G be a finite group and R the field of real numbers. Then
every subpermutable subgroup of the unit group (RG)∗ is normal in (RG)∗.

2. Proofs

We begin this section with the following result.

Lemma 2.1. Let D be a division ring, n ≥ 2 an integer and N a non-central
subgroup of GLn(D). The following statements are equivalent unless GLn(D) =
GL2(F2) or GLn(D) = GL2(F3):

(1) N contains SLn(D).
(2) N is normal in GLn(D).
(3) N is subnormal in GLn(D).

Proof. See [17, Theorem 4]. �

Next, we recall useful properties of the permutability.

Lemma 2.2. Let G be a group. Then

(1) For any subgroup K of G, if H is a permutable subgroup of G, then so
is H ∩K of K.

(2) If H and K are both permutable in G, then so is HK in G.
(3) For a normal subgroup N of G, if H is a permutable subgroup of G

containing N , then so is H/N of G/N .
(4) For a homomorphism ϕ from G, if H is permutable in G, then so is

ϕ(H) in ϕ(G).

Proof. The proofs are elementary. �
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Lemma 2.3. Let G be any group and H its permutable subgroup. Then, either

(1) G is radical over H, that is, for every elements x ∈ G, there exists a
positive integer nx such that xnx ∈ H, or

(2) H is subnormal in G.

Proof. See [6, Lemma 2.4]. �

Let D be a division ring, n an integer greater than 1 and SLn(D) the special
linear group of degree n over D. The following result describes all permutable
subgroups of SLn(D) in case when PSLn(D) is simple. Recall that if C is the
center of SLn(D), then PSLn(D) is the quotient group SLn(D)/C.

Lemma 2.4. Let D be a division ring and an integer n ≥ 2. Suppose that
either n ≥ 3 or n = 2 but D contains at least four elements. Then every proper
permutable subgroup of SLn(D) is central.

Proof. Let Q be a non-central proper permutable subgroup of SLn(D) and C
the center of SLn(D). Put H = QC. It is obvious that H is permutable
in SLn(D) and hence so is H/C in PSLn(D) = SLn(D)/C (Lemma 2.2).
Therefore, H/C is either trivial or equal to PSLn(D) by [23, Corollary C2].
If H/C = PSLn(D), then H = SLn(D). Notice that Q is normal in H: for
each a ∈ Q and x = bc ∈ H where b ∈ Q and c ∈ C,

x−1ax = c−1b−1abc = b−1ab ∈ Q.
HenceQ E H E GLn(D). As Lemma 2.1, SLn(D) ≤ Q and henceQ = SLn(D),
a contradiction. Thus, H/C must be trivial, which implies thatQ is central. �

Now we are ready to show the first aim of paper.

Proof of Theorem 1.1. The implications (1) ⇒ (2) ⇒ (4) ⇒ (5) and (2) ⇒ (3)
are trivial. We will show the implications (3) ⇒ (2) and (5) ⇒ (1).

Assume that Q is a non-central subpermutable subgroup of GLn(D). We
begin with the first case when n = 2 and D = F2. One has GL2(F2) is
isomorphic to S3, the symmetric group of degree 3. Moreover, S3 has 4 proper
non-central subgroups which are A3, 〈(1 2)〉, 〈(1 3)〉 and 〈(2 3)〉. By checking
with these 4 subgroups, we conclude that only A3 is subpermutable in S3. Since
A3
∼= SL2(F2), the proof is complete in this case.
Now we consider the case when GLn(D) is different from GL2(F2) and

GL2(F3). By Lemma 2.1, (3) ⇒ (2). We next prove the implication (5) ⇒
(1). According to [7, §21, Theorem 2], PSLn(D) is simple. Let

