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Abstract. In this paper, we propose a new iterative algorithm to auto-
matically prove the existence of solutions for a unilateral boundary value
problems for second order equations.
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1. Introduction

In [2], we invesigated some numerical methods for the automatic proof of
existence of solutions for a unilateral boundary value problems for second or-
der equations. It is difficulty to apply this method to a problem in which the
associated operator is not retractive in a neighborhood of the solution. This is
because this method uses the simple iteration method. In order to deal with
such an operator, we have to devise a new method like a Newton-like method.
In this article, to verify such a solution, we propose a new idea for the numer-
ical verification of generalized obstacle problems. Finally, our aim is to give a
solution with an error bound such that existence of the solution within these
bounds is automatically verified. We hope to make progress in this direction in
the future.
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2. Verification procedures by computer

Let Ω ⊂ R2 be a bounded domain with piecewise smooth boundary Γ. We
define

a(u, v) =

∫
Ω

∇u · ∇vdx, ∇u · ∇v =
∂u

∂x1

∂v

∂x1
+

∂u

∂x2

∂v

∂x2
and the set

K = {v ∈ H1(Ω) : u = 0 on Γ0, u ≥ 0 on Γ+}.
Setting V = {v ∈ H1(Ω) : v = 0 on Γ0}, and denoting the inner product and
norm on V respectively as the follow:

(u, v)V = (∇u,∇v), ∥u∥V = ∥∇u∥L2(Ω) = |u|H2(Ω).

Now, let us consider the following generalized unilateral problem:
Find u ∈ K such that a(u, v − u) ≥ (f(u), v − u), ∀v ∈ K, (1)

where, f is a bounded and continuous map from V into L2(Ω). In [2], the problem
(1) is equivalent to that of finding u ∈ V such that u = PKF (u), where PKF
is compact operator on V. From Schauder’s fixed point theorem, if we find a
nonempty, bounded, convex and closed subset U ⊂ V satisfying

PKF (U) = {PKF (u) : u ∈ U} ⊂ U,
there exists an element u ∈ PKF (U) such that u = PKF (u). Our goal is to find
a set U .

First, describe the basic verification technique in the present paper. Let Vh be
a finite dimensional subspace of V dependent on 0 < h < 1. We shall denote by
IΩ = {1, 2, 3, · · · ,m0} the set of all indices i associated with the internal nodes
xi of the domain Ω and we shall denote by IΓ = {m0 + 1,m0 + 2, · · · ,m} the
set of all nodes indices i associated with the boundary nodes xi of the domain
Ω and let be I = IΩ ∪ IΓ. Here, for the sake of simplicity, let us assume that
IΓ0

= {m0+1,m0+2, · · · ,m0+j}, IΓ+
= {m0+j+1, · · · ,m}, and IΓ = IΓ0

∪IΓ+
.

We then define Kh, an approximation of K, by
Kh = {vh ∈ Sh : vh(pi) = 0, ∀i ∈ IΓ0 , vh(pi) ≥ 0, ∀i ∈ IΓ+}.

It is easily seen thatKh is closed convex nonempty subset of Vh. Now, we consider
the following auxiliary problem associated with (1), concerning any g ∈ L2(Ω):

a(u, v − u) ≥ (g, v − u), ∀v ∈ K,u ∈ K. (2)

We then define the approximate problem corresponding to (2) as
a(uh, vh − uh) ≥ (g, vh − uh), ∀vh ∈ Kh, uh ∈ Kh. (3)

Let u be the solution of (2) and uh ∈ Kh be the approximate solution of (3).

Theorem 2.1. Let u and uh be solutions of (2) and (3), respectively. If g ∈
L2(Ω), then we have

∥uh − u∥L2(Ω) ≤ C(g, h)
h2

π2
, (4)



Verified Computations of Solutions for Some Unilateral Boundary Value Problems 297

where,

C(g, h) =
h2

π2
∥g∥L2(Ω).

For any u ∈ V , we now define the rounding R(PKF (u)) ∈ Kh as the solution
to the following problem:

a(R(PKF (u)), vh −R(PKF (u))) ≥ (f(u), vh −R(PKF (u))), ∀vh ∈ Kh.

Next, for a set U ⊂ V , we define the rounding R(PKF (U)) ⊂ Kh as
R(PKF (U)) = {uh ∈ Kh : uh = R(PKF (u)), u ∈ U}.

