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TWO KINDS OF CONVERGENCES IN HYPERBOLIC SPACES
IN THREE-STEP ITERATIVE SCHEMES

SEUNG HYuN KiM? AND MEE KwANG KANG P *

ABSTRACT. In this paper, we introduce a new three-step iterative scheme for three
finite families of nonexpansive mappings in hyperbolic spaces. And, we establish a
strong convergence and a A-convergence of a given iterative scheme to a common
fixed point for three finite families of nonexpansive mappings in hyperbolic spaces.
Our results generalize and unify the several main results of [1, 4, 5, 9].

1. INTRODUCTION AND PRELIMINARIES

In 1990, Reich and Shafrir [8] introduced the concept of hyperbolic spaces, which
includes normed linear spaces and Hadamard manifolds, as well as the Hilbert ball
and the Cartesian product of Hilbert balls. From then Kohlenbach [6] generalized
the concept of hyperbolic spaces of Reich and Shafrir [8] with C' AT (0)-spaces in
2004. On the other hand, Dhompongsa and Panyanak [3] investigated the concept
of A-convergence in C AT (0)-sapces and Khan et al. [4] introduced the concept of A-
convergence in the more general setup of hyperbolic spaces. Recently, Akbulut and
Gunduz [1] introduced a two-step algorithm for two finite families of nonexapnsive
self-mappings in a hyperbolic space and established a strong convergence result and
a A-convergence result.

In this paper, we consider a strong convergence and a A-convergence of a new
three-step iterative scheme for three finite families of nonexpansive mappings in

hyperbolic spaces. Our results extend and unify the corresponding ones in [1, 4, 5, 9].
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Definition 1.1 ([6]). (X,d, W) is called a hyperbolic space if (X, d) is a metric space
and W : X x X x [0,1] — X is a mapping satisfying

() d(, W (2,9,0)) < (1 - a)d(z, ) + ad(z,y),

(i) (W (, 9, 0), W (2,9, B)) = | — Bld(z, ),

(i) W (2, y,0) = W(y,, (1 - ),

(iv) dW(z, z,a), W(y,w, ) < (1 — @)d(z,y) + ad(z, w)

for z,y,z,w € X and «, 8 € [0, 1].

Definition 1.2 ([10]). A hyperbolic space (X, d, W) is said to be uniformly convex
if for any 7 > 0 and ¢ € (0, 2], there exists a § € (0, 1] such that for all z,y,z € X,

1
d(z,z) <r, dly,z) <r and d(x,y) >er = d(W(x,y, 5),2) < (1—=20)r.

A function 7 : (0,00) x (0,1] — (0, 1] which provides such a § = n(r,e) for given
r >0 and € € (0,2], is called a modulus of uniform convexity. We call n a monotone
function if it decreases with r (for a fixed ¢).
A set A({z,}) = {x € X : inf limsupd(y,z,) = limsupd(z,zy)} is called
y€EX n—oo n—00
the asymptotic center of a given sequence {z,} in a hyperbolic space X with an

asymptotic radius r({x,}) := inf limsupd(y, z,).
y€X n—oo

Definition 1.3 ([4]). A sequence {z,} in X is said to A-converge to x € X if x
is the unique asymptotic center of its all subsequences. In this case, = is called the

A-limit of {x,} and denoted as A- li_>m Ty = X.

Lemma 1.4 ([4]). Let (X,d,W) be a uniformly convex hyperbolic space with a

monotone modulus of uniform convezity n. Let x € X and {an} be a sequence

in [b,c] for some b,c € (0,1). If {z,} and {y,} are sequences in X such that

limsupd(zy,z) < t, limsupd(yn,x) < t and limsup d(W (zy, yn,an),x) = t for
n—oo n—oo

n—oo
some t >0, then lim d(zy,y,) = 0.
n—oo

Lemma 1.5 ([7]). Let (X,d,W) be a complete uniformly convex hyperbolic space
with a monotone modulus of uniform convexity n. Then every bounded sequence
{zn} in X has a unique asymptotic center with respect to any nonempty closed
convex subset K of X.