Q = Qr <p Qr−1 <p · · · <p Q0 = GLn(D)

be a permutable series of subgroups ofQ in GLn(D), that is, Qi is permutable in
Qi−1 for each i ∈ {1, . . . , r}. Notice that Qi is non-central for every 0 ≤ i ≤ r
since Q is its subgroup and non-central. We shall prove that Qi contains
SLn(D) by induction on 0 ≤ i ≤ r. It is clear that SLn(D) ⊆ Q0 = GLn(D).
Suppose that SLn(D) ⊆ Qi for i ≥ 0. Then, Qi is normal in GLn(D). Using
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Lemma 2.2, we obtain that Qi+1 ∩ SLn(D) is permutable in SLn(D) since
Qi+1 is permutable in Qi. We claim that Qi+1 ∩ SLn(D) is non-central. By
Lemma 2.3, either Qi+1 is subnormal in Qi or for every element x ∈ Qi,
there exists nx ∈ N such that xnx ∈ Qi+1. If the first one occurs, then Qi+1

is subnormal in GLn(D), which implies, by Lemma 2.1, that SLn(D) ⊆ Qi+1.
Therefore, Qi+1∩SLn(D) is non-central. Now we assume that for every x ∈ Qi,
there exists a positive integer nx such that xnx ∈ Qi+1. Let P be the prime
subfield of D.

Case 1. The case when char(P ) = 0. Denote by eij the matrix in which
the (i, j)-entry is 1 and all the others are 0. Put x = In + e1n. As a corollary,
xnx = In +nxe1n ∈ Qi+1. It implies that xnx ∈ Qi+1 ∩ SLn(D). Hence, in this
subcase, Qi+1 ∩ SLn(D) is non-central.

Case 2. The case when char(P ) = p > 0. For every α ∈ D, 1 ≤ i, j ≤ n,
let m be the smallest positive integer such that aij(α)m ∈ Qi+1 with aij(α) =
In + αeij . If the greatest common divisor of m and p is 1, then there exist
k, ` ∈ Z such that mk + p` = 1. Therefore,

aij(α) = aij((mk + p`)α) = aij(mkα) = aij(mα)k ∈ Qi+1,

which implies that Qi+1 ∩ SLn(D) is non-central. If the greatest common
divisor of m and p is p, then aij(α)p = aij(pα) = In. As minimality of
m, m = p. Hence, 〈aij(α)〉 is of order p. If aij(α) ∈ Qi+1, then obviously
aij(α)Qi+1aij(α)−1 ⊆ Qi+1. If aij(α) /∈ Qi+1, then Qi+1 ∩ 〈aij(α)〉 = 1. It im-
plies that [Qi+1〈aij(α)〉 : Qi+1] = p. By [9, Theorem 1], Qi+1 E Qi+1〈aij(α)〉.
Again, we have aij(α)Qi+1aij(α)−1 ⊆ Qi+1. Since SLn(D) = 〈aij(α) = In +
αeij | 1 ≤ i, j ≤ n, α ∈ D〉, a(α)Qi+1(a(α))−1 ⊆ Qi+1 for every a ∈ SLn(D).
According to [18, Theorem 3.1], SLn(D) ⊆ Qi+1.

Two cases lead us the fact that Qi+1 ∩ SLn(D) is non-central. The claim
is shown. These facts combining with Lemma 2.4 imply that Qi+1 ∩ SLn(D)
coincides with SLn(D), or equivalently, SLn(D) ⊆ Qi+1. By inductive hy-
pothesis, we conclude that SLn(D) ⊆ Qi for all i ≥ 0. Thus, Q must contain
SLn(D). �

Proof of Proposition 1.2. A representation of Q8 in GL2(F3) given by

1 7→
[
1 0
0 1

]
, i 7→

[
1 1
1 −1

]
, j 7→

[
−1 1
1 1

]
, k 7→

[
0 −1
1 0

]
,

determines a subgroup Q of GL2(F3) which is isomorphic to Q8. It is easy to
verify that Q is normal in GL2(F3). Furthermore, the group generated by i
with four elements {1,−1, i,−i} is of index 2 and hence normal in Q8. However,
the embedding of 〈i〉 into GL2(F3), namely

H =

{[
1 0
0 1

]
,

[
1 1
1 −1

]
,

[
−1 0
0 −1

]
,

[
−1 −1
−1 1

]}
,
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is not normal in GL2(F3) since[
−1 −1
1 0

]−1 [
1 1
1 −1

] [
−1 −1
1 0

]
=

[
1 −1
−1 −1

]
6∈ H.

