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MODULAR TRANSFORMATION FORMULAE COMING
FROM GENERALIZED NON-HOLOMORPHIC EISENSTEIN
SERIES AND INFINITE SERIES IDENTITIES

SuNG GEUN LM

Abstract. B. C. Berndt has found modular transformation formulae for
a large class of functions coming from generalized Eisenstein series. Using
those formulae, he established a lot of infinite series identities, some of
which explain many infinite series identities given by Ramanujan. Con-
tinuing his work, the author proved a lot of new infinite series identities.
Moreover, recently the author found transformation formulae for a class
of functions coming from generalized non-holomorphic Eisenstein series.
In this paper, using those formulae, we evaluate a few new infinite series
identities which generalize the author’s previous results.

1. Introduction

B. C. Berndt has found modular transformation formulae for a large class
of functions which stem from generalized Eisenstein series [2], [3]. Using those
formulae, he established a lot of infinite series identities [2], [3], some of which
explain many infinite series identities given by Ramanujan. Continuing his
work, the author proved a lot of new infinite series identities [4]. For example,
the following Theorem 1.1 shows a generalized form of Ramanujan’s formula([6],
pp. 319-320) which is famous for the arithmetic series relation for {(2n + 1),
where ((s) is the Riemann zeta function and »n is a positive integer. Let By, (z)
denote the n-th Bernoulli polynomial defined by

S Bu@) (] <20

et —1 o "l -
The n-th Bernoulli number B,, n > 0, is defined by B, = B,(0). For a
real number z, [z] denotes the greatest integer less than or equal to z and
{z} =2 — [z]. Put B,(z) = B,({z}), n>0.
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Theorem 1.1. [4]. Let a and 8 be positive real numbers with aff = 72

Let ¢ denote a positive integer. Then, for any integer n,

[e9) k_2n_1 > k,—2n—1
a Z o2k(a—imje 1 (=6) Z o2k(B+im/e — |
k=1 k=1
c 2n+2
By(j/¢)Banta—r(G/C) i )
22n n—k+1/__ k T
jzlkzo Henve k@ i),
where
1
(=87 —a™) (1 +2n),  if n#0,

Iy(n) :=
—i(logﬁ—loga)—i—i%, if n=0.

If ¢ =1 and n > 0, then Theorem 1.1 gives Ramanujan’s formula([6], pp.
319-320). Let n = —N for any positive integer N. Then the sum containing
Bernoulli polynomials is valid only for N = 1. Thus we have the following
formula.

N k?N 1 OZN
Z e2k(a—im)/c _ 9 — (1 —=2N)
k2N 1 (75)1\7
_ (_3\N _ _
(11) - ( /8) ];1 €2k(5+17r)/c — 1 + 2 g(l 2N) VN(C)?
where
¢ N=1
un(e) =4 4 ’
0, N2>2.

Recently the author found modular transformation formulae for a class of func-
tions which stem from generalized non-holomorphic Eisenstein series [5]. In this
paper, using those formulae, we obtain a class of new identities about infinite
series. In some sense, the results contain the equation (1.1). It is noteworthy
that several identities have symmetric relation for given values.

2. Notations

Unless otherwise stated, we choose the branch of the argument for a complex
z by —m < arg z < w. For non-negative integer n, let (x),, denote the rising
factorial defined by

(@) i=z(@+1)---(x+n—-1)forn >0, (z)y =1.
Let I'(s) denote the gamma function. Then we see that

_ T(x+n)
() = Tw)
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Let o Fy(a, B;7; z) be a hypergeometric function defined by

o Fy (o, By 75 2) i= Z Wzn-

n=0
The function ﬁ oF1 (o, B;7; 2) can be analytically continued to all «, 3, v €

C with |z| < 1([1], p. 65). The confluent hypergeometric function of the first
kind 1 Fy («; B; 2) is defined by

1Fi(a; B 2) = 2:0 (gi:&, 2"

and the confluent hypergeometric function of the second kind U(q, 8, 2) is
defined to be