Lemma 1.6 ([4]). Let K be a nonempty closed convex subset of a uniformly convex

hyperbolic space and {x,} a bounded sequence in K such that A({x,}) = {y} and
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r({xn}) = p. If {ym} is another sequence in K such that lgn 7(Ym, {xn}) = p,
where 1(Ym, {xn}) = Umsup d(yYm, ), then lgn Ym =Y.

n—oQ

Now, we introduce a new three-step iterative scheme for three finite families of
nonexpansive mappings in hyperbolic spaces. A self-mapping T on K is said to be

nonexpansiwve if d(Tz, Ty) < d(x,y) for z,y € K.
Algorithm 1.1. Let {T,,}, {Sn} and {R,}(n € 1, N(:={1,--- ,N})) be three finite
families of nonexpansive self mappings on K, and {x,} be a sequence defined by

r1 € K,

Tnt1 = W(Thxy, Snyn, o)

Yn = W(Rnxn, Tnzn, Bn)

zn = W(xn, RyTn, ) for n €N,

where Ty, = Ty (modN)s Sn = Sn(modnN) and Rn = Ry(mean) are nonerpansive map-
pings, and {on}, {Bn} and {y} are sequences in [0,1] for N € N.

2. A-CONVERGENCE RESULT

In this section, we establish a A-convergence of Algorithm 1.1. Denote by F(T),
the set of fixed points of T'. First of all, we prove the following lemmas needed in

our results.
Lemma 2.1. Let K be a nonempty closed convex subset of a hyperbolic space X and
{Ti}, {SZ} and {R;} be three ﬁm’te families of nonexpansive self-mappings on K with

(ﬂ F(T))N( ﬂ F(S:)N( ﬂ F(R;)) # 0. Suppose that {xy,} is generated by
Algorzthm 1.1. Then for any p E F h_>m d(xn,p) exsits.

Proof. For any p € F,

d(xpns1,p) = dW(Thxn, Snyn, @n),D)

d(Thzp,p) + and(Spyn, )

(Ton, Tap) + nd(Snyn, Snp)

(#n,p) + and(Yn, p)

(T, p) + And(W (Rpxn, Tyzn, Bn), p)

(@n,p) + an{(1 = Bn)d(Rnn, p) + Bnd(Tn2n,p)}

A
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(
< (1= an)d(zn,p) + an{(1 = Bn)d(xn,p) + Bnd(zn,p)}
= (1= anfn)d(@n,p) + anfnd(zn,p)
= (1= anBn)d(@n,p) + anBnd(W (2, RnTn, Yn),P)
< (1= anBn)d(zn, p) + anBu{(l — W)d(zn, p) + Wmd(Rnzn, p)}
< (1= anBn)d(@n,p) + anBn{(l — vn)d(zn, p) + nd(zn, p)}
= d(zn,p),
which implies that nll)rgo d(xn,p) exists for p € F. O

Lemma 2.2. Let K be a nonempty closed convex subset of a uniformly convex
hyperbolic space X with a monotone modulus of uniform convexity n and let {T;},
{Si}, {Ri}, {xn} and F be the same as cited in Lemma 2.1.

Then nlglolo d(zp, Tixy) = nh~>n;o d(zp, Sizy) = nlLrEO d(zn, Rizy) =0 fori € 1,N.

Proof. From Lemma 2.1, lim d(x,,p) exists for p € F, say lim d(z,,p) = c. In
n—00 n—oo

the case of ¢ = 0, the proof is trivial. Now, we deal with the case of ¢ > 0.

d(zmp) = d(W(l'n» Rz, 'Yn)ap)

< (1= m)d(@n,p) + md(Rnzn, p)
< (I =m)d(@n,p) + md(zn, p)
= d(zn,p),
which implies that
(2.1) lim_}sup d(zn,p) < c
and
d(yn,p) d(W (Bnn, Tnzn, Bn), p)
< (1= Bn)d(Bnn,p) + Bnd(Thzn, p)
< (1= Bn)d(zn,p) + Bnd(zn, p)
< (1= Bn)d(zn,p) + Bnd(zn, p)
= d(zn,p),
which implies that
(2.2) limsup d(yn, p) < c.

n—oo
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Since d(T,zy,p) < d(xn,p), d(Snyn,p) < d(yn,p) and d(Rpzp,p) < d(x,,p) for
n € N, from (2.1) and (2.2), we get

(2.3) limsup d(Tnzn,p) < ¢, limsupd(Syyn,p) < c
n—oo n—oo
and limsup d(R,zn,p) < c.
n—oo
Moreover, since ¢ = lim d(zpy1,p) = Um d(W (Thxn, Snyn, @n),p), by Lemma 1.4,
n—oo n—,oo
we have
(2.4) lim d(Tnxn, Spyn) = 0.
n—0o0