�

Remark 2.5. The group H is subnormal in GL2(F3), that is H / Q /GL2(F3),
and hence subpermutable in GL2(F3). But H is not normal in GL2(F3).

Proof of Corollary 1.3. This corollary is implied directly from Theorem 1.1 and
Proposition 1.2. �

Before showing the next theorem, we recall some simple facts on the real
quaternion division ring H. Let α = a+bi+cj+dk ∈ H. Put α = a−bi−cj−dk.
Then, αα = αα = a2 + b2 + c2 + d2. Put N(α) =

√
αα =

√
a2 + b2 + c2 + d2.

N(α) is called the norm of α. If α 6= 0, equivalently, N(α)2 6= 0, then α−1 =
1

N(α)2
α. Now let H1 be the set of all elements of H whose norms are 1, that is,

H1 := {a+ bi+ cj + dk ∈ H | a2 + b2 + c2 + d2 = 1}.
It is easy to check that for every α, β ∈ H, N(αβ) = N(βα), N(αβ) = N(α)N(β)
and N(α−1) = N(α)−1 with α 6= 0, which implies that H1 is a non-central
normal subgroup of H∗.

Proof of Theorem 1.4. The technique we use in this theorem is a slight modi-
fication of one of Theorem 1.1. The implications (2) ⇒ (4) ⇒ (5) and (2) ⇒
(3) are trivial.

The implication (1)⇒ (2): Assume that Q contains H1. For every α, β ∈ H∗,
one has

N(αβα−1β−1) = N(α)N(β)N(α)−1N(β)−1 = 1.

Hence, αβα−1β−1 ∈ H1, which implies H1 contains the commutator subgroup
[H∗,H∗], so does Q. Therefore, Q is normal in H∗.

The implication (2)⇒ (1): This implication is from [8, Claim, Page 163].
The implication (3)⇒ (2): This implication is from [8, Example, Page 162].
The implication (5)⇒ (2): Let Q be a non-central subpermutable subgroup

of H∗. Let
Q = Qr <p Qr−1 <p · · · <p Q0 = H∗.

be a permutable series of subgroups of Q in H∗. Firstly, notice that all of Qi
is non-central since they contains Q as the non-central subgroup. We show
that Qi is normal in H∗ by induction on i with 0 ≤ i ≤ r. Indeed, it is trivial
that Q0 E H∗. Suppose that Qi E H∗ for some integer i ≥ 0. It remains to
prove that Qi+1 is also a normal subgroup of H∗. According to Lemma 2.3,
either Qi+1 is subnormal subgroup of Qi or Qi is radical over Qi+1. If Qi+1 is
subnormal in Qi, then Qi+1 is subnormal in H∗, which implies that Qi+1 E H∗
by [8, Example]. Now we assume that Qi is radical over Qi+1, that is, for
every x ∈ Qi, there exists a positive integer nx such that xnx ∈ Qi+1. Put
N = Qi+1 ∩ H1. We claim that N = H1. Indeed, set M = NZ(H1). By
Lemma 2.2, M/Z(H1) is permutable in H1/Z(H1). According to [13, (5.8)],
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we have H1/Z(H1) ' SO(3) where SO(3) is the special orthogonal group. It
implies that H1/Z(H1) is simple since SO(3) is the simple group (see [22]).
By [23, Corollary C2], either M/Z(H1) = 1 or M/Z(H1) = H1/Z(H1). If
the first case holds, then M = Z(H1), which implies that N is contained in
Z(H1). Observe that Z(H1) = {1,−1}, so N ⊆ {−1, 1}. On the other hand, by
the inductive hypothesis that H1 ⊆ Qi and Qi is radical over Qi+1, for every
x ∈ H1, there exists a positive integer nx ∈ such that xnx ∈ Qi+1. It implies
that xnx ∈ N . Hence, x2nx = 1. This fact holds wherever x ranges over H1,
so H1 is torsion. By [10, Theorem 8], H1 is central, a contradiction. Thus,
the second case holds, that is, M/Z(H1) = H1/Z(H1), equivalently, M = H1.
Furthermore, since Z(H1) = {−1, 1}, [H1 : N ] = [M : N ] ≤ 2. Therefore,
N E H1. Consequently, N is subnormal in H∗. As [8, Example], N is normal
in H∗ and again by [8, Claim, Page 163], N = H1. As a corollary, H1 ⊆ Qi+1.
By the hypothesis again, Qi+1 is normal in H1. �

Corollary 2.6. If D is a field or the real quaternion division ring, then every
subpermutable subgroup of GLn(D) is normal for all positive integer n unless
GLn(D) = GL2(F3).

Proof. Let N be a subpermutable subgroup of GLn(D). If N is central, then
obviously N is normal in GLn(D). Now assume that N is non-central. If n > 1,
then the corollary is from Theorem 1.1; otherwise from Theorem 1.4. �

Recall that for a finite group G, one may define the real group algebra RG
as follows: each element of RG has the form

∑
g∈G agg where ag ∈ R with the

addition and multiplication defined as:∑
g∈G

agg

+

∑
g∈G

bgg

 =
∑
g∈G

(ag + bg)g

and ∑
g∈G

agg

∑
g∈G

bgg

 =
∑
g∈G

 ∑
u,v∈G;
uv=g

aubv

 g

respectively. Since G is a basis of RG over R, RG is a finite-dimensional vector
space over R.

Proof of Theorem 1.5. Assume that G is a finite group and Q is a subper-
mutable subgroup of the unit group (RG)∗ of the group algebra of G over R.
There is nothing to do if Q is central, so we assume that Q is non-central.
According to [20, Chapter 7, §4, Lemma 4.2] or also known as Maschke’s The-
orem, RG is an artinian semisimple ring since G is finite and char(R) = 0.
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Write RG =
⊕r

k=1 nkVk where V1, . . . , Vr are representatives of the isomor-
phic classes of simple RG-modules. Then,

RG ∼= EndRG (RGRG) ∼=
r∏

k=1

EndRG (nkVk) ∼=
r∏

k=1

Mnk
(EndRG(Vk)) .

Indeed, the number r is uniquely determined, as are the pairs

(nk,EndRG(Vk))rk=1.

The above fact is known as the famous Wedderburn-Artin Theorem. For con-
venience, set Dk = EndRG(Vk) for each k ∈ {1, . . . , r}. By our setting, it is easy
to verify that Dk is a division ring containing R as a subfield. The isomorphism
above can be written, in short, as following:

RG ∼= Mn1(D1)× · · · ×Mnr (Dr).

Consequently,
(RG)∗ ∼= GLn1

(D1)× · · · ×GLnr
(Dr).

Moreover, since RG is finite dimensional over R, so is every Dk. It is well
known by Frobenius’s Theorem (or see [12, Theorem 13.12]), either Dk

∼= R,
Dk
∼= C or Dk

∼= H. Now for every 1 ≤ k ≤ r, put

πk : (RG)∗ → GLnk
(Dk),

(A1, . . . , Ak, . . . , Ar) 7→ Ak,

the k-th projection of (RG)∗ onto GLn(Dk). On other hand, since Q is sub-
permutable in (RG)∗, we obtain a permutable series

Q = Qs <p · · · <p Q1 <p Q0 = (RG)∗.

Then, one may simply check that for each 0 ≤ ` ≤ s, Q` ∼= Q`,1 × · · · × Q`,r
where Q`,k = πk (Q`). By Lemma 2.2, it is implied that for each 0 ≤ k ≤
r, Q`+1,k is permutable in Q`,k for every 0 ≤ ` ≤ s − 1. Hence, Qs,k is
subpermutable inQ0,k = GLnk

(Dk). According to Corollary 2.6, Qs,k is normal
in GLnk

(Dk) for every 1 ≤ k ≤ r. Thus, π1 (Qs) × · · · × πr (Qs) is normal in
GLn1(D1)× · · · ×GLnr (Dr). As a corollary, Q is normal in (RG)∗. �
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