Ula, B,2) =

I'(l-p) (-1
14+ a-7) I'(a)
We see that U(a, 8, z) can be analytically continued to all values of «, 8 and
z real or complex [7]. Let r = (r1,r2) and h = (hy, he) for real r;, h;, i =1,2.
For brevity, let e(w) := €™, Let H = {r € C | Im(r) > 0}, the upper
half-plane. For 7 € H and s1, s2 € C, define

e(mhi + ((m4+r)7T+72)(n — ho
A(T,51782;7‘, h) = Z Z ( (( (n _ hi)l—s )( ))
m+7r1>0n—hs >0
xU(s2; 834m(m +r1)(n — he)Im(7))

1Fi(a; 8;2) + PR (14— B2 - B;z2).

and

A(r, 51, 82,7, h) := Z Z e (mhy — ((m+71)7 +r2)(n + ho))

1—s
m+7r1>0n+hs >0 (’I”L + hg)
x Ul(sy; s;4m(m 4+ r1)(n + he)Im(7)),

where s = s; + so. Two functions A(7, s1, s2;7, h) and A(T, s1,89;7,h) are
well-defined for all s1, s € C. Let

H(T,s1,82;7,h) := A(T, 51, S2;7, h) + ems.A(T, S1,82; —r,—h)

and
H(r, 51, 80;7, h) := A(T, 51, 89;7, h) + €™ A(T, 51, 895 —1, —h).
Let
1 _
H(r, 7 ;roh) = —— ;1 h ;1 h).
(7777515827T7 ) 1—\(81)%(7-751a327r7 )+ F(SZ)H(T781a527T7 )
For real z, o and t € C with Re ¢t > 1, let
e(nx)
t) := —_—
Yl 1) Z (n+ )t

n+a>0
and

U(x, a,t) :=P(x, a,t) + e ™ p(—a, —a, t),
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U_y(x,a,t) :=(z,a,t — 1) 4+ e™p(—z, —a,t — 1).
Let X denote the characteristic function of the integers. Let

ar +b
ct+d

denote a modular transformation with ¢ > 0 for 7 € C. We define R and H as

R = (Ry, Ry) = (ary + cro,bry +drg)
and
H = (Hl,HQ) = (dhl — bhg, 7Ch1 + ah,g).

The following theorem is the modular transformation formulae which originally
come from generalized non-holomorphic Eisenstein series. We shall use this
formulae to obtain our main results.

Theorem 2.1. [5]. Let @ = {r e H|Re 7 > —d/c} and o = ¢c{Rs}—d{R1}.
Let s1,82 € C with s = s1 + so. We assume that if ho € Z and s1 ¢ 7, then s
is not an integer less than or equal to 1. Then, for 7 € Q,

2z 2H(V 1, VT, 81,8931, h) = H(7, 7, 81, 82; R, H)

+A(R1)e(—RyHy)(2mi) *e” ™ WU (—Hy, — Ry, 5)
—A(r1)e(—rihy)(2mi) €™ 271 272U (hy, 1, )

_s D(s—1)
AN Hy)ArIm(T)) *—"— LW _,(Hy, Ry, s
(H2)( (7)) F((Sl)r(5)2> 1(H1, Ry, )
I'(s—1
—A\(ho)(ArIm(T)) s ——— L2271z 0 (hy,rq, s
( 2)( ( )) F(Sl)F(SQ) 1( 1,71 )
(27i) " Se~ T2 B
L ‘R.H
+ F(S])F(SQ) (7-’7-)817527}%7 )a
where z = ¢t + d and
L(T _,Sl,SQ;R,H)

o~

=Y e(—Hi(j + [R1] — ¢) — Ha([Ro] + 1+ [(jd + 0)/c] — d))
j=1

' s1—10q s2—1 s—1 e~ (zv+2(1=v))(j—{Ri})u/c
x/o v (1 =) /Cu e~ Gor20—0 — o(cH, + dHy)
AGidro)/chu

x e* —e(—Ho)

where C' is a loop beginning at +00, proceeding in the upper half-plane, encir-
cling the origin in the positive direction so that u = 0 is the only zero of

(e=(Gr20= _ o(cH, + dHy))(e" — e(—Hb))

dudv,

lying inside the loop, and then returning to +oo in the lower half plane. Here,
we choose the branch of u® with 0 < arg u < 27.
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Remark 2.2. Let s = s; + s3 = —n for an integer n. By the residue
theorem, we find that

