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ON ASYMPTOTICALLY LACUNARY STATISTICAL

EQUIVALENT TRIPLE SEQUENCES VIA IDEALS AND

ORLICZ FUNCTION

Mualla Birgül Huban, Mehmet Gürdal,∗ and Hamza Baytürk

Abstract. In the present paper, we introduce the concepts of I-asymptotically

statistical ϕ̃-equivalence and I-asymptotically lacunary statistical ϕ̃-equivalence

for triple sequences. Moreover, we give the relations between these new
notions.

1. Introduction

In 1980, Pobyvanets gave the definitions for asymptotically equivalent se-
quences and asymptotic regular matrices. Marouf [20] and Li [19] studied the
relationships between the asymptotic equivalence of two sequences in summa-
bility theory and presented some variations of asymptotic equivalence. In 2003,
Patterson [25] extended these concepts by presenting an asymptotically statis-
tical equivalent analog of these definitions and natural regularity conditions for
nonnegative summability matrices. In [26], asymptotically lacunary statistical
equivalence is given as a natural combination of the definitions for asymptoti-
cally equivalence, statistical convergence and lacunary sequences.

Fast [8] presented a generalization of the usual concept of sequential limit
which is called statistical convergence. Šalát [30] gave some basic properties
of statistical convergence. Recently, Mursaleen and Edely [23] presented the
idea of statistical convergence for multiple sequences, and there are several
papers on the statistical and ideal convergence of double and triple sequences
(see literature [2, 11, 17]). The study on the statistical convergence of triple
sequences due to Şahiner et al. [28]. Fridy and Orhan [10] defined the concept
of lacunary statistical convergence. Various applications of this concept can
be found in [9, 12, 13, 15, 16, 21, 31, 33]. The idea is based on the notion
of natural density of subsets of N, the set of all positive integers which is
defined as follows: The natural density of a subset A of N denoted as δ (A)
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is defined by δ (A) = limn→∞
1
n |{k ≤ n : k ∈ A}| . Generalizing the concept of

statistical convergence, Kostyrko et al. introduced the idea of I-convergence in
[18]. More investigations in this direction and more applications of ideals can
be found in [11, 14, 24, 32]. In another direction, a new type of convergence,
called I-statistical convergence, was introduced in [5].

Since sequence convergence plays a very important role in the fundamental
theory of mathematics, there are many convergence concepts in summability
theory, in classical measure theory, approximation theory and probability the-
ory, and the relationships between them are discussed. The interested reader
may consult Gürdal and Huban [11], Hazarika et al. [15], Mohiuddine and
Alamri [21] and Acar and Mohiuddine [1], the monographs [3] and [22] for the
background on the sequence spaces and related topics. Inspired by this, in
this paper, a further investigation into the mathematical properties of triple
sequences will be made. Section 2 recalls some definitions and theorems in
summability theory. In Section 3, we study I-asymptotically lacunary sta-

tistical ϕ̃-equivalence of triple sequences and discuss the relationships among
them. We shall use asymptotically equivalent, lacunary sequence and Orlicz

function ϕ̃ to introduce the concepts I-asymptotically statistical ϕ̃-equivalence

and I-asymptotically lacunary statistical ϕ̃-equivalence of triple sequences. In
addition to these definitions, natural inclusion theorems shall also be presented.

2. Definitions and Notations

First we recall some of the basic concepts which will be used in this paper.
By N and R, we mean the sets of all natural and real numbers, respectively.

The notion of statistical convergence depends on the density of the subsets
of the set N of natural numbers. If K is a subset of N, then Kn denotes the
set {k ∈ K : k ≤ n} and |Kn| also denotes the cardinality of the set Kn. The
natural density of K given by

δ (K) = lim
n→∞

1

n
|Kn| ,

It is said that a sequence x = (xk)k∈N is statistically convergent to a point L,
which provided that

δ ({k ∈ N : |xk − L| ≥ ε}) = 0,

for every ε > 0. If (xk)k∈N is statistically convergent to L and is written as
L = st-limxk.

In the literature, statistical convergence of any real sequence is defined rela-
tively to absolute value. While, we know that the absolute value of real numbers

is a special case of an Orlicz function [27], i.e. a function ϕ̃ : R → R which
satisfies the following criterion:

(a) ϕ̃ is an even function

(b) ϕ̃ is non-decreasing on R+
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(c) ϕ̃(x) = 0 if and only if x = 0

(d) ϕ̃ is continuous on R
(e) x → ∞ implies ϕ̃(x) → ∞
Further, an Orlicz function ϕ̃ is said to satisfy the condition △2, if there

exists an positive real number K satisfying the condition ϕ̃(2x) ≤ K.ϕ̃(x),
∀x ∈ R+. In [27], Rao and Ren describes some important applications of Orlicz
functions in many areas such as economics, stochastic problems etc. The reader
can also refer to the paper [6] and recent monograph [4] related with various
ways to generalize Orlicz sequence spaces systematically and investigate several
structural properties of such spaces. Few examples of Orlicz functions are given
below:

Example 2.1. (i) For a fixed r ∈ N, the function ϕ̃ : R → R defined as

ϕ̃(x) = |x|r is an Orlicz function.

(ii) The function ϕ̃ : R → R defined as ϕ̃(x) = x2 is an Orlicz function
satisfying the △2 condition.

(iii) The function ϕ̃ : R → R defined as ϕ̃(x) = e|x| − |x| − 1 is an Orlicz
function not satisfying the △2 condition.

(iv) The function ϕ̃ : R → R defined as ϕ̃(x) = x3 is not an Orlicz function.

Definition 2.2. ([31]) Let ϕ̃ : R → R be an Orlicz function. A sequence

x = (xn) is said to be statistically ϕ̃-convergent to L if for each ε > 0,

lim
n

1

n

∣∣∣{k ≤ n : ϕ̃ (xk − L) ≥ ε
}