Now

d('fn—&-lvp) = d(W(Tn'fn; Snyna an)7p)
< (1 - an)d(Tnxnvp) + and(snymp)
< (1 = ap)d(Thzn, p) + and(Snyn, Tney) + and(Thxn, p)
= d(TnfEnap) + and(snyna Tnl‘n)y
which implies that
¢ < liminf d(T,xn, p).
n—oo
From (2.3), we have

(2.5) lim d(T,xn,p) = c.

n—00

On the other hand,
d(Tnxmp) < d(Tnxna Snyn) + d(snynap)
< d(Tn$na Snyn) + d(yrwp)a

which implies that ¢ < liniinf d(yn,p). Thus, from (2.2),
c= li_)m d(yn,p) = li_)m d(W (Rpxy, Thzn, Bn),p). By Lemma 1.4, we have

(2.6) nh_}ngo d(Rpxy, Thzn) = 0.
Now
d(yn,p) = d(W(Rnl‘naTnvaﬁn)vp)
< (1 - /Bn)d(Rnxmp) + /Bnd(TnZnap)

d(Rnwmp) + Bnd(Tnzm Rnxn),
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which implies that ¢ < lirg inf d(Ryxy, p).
From (2.3), we have ILm d(Ryxy,p) = c. By (2.6), we obtain
d(Ryxn,p) < d(Rpzyn,Thzn) + d(Thzn,p)

< d(Rnxna Tnzn) + d(zn,p),
which implies that ¢ < lirg inf d(zp, p).
Thus, ¢ = 1i_>rn d(zn,p) = li_}ln d(W (zp, RnZn,Yn),p). By Lemma 1.4, we have
(2.7) nh—>Holo d(zp, Rpxy) = 0.
Now

d(Zn, mn) = d(W(l’n, Ry, 'Yn)y mn)

< (1 - 'Yn)d(xnaxn) +’Ynd(Rn1'mxn)
= and(RnfUna xn)y

which implies by (2.7) that

(2.8) nhﬁl{.lo d(zn,zn) = 0.

From (2.6), (2.7) and (2.8), we have
d($na TnJUn) < d(xny Rnxn) + d(Rnxna Tnzn) + d(Tnzn, Tnxn)
< d(zp, Ryxn) + d(RpZn, Tnzn) + d(zn, ,) — 0 as n — oo.

Next
d(xnt1,20) = dW(Tnzn, Spyn, an), Tn)
< (1= apn)d(Thxn, ) + @nd(Snyn, )
< (1= ap)d(Then, xn) + an{d(Snyn, Tnen) + d(Tnxn, )}

= d(Thxn, zn) + and(Snyn, Tnxy) — 0 as n — oo,
which implies that li_>m d(Zp4i,xn) =0 for ¢ € 1, N. Further, observe that
n o

d(xna Tn—l—zmn) S d(.%'n, xn—i—i) + d(mn—i—ia Tn—&-ixn—&-i) + d(Tn—&-ixn—&-i? Tn-l—zwn)
< d(xna xn—&-i) + d(xn—i-i: Tn—&-ixn—&-i) + d($n+ia mn)

= 2d(xn, Tnei) + d(@ptis Tnritnei) — 0 as n — oo.

N

Since {d(zn,T;x,)} is a subsequence of |J{d(xn,Thyizyn)}, lim d(zy,, Tiz,) = 0
i=1 n—00

for ¢ € 1, N. Similarly, we can obtain lim d(z,,S;x,) = lim d(z,, R;z,) = 0 for

i€, N. O
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Now, we prove the following A-convergence result.

Theorem 2.3. Let K be a nonempty closed convexr subset of a uniformly convex
hyperbolic space X with a monotone modulus of uniform convexity n and {T;},

{S} cmd {R;} be three finite famzlzes of nonexpansive self-mappings on K with

(ﬂ F(T)N( ﬂ F(S:)N( ﬂ F(R;)) # 0. Suppose that {x,} is generated by
Algorzthm 1.1. Then {xn} A- converges to an element of F'.