I e*(varf(l*v))(j*{Rl})u/c elletid)/ctu
/Cu e—(zv+2(1—-v))u _ et — 1 dudv
n+2
Bi((j — {R1})/¢)Bnya— k((Q+Jd)/C) v k-1
— 2 —_ - .
Thus, for s = s1 + s = —n,

1 —(zv+2(1=v))((—{R1}u/c o{(e+jd)/c}u

/ v 171 —v)sTl/ un1E - ¢ dudv
0 c e—(zv+z(1-v))u _ 1 et — 1
n+2
(G —{R:})/¢)Buto-k((0+jd)/c) . 1
=27
m Z Kl(n+2— k) (=2)

1 z—z \"!
X / (1 — )5 tys2—t <1 — v> dv
0 z

o T(s)T(s2) 2 Bi((j — {R1))/e)Buso—i((0 + jd) Je) 1
Y kz:o Kl(n+ 2 - o)l (=2)"

z—z
X o} (SQ, k; —n; o ) .

We now see that

L(Ta T, 81,5253 Ra H)
I'(s1)T'(s2)

vanishes for s = —n > 2.

3. A class of infinite series identities

In this section, we obtain a class of new infinite series identities from The-
orem 2.1. The Eulerian number E(n, j) is defined to be the number of permu-
tations of numbers from 1 to n such that exactly j numbers are greater than
the previous elements. Note that F(n,j) = E(n,n—j —1). For any integer n,
the polylogarithm function Li,(2) is defined by

Lln Z kn’

where z € C and |z| < 1. For n > 0, we see that
1 n—1

Li_n(2) = T > E(n,j)z
j=0

From now on, we set
T—1

Vr=——.
ct—c+1
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For brevity, let

- k—1 0, k odd
ki=|— dpup,=1<" ’
{ 2 } e A {1, k even
for any integer k > 1.

Theorem 3.1. Let o, 8 > 0 with a3 = w2. For any integers B > 0 and
N >1,

~

2a/c)” ¢
S (D) it L 3 ek
i cosh(m(25 + pg) (o — im)/c)

m!=2N=k sinh* 1 (m(a — i) /c)

X

—_

(—l)BaN o m2N-1
TN -1 mz ma—imze—1 26072

Ni()miﬁéiliE

=1 J=

~

cosh(m(2j + p) (B + i) /c)
m1=2N=k sinh* 1 (m(8 + i) /c)

X

m=1

(_5)N o0 m2N71 1
+ 1)! 2162m(6+17r)/c_1 + C(]‘72N) *5N(B,C),
m=

where I means that if k is odd, then the term with j = 0 is multiplied by % and

__°

Sn(B,c)={ 8(B+1)

Proof. Let s =A>1,89=—B <0and s=2N, N > 1. Here A, B and

N are integers. Put 7 = h = (0,0) and z = ¢ —c+ 1 = T4 in Theorem 2.1.
F0r52:7B§0,ﬁ e 3)70 Then

H(VTa V’fv S1,82;T, h)

= ﬁ (A(V'T, 51,507, h) + €™ A(VT, 51, 805 —1, —h))
2
- (14 AV A= B;(0,0),0,0)

A—11 Z Z mnVT (=B;2N;4rmnIm(V1)).

nl—2N

(1+(-1)B), ifN=1,
if N > 2.

=

m=1n=1

Let w := 47rmnIm(VT) = 4mna/c. By definition, we see that

I'(1 —2N) X (—B) w®
r'(1—A) k;) (2N): K

U(—B;2N;w) =
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Observe that
't—-2N) T(1-A+B)
T(1-A4)  I[(1-A4)
(1-A)p
=(1- )(1—A+1) (1-A+B-1)
(- 1) (A }(A 2)---(A-B)

(2N— ik

(-B)k = (-B)(-B+1)---(-B+k—1)
=(-1)*B(B-1)---(B—k+1)
_ (_1)k%a k< B,
o, k> B

and
2N +k) (2N —1+k)

(2N)re = T2N) (2N -1

Then we have

U(—B,QN,w):(—l)B(A_l)!'ZB:(_l)k( B! 2N -1)! Wk

eN-D &=V BopEN -1l K
B —w k
) ~ vty ()