In addition, we define for U ⊂ V the rounding error RE(PKF (U)) ⊂ V as
RE(PKF (U)) = {v ∈ V : ∥v∥H1

0 (Ω) ≤ sup
u∈U

C(f(u), h)}.

We choose such a set U of the form U = Uh+U⊥, where Uh ⊂ Kh and U⊥ ⊂ V .
Then the verification condition can be written by

R(PKF (U)) ⊂ Uh, RE(PKF (U)) ⊂ U⊥. (5)

Then (5) implies that
R(PKFU) +RE(PKFU) ⊂ U (6)

Next let us introduce the procedure for finding such a set U of (6) using com-
puters. We describe how to obtain such a set of V on a computer. Similarly in
[3], we can proceed in the following manner.

Let {ϕj}j=1,··· ,m be a basis of Vh. A function vh ∈ Vh now has the represen-
tation

vh(x) =

m∑
j=1

zjϕj(x), zj = vh(xj), for x ∈ Ω.

Let us recall (see [2]) that the problem (2) is equivalent to the following
system: 

DIΩIzI − PIΩ = 0,
(DIΓIzI − PIΓ)zIΓ = 0,
zIΓ ≥ 0, zIΓ0

= 0,
wIΓ ≡ DIΓIzI − PIΓ ≥ 0.

(7)

Here, DII ≡ (aij)i,j∈I , with aij = (∇ϕi,∇ϕj) and zI is the coefficient vector
for {ϕi} corresponding to the function uh in (4.1). Further, PI ≡

(
(g, ϕi)

)
i∈I

is an m dimensional vector. Condition (7) implies (because zIΓ , wIΓ ≥ 0) that
for IΓ, either zIΓ = 0 or wIΓ = 0. Let (w̃IΓ , z̃IΓ) be an approximate solution
of (7). Then, delete in (7) every variable wIΓ , zIΓ for which the corresponding
component of w̃IΓ , z̃IΓ is approximately zero. Then, m new equations

D̃II ẽI − P̃I = 0 (8)

remain. Note that the system (8) is linear. In order to find a set U satisfying
the above verification condition, we use the simple iterative method as follows:
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Set

Uh =

m∑
j=1

[
Aj , Aj

]
ϕj (9)

and
U⊥ = {ϕ ∈ V : ∥ϕ∥V ≤ α}, (10)

respectively. Here
∑m

j=1

[
Aj , Aj

]
ϕj is interpreted as the set of functions in

which each element is a linear combination of {ϕj}mj=1 whose coefficient of ϕj
belongs to the corresponding interval

[
Aj , Aj

]
for each 1 ≤ j ≤ m. As stated

above, we usually find a candidate set of the form
U = Uh + U⊥ (11)

Let R+ denote the set of all nonnegative real numbers. For α ∈ R+ we set
[α] ≡ {ϕ ∈ V : ∥ϕ∥V ≤ α}.

Now, let Aj( 1 ≤ j ≤ m) be intervals on R and let
∑m

j=1Ajϕj be a linear
combination of {ϕj}. We denote the set of such interval functions by ISh, i.e.,

ISh ≡ {ϕ̃ ∈ Vh; ϕ̃ =

m∑
j=1

Ajϕj}.

Then, setting U =
∑m

j=1Ajϕj + [α] and g = f(U) in (2), we consider the linear
system

D̃II ẽI = (f(U), ϕj), 1 ≤ j ≤ m. (12)

(12) is in fact a linear system of equations whose right-hand side consists of in-
tervals. It can be easily seen that R(PKF (U)) is directly computed or enclosed
from Uh and U⊥ by solving a linear system of equations with right-hand side con-
sists of intervals using some interval arithmetic approaches. On the other hand,
RE(PKF (U)) is unknown but can be evaluated by the following constructive a
priori error estimates:

∥u− uh∥V ≤ sup
u∈U

C(f(u), ψ, h).

Following [1], we have

Theorem 2.2. Let E∗ be interval solutions of the linear system (12) containing
the actual solutions. Then, the following is true: If inf(E∗) ≥ 0, the problem (7)
has an optimal solution zI ∈ Rm. The non-zero components of zI are included
in E∗ and the others are zero.