Proof. From Lemma 2.1, {x,} is bounded. Therefore by Lemma 1.5, {x,} has a

unique asymptotic center, that is, A({z,}) = {z} for some z € K. Assume that

{zn,} is any subsequence of {z,} such that A({z,, }) = {u}. Then by Lemma

2.2, we get lim d(zp,,Tizy,) = lim d(z,,,Sity,) = lim d(z,,, Riz,,) = 0 for
k—o0 k—o0 k—o0

i €1, N. We claim that u € F. Now, we define a sequence {v,,} in K by v, = T, u

for m € N, where Ty, = T}, (;modn)- On the other hand,

d(Um>$nk) < d( mU, Tm$nk) + d( mLny, Tmflxnk) +---+ d(Tlxnkawnk)

< d(u,zn,)+2 Z d(zp,, Tizn, ).
i=1
Therefore, we have

(Vm, {@n, }) = Himsup d(ve,, Tp, ) < limsup d(u, zp, ) = r(u, {z,, }),
k—00 k—o00

which implies that |r(vp, {zn,}) — r(u, {zn, })] = 0 as k — oo. By Lemma 1.6, we
have T, (moan)t = u, S0 u is a common fixed point of {T;}. By the same argument,
we can show that u is a common fixed point of {S;} and {R;}. Therefore, u € F.
Moreover, by Lemma 2.1, nh_)n;o d(xp,u) exists.

Assume that x # u. By the uniqueness of the asymptotic center,

limsupd(zy,,u) < limsupd(zp,,x)
k—o0 k—o0

< limsupd(zy,x)

n—oo
< limsupd(zy,,u) = limsup d(z,, , u),
n— o0 k—o0

which is a contradiction, so x = u. Since {x,,} is an arbitrary subsequence of
{zn}, A({zn,}) = {z} for all subsequences {zy,, } of {x,}. This proves that {z,}

A-converges to an element of F'. O

Remark 2.1. Lemma 2.1, Lemma 2.2 and Theorem 2.1 generalize Lemma 2.1,

Lemma 2.2 and Theorem 2.3 in [1], respectively.
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3. STRONG CONVERGENCE RESULT

In this section, we establish a strong convergence of Algorithm 1.1.
Recall that a sequence {z,} in a metric space X is said to be Fejér monotone
with respect to a subset K of X if d(zp+1,p) < d(xy,p) for p € K and n € N.

Lemma 3.1 ([2]). Let K be a nonempty closed subset of a complete metric space
(X,d) and let a sequence {x,} in X be Fejér monotone with respect to K. Then
{zn} converges to some p € K if and only if lim d(x,, K) = 0.

n—oo

Definition 3.2. Three finite families {T;}, {S;}, {Ri}(i € 1, N) of self-mappings
on K are said to satisfy condition (A) if there exists a non-decreasing function
f:10,00) = [0,00) with f(0) =0 and f(t) > 0 for ¢ > 0 such that

max {d(z, Siz) + d(x, T;x) + d(z, Riz)} > f(d(x, F)) for z € K,

i€l,N
where d(z, F) = inf{d(z,p) : p € F}.

Now, we prove the following strong convergence result.

Theorem 3.3. Let K be a nonempty closed convexr subset of a uniformly convex
hyperbolic space X with a monotone modulus of uniform convexity n and {T;}, {S;}

and {R;} be three finite families of nonexpansive self-mappings on K satisfy the
N N N

condition (A) with F = (( F(T;))N(N F(S:)) NN F(R;)) # 0. Suppose that
i=1 i=1 i=1

{zn} is generated by Algorithm 1.1. Then a sequence {x,} in K converges strongly

to an element of F.

Proof. By Lemma 2.1, lim d(z,, F) exists for p € F' and from the Proof of Lemma
n—oo
2.1, {z,} is Fejér monotone with respect to F. By Lemma 2.2, lim d(z,, Tjz,) =
n—oo
lim d(zy, Siz,) = li_}m d(zp, Rixy,) = 0 for i € 1, N. From the condition (A), we
n oo

n—0o0
have

f(d(zp, F)) < max{d(z, Sixz) + d(x, T;z) + d(z, Rix)} — 0 as n — oo.
i€, N

Since f is non-decreasing with f(0) = 0, we have lim d(z,,F) = 0. Hence, from

n—oo
Lemma 3.1, {x,} converges strongly to an element of F'. O

Remark 3.1. Theorem 3.1 generalizes Theorem 4.5 in [5].
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