Thus, employing (3.1), we obtain that

- ' Z /B (—da/c)k
H(VT’ VT, 81,89, h) = 2(_1>B kZ:O <k> m

el 72n(a7irr)/c)m

> Z
ni—2N—k m-k

n=

i 4a/c)
= (2N +k —1)!
—2n(a—zﬂ')/c)

(3.2) Z n1 2N—k

Let ¢ = n(a — im)/c and k > 0. Short calculations show that

k—1
. _ 1 _
Lig(e™*) = (1 — e—2a)k+1 ZE (k, e 217
7=0
ed(k+1) k-l

_ o—2a(k—
_szkj q(k—3)
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2—k—1 k—1

Z E(k,j)e_q(k_2j_1).

(3.3) -
sinh" 1 (q) i

Using E(k,j) = E(k,k — j — 1), we find that, for k even,

k—1 k/2—1
> E(k,j)e 20 = N Bk, j)(em T 4 ema(mhE2IED)
j=0 =0
k/2—1
= Y Bk k/2—1—j)(e 1D 4 131
§=0
k/2—1
34 =2 3 Bl k2 =1 = ) conhla(2) + 1)

and, for k odd,

k-1 (k—3)/2
3 E(k,j)e® 20 = 3 Bk, j)(em 1Ry gmal-ki2i4)
=0 =0
+E(k, (k—1)/2)
(k=1)/2
/ . .
= Z E(k, (k —1)/2 — j)(e™9(3) 4 ¢a(29))
7=0
(k=1)/2
!
(8:5) =2 ) Bk, (k=1)/2 - j)cosh(a(2))),
§=0

where / means that if k is odd, then the term with j = 0 is multiplied by 1.

2
Thus, putting (3.4), (3.5) in (3.3), we have that

k
. - 27+ ! o )
(3.6) Lig(e ) = b (g) > E(k,k — j) cosh(q(2j + ).
§=0
For k =0, it is easy to see that
- o _2gm 1
(3.7) Lig(e™?7) = Zle = €2 —1°

Now substitute (3.6), (3.7) in (3.2) to obtain that

B
B 2a/c
H(V7, V7, 51,8051 h) =2(-1)7 > <k> (2N+/c/—1 'Z Bk -
k=0

. coshnla - in)(2) + /e
XY ) .
= TN R sinh " (n(a — i) /e
2(_1)3 i n2N—1
(2N — 1)l = e2nla—im/e — 1"

(3.8) +
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Similarly we see that

B B 25/6
H(r,7, 51,50 R, H) =2(— Z 2N+k_1'ZE
=0

Xi cosh(n (6+m)(2j+uk>)/c

1 nl-2N-k sinh" ™ (n(8 + im) /¢

2(_1)3 oo nQN—l
2N 1) ; Zn(Brim/e 1"

(3.9) +

Since r = R1 = hg = H2 = 0, )\(7’1) = /\(Rl) = /\(hg) = )\(HQ) =1. Itis easy
to see that, using ((1 —2N) = (=1)V (2N — 1)121=2Nz=2N¢(2N),
— i8Sy (_1)B+N

\II(_H27 _RQ) 8) = W(w(oa 0) QN) + 627riN¢(07 07 QN))

_ BN —2N
*(1 i ZkQN

:( 1)B+N21 2N 72N<(2N)

(2mi)®

(3.10) __” ¢(1—2N)
’ (2N —1)!
and
T 2 Y (g 5) = (T (m B\p(o 0,2N)
(2mi)s 22T r N o a o
.\ —2N
_ e
:( 1)N21 2N 2N <a> C(QN)
= 215N (o)
a™(=p)~
Recall F(S ﬁ = 0 to obtain that
s I'(s—1)
12 41 s — 2 2 v (H =
(3 ) ( 4 m(T)) F(Sl)F(SQ) 1( 1’R17S) 0
and
I'(s—1
(3.13) (47r1m(7))1—8F(8(f)F(8)2)252—1z81—1x1/1(h1,r17s) =0.
To evaluate L(T;(Sjl)ilffsim, we employ Remark 2.2 which says