In the actual computation, we fix an approximate solution u(0)h ∈ Kh of (1)
such that u(0)h =

∑M
j=1 ujϕj . We consider the set of functions Uh ∈ ISh of the

form
Uh =

m∑
j=1

(uj +Aj)ϕj , (13)

where Aj are intervals centered at 0 and U⊥ is the same (10).
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Then we take an interval vector(Bj) satisfying

R(PKF (U)) ⊂
m∑
j=1

Bjϕj , (14)

where (Bj) is determined by a solution of the linear system of equations with
interval right hand side. That is, for the m×m matrix and the m dimensional
interval vector b = (f(U), ϕj), the interval vector (Bj) can be computed as a
solution of the following equation

G · (Bj) = b. (15)

Here, (f(U), ϕj) stands for the interval enclosure of the set {(f(u), ϕj) ∈ R;u ∈
U}. Next, we set

β = sup
u∈U

C(f(u), h). (16)

Now the computable verification condition is described as

Theorem 2.3. For the sets defined by (10), (11) and (13), if the following
conditions hold

Bj ⊂ uj +Aj , β ≤ α, j = 1 · · ·m, (17)

then there exists a solution u of u = PKF (u) in U .

Based on Theorem 2.3, we have the following verification algorithm by us-
ing simple iteration method with δ-inflation. In actual calculation, we use the
following algorithm.

3. Algorithm

Step 1. Setting A(0)
j = [0, 0], j = 1 · · ·m and α(0) = 0, initial candidate set

is defined by U (0) = {u(0)h }. Usually, u
(0)
h is determined as

a(u
(0)
h , vh − u(0)h ) ≥ (f(u

(0)
h ), vh − u(0)h ), ∀vh ∈ Kh, u

(0)
h ∈ Kh.

Step 2. For the candidate set U (k) determined by A(k)
j and α(k), we compute

(B
(k)
j ) and β(k) from (15) and (16), respectively. Here, (B

(k)
j ) is determined

as the solution set of (15), as described above. Of course, (B(k)
j ) satisfies the

conditions of Theorem 2 in application to the case in which U = U (k).

Step 3. If (17) holds, then there exists a desired solution in the set

U (k) = u
(0)
h +

m∑
j=1

A
(k)
j ϕj + [α(k)];

stop; if not, go to the next step.
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Step 4. Using some fixed constant δ > 0, we set

A
(k+1)
j = [−δ, δ] +B

(k)
j , j = 1 · · ·m,

α(k+1) = (1 + δ)β(k)

and goto Step 2. Here δ is an inflation parameter.

4. A Numerical Example

We now provide a numerical example of verification in the one-dimensional
case following the procedure described in the previous section.

Let Ω = (0, 1). We consider the case f(u) = u+ (
4− 9π2

4
)sin 3π

2 x and use a
uniform partition of Ω, that is, xi = i

m , 0 ≤ i ≤ m. Set ei = (xi−1, xi); then we
have h = 1

m . We take

Vh ≡ {vh ∈ C0(0, 1) : vh|ei ∈ P1(ei), 1 ≤ i ≤ m},

where P1(ei) is the space of polynomials of degree ≤ 1 on ei. We now choose
the basis {ϕi}mi=1 of Vh as the usual hat functions.

The execution conditions are as follows.
Numbers of elements = 100,
Extension parameters : ϵ = 10−3,

Initial values : u(0)h = Galerkin approximation in Step 1. α0 = 0.

Results are as follows:
Iteration numbers for verification : k = 3,
L2 − error bound : 0.0012317,

Maximum width of coefficient intervals in {A(N)
j } : 0.0088614.

In Figure 1, the values of α, max |A(n)
j | for various of m are shown.

20 30 40 50 60 70 80 90 100
0.008

0.01

0.012

0.014

0.016

0.018

0.02

0.022

0.024

 m 

 M
ax

im
um

 wi
dth

 

 * : data points

20 30 40 50 60 70 80 90 100
1

2

3

4

5

6

7
x 10

−3

m

 al
ph

a 

o : data points

Figure 1. Value of α,max |A(n)
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5. Concluding Remarks

In this paper, numerical verification of solutions for some unilateral boundary
value problems for second order equations using a finite element method have
been discussed only for the simple iteration method. Hence, if the compact
operator PKF is not retractive operator in the neighborhood of the solution,
it is difficult to use the scheme proposed in this paper. In order to verify the
existence of solutions for a general problem, we need a Newton-like type method.
By applying such an idea from this paper, we are able to establish solutions for
some unilateral boundary value problems for second order equations without
any restrictions on the associated operator. In order to use a Newton-like type
method, a major difficulty in solving the fixed point formulation u = PKF (u)
numerically is the treatment of the non-differentiable operator PKF. However,
using (12), we cannot only define a Newton-like operator, but also devise a
Newton-like method.
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