L(7,7,s1,50; R, H) 2m . ® B ]/c —st2-k(J(l=¢)/c)
F(Sll)r(lz Z Z s+—|2—2—k)

jlkO

. k—1
X (_MT) 2F1(8271—k;8;2).
@



230 Sung Geun Lim

Since s = 2N > 2, the sum over k in the above equation is valid only for s = 2.
Then

c . —1
2m’Z(—Z> oF1(~B,1;2;2) = —QCQZ 2

j=1

Observe that

0, k> B
and
2k =224+1)---24+k—-1)=(k+1).
We easily deduce that

>t =3 w2 =2 (0)

k=0 k O k=0

?T‘

Now consider that

5 /B
3.14 r+1)P = ()xk
(3.14) @ =3 (;

Taking integral for both sides of (3.14), we find that

1 B+1 1
(3:.15) xZ( )k+1 Briety Br1

Putting © = —2 in (3.15),

Z. B\ (-2)k 1
2 (k) PRS- I AU (=1)%).

k=0

Finally we obtain that, for s=2,

(2mi) ~Se sz e™B  _9cq

_ . - _1\B
T D) L Tosn s B ) = s s (L4 (D7)

= BBID (1+(-DP).

Combining (3.8), (3.9), (3.10), (3.11), (3.12), (3.13), (3.16), we complete the
proof. O

(3.16)
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If B =0 in Theorem 3.1, then Theorem 1.1 with n < 0, i,e., the equation (1.1)
follows. We can divide the identity in Theorem 3.1 into two identities according

to the parity of B. Let B be even. Applying Theorem 1.1, we find that

2a/c)F iy
o3 (D)t e
= cosh(m(2j + ) (a — im)/¢)

X
A= mA=2N =k sinh* ! (m(a — iT) fc)

°. /B —28/c)* " A
N () v X Bl )

k=1 K j=0
cosh(m(2j + pu,)(B +im) /c)
= mi2N—k sinhkﬂ(m(ﬁ +im)/c)
L2 NS BB /) (i
(2N —1)! = & KN +2— k)l aNtk-1 N(B,¢).

Here, the sum of Bernoulli polynomials, i.e.,

_ c —2N+2 i — .
272N By (j/c)Bany2-2k(j/c) ~N k(i

N -1)l & kZ:O KI(2N +2 —k)!

is valid only for NV =1 and it is §. Thus we obtain the following theorem.

Theorem 3.2. Let o, 3 > 0 with o3 = w2. For any even integr B > 0 and
any integer N > 1,

3 () a3

J=

~

cosh(m(2j + p)(or — im) /c)
m1=2N=k sinh* ™ (m(a — i) /c)

X

m:l

!

o ) e > s

T =0

o cosh(m(2j + i) (B + im)/c)

X
A= mA=2N =k sinh* ! (m(B + im) /c)
—0n(B,c) +vn(c),
where .
R N = 17
VN(C) = 4
0, N>2.

For B odd, applying Theorem 1.1 again, we also have the following theorem.
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Theorem 3.3. Let o, 3 > 0 with a8 = 72. For any odd integer B > 1
and any integer N > 1,

O‘NZB:( ) ZNialc/il 'Z Bk

=1

y i cosh(m(2j + px) (e — im) /)

m!=2N=k sinh* 1 (m(a — i) /c)

y i cosh(m(2j + p) (B +im)/c)

st M 2N R s (m (8 + i) /)
20-8)N [« m2N-1 1
S @eN-1)! (Zjl e 1 T 51— 2N) | —vw (o).

Corollary 3.4. Let o, 3 > 0 with a8 = 7. For any integers B > 0 and
N > 1, which have the same parity,

B ') .
B cosh(m(2j + px)a)
N
« Zl ( ) (QN + k l Z Z ml—2N—k Sinthrl(mOz)

m=1

+;<<12N>)

O[
2N —1)! 62"““
) 7=0 m=1

B i“, - = cosh(m(2j + ux)B)
- kz—:( 2N+kfl'zE(k’k_])Z

ml-2N—k Sinhk+l(mﬂ)
m 1
m (Zlezmg_l +5¢0 —2N)> .

Proof. Let ¢ = 1 in Theorem 3.1. Assume that B and N have the same

parity. Then (—1)2+¥ = 0. Applying
pinm _ 1, k odd,
(=1)™, k even,

we see that

cosh(n(a —im) (25 + px))

_1 (ena@jm:ﬁ)fmw(zjwk) n efna<2j+uk>+mw(2j+uk>>

2
_Jecosh(na(2j + pug)), k odd,
| (=1)" cosh(na(2j + ux)), k even.
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Since "™ = (—1)",

1 ) )
sinhk-‘rl(n(a _ Z7T')) — 2k+1 (6na72n7r _ efnaJrznﬂ')lH’l
_ [sinh* (na), k odd,
| (=1)"sinh* ! (na), k even.

Note that B and N have the same parity. If N = 1, then B is odd. Thus we

have
c

8(B+1)
The desired result now follows. O

51(B,c) = 1+ (-1)B)=o0.

Corollary 3.5. Let o, 8 > 0 with o3 = 2. For any even integers B > 0
and N > 2,

3 (O) e S ek 3 bz e
2N + k )! = = mi2N—k sinh" ™ (ma)
B k 9] .
B : cosh(m(2j + i) B)
N
= E(k .
p ; (kz) 2N + k )! jz Z:1 m1=2N=k ginh*+1 (mB)

Proof. Let N be even and ¢ = 1 in Theorem 3.2. Then the proof is similar
with the proof of Corollary 3.4. O

Corollary 3.6. Let a, 3> 0 with a8 = n2. Then we have

—mao
1
2
(6] — —
Z Slnh ma Z smh2 12
2

=# Z smh mﬁ i Z smh2(mﬂ) 12/8

Proof. Put B =1 and N =1 in corollary 3.4 and apply

> z Ly e
e2mo ema — g—ma 9 sinh(ma)
m=1 m=1

Corollary 3.7. Let o, 3> 0 with a8 = 2. For any integer N > 1,

2@2N+2 e m4N+1

ON 11 m cosh(ma)
a § — E
= sinh?(ma) 4N +1 —

sinh®(ma)
mAN 282N +2 2 AN+ cosh(mf)

_ geN+ Z _
= sinh?(mpB) 4N +1 — sinh®(mp3)

Proof. Put B =2 in Corollary 3.5 and repalce N by 2N. O
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It is noteworthy that above four corollaries show symmetric identities for a and
8.

Corollary 3.8. Let B >0 and N > 1 be integers which have the different
parity. Then we have

B B (—27‘r)k k 00 COSh 2] +M ) )
Z(k><gzv+k_1);§_:o P e L)

k=1 j =1

ot (Z L %ca - 2N>) — (~1)B(m) v (B.1).

(2N —1)! e2mm
Proof. Let c=1 and a = = 7 in Theorem 3.1. Employing

imp 1, k odd,
e =
(=1)™, k even
= (_l)m(k+1)a

we see that
cosh(m(2j + px)(m £ i) = (=1)™F*FD cosh(m (25 + px) 7).
And it is easy to see that
sinh* ! (m(x £ in)) = (=1)™F+D sinh* ().
Using the above two equations, the proof is done. O

Corollary 3.9. Let B> 0 and N > 1 be integers. Then we have

k

§ 2B - /E i cosh(m(2j + p)m)
k 4N + k? (4N +k - 3)! m3=4N=k sinh* 1 (mrr)
k=1 J= m=1
B
——, N =1
—{4x(2B 1) ’
0, N> 1.

Proof. Replace N by 2N — 1 and B by 2B in Corollary 3.8. We find from
(1.1) that

- e m4N—3 1 AN 1
3.1 Y e+ (3 4N) = — —un(1).
47 oy camr—1 T 2% )= =)
Next, apply
1 B
— (1) = 276,(2B,1) = —————
or 1) = 210128, 1) = o psy

to complete the proof. O
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Corollary 3.10. For any integer N > 1, we have
& 4N & 4AN—1_,—mm
7T m m e
2 - ——— =((1-4N
N mz::l sinh? (m) mz::l sinh(mm) y )
Proof. Let B = 1 in Corollary 3.8. Then N is even and so dy(1,1) = 0.
Replace N by 2N and use

1 e~ mm e

1
e2mm — 1 emm —e=mm — 2ginh(mm)’

—mm

O
Corollary 3.11. For any integer N > 1, we have
1

9 % AN-1 ooch oo AN-2 N=1

T Zm . gos (mﬁ)_z .m2 _ ) ,

4N -1 = sinh’(mm) — sinh”(mm) 0, N> 1.
Proof. Let B =1 in Corollary 3.9. Using (3.17), the desired result follows.
O

Let ¢ = 2 in Theorem 3.1. Dividing the sum over m into two parts, we have
that

i cosh(m(2j + pp)(a —im)/2) i cosh(m(2j + ux)(a — im))

m1=2N=k sinh* ! (m(a — im)/2) (2m)1=2N =k sinh* ! (m(a — im))

cosh((2m + 1)(25 + px)(a — i) /2)
> (2m 4 1)1 =2N =k ginh* 1 ((2m + 1) (a — i) /2)

m=1 m=1

m:O
and
i mQNfl 722N 12 mQNf +i 2m+1 2N—-1
em(a—im) _ 1 eQm(o/ iT) e(2m+1)(a—im) _ 1
m=1 m=0
62ma _ e(2m+1)o¢ +1 :
m=0

It is easy to see that

cosh((2m +1)(2j + ) (@ — im)/2)  (=1)7TFF g, (m, 4, a)

sinh* 1 ((2m 4+ 1) (o — im)/2)  cosh* T ((2m + 1)a/2)’
where
| Jeosh((2m +1)jz), k odd,
gi(m, J,x) = {sinh((Qm +1)(25 4+ 1)z/2), k even.

Now, using the identities obtained from Theorem 3.1 with ¢ =1 and ¢ = 2, we
obtain the following theorem.
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Theorem 3.12. Let o, 3 > 0 with a8 = w2. For any integers B > 0 and
N >1,

—a)F ’ .
(0%, (i)@zv(w)—w B,k =J)

k=1 Jj=

ESl

) +k+1gk(m j» )

8 Z (2m + 1 1=2N—k cosh* 1 ((2m 4 1)a/2)
_ (‘UﬁO‘N. (i (2m + 1)2N 1 (27— 922N2)¢(1 - 2N)>

e(m+1)a +1

m=0

3 () gy X ik

= (—1)7tF+ gy (m, 4, B)
> (2m + 1) 2Nk cosh* 1 ((2m + 1)53/2)

_B)N il 2m+1_2N*1 “1_ o2N—2
‘M(%W‘@ -2 )C(l_m)

Theorem 3.12 includes Corollary 4.12 in [3], which shows the following for-
mula; Let o, 8 > 0 with a8 = 7. For any integer N > 1,

o (2m 412Vt B
o (Z Camma gy 3T 2T 2N>>

m=0

0 m 2N-—-1
= () (Z O -7 2N - 2N>> .

m=0

Corollary 3.13. Let o, 8 > 0 with a8 = n%. For any integers B > 0 and
N >1,

2B —a)k ic/ N .
NZ( )(2N(+k)—1)'z B(k,k - 5)

s (=171 gy (m, j, )
(2m + 1)1=2N=k cosh* ™ ((2m + 1)a/2)

2B 9B —Bk fcl ) .
:(—6)]\];(]6)(2]\7(—}—]@)—1'2 E(k,k—j)

(—1)7E+1 g4 (m, 4, B)

X
z:: 2m + 1)1=2N=k cosh* 1 ((2m +1)3/2)

mO

Proof. Replace B by 2B in Theorem 3.12 and apply Corollary 4.12. in
[3]. O
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Corollary 3.14. For any integers B > 0 and N > 1,

S () g S i
= k (4N+k 3)! = A
) i (1) gy (m, j. )
— (2m + 1)3=4N—F cosh" ' ((2m + 1)7/2)
=0.
Proof. Let a = 8 = 7 in Corollary 3.13 and replace N by 2N — 1. O

Corollary 3.15. Let B > 0 and N > 1 be integers with the different parity.
Then

k

(—m)k ! )
g( )2N+k1'J Bk, k- J)
- (—1)7 A+ gy (m, j, m)

X
Z (2m + 1)1=2N =k cosh**((2m 4 1)7/2)

= 2m+1) 2N~ 1 _ _
(2N —1)! Z e@mtDr 1 (2 P22 2)C(1 —2N)
m=0
Proof. Put a = g = m in Theorem 3.12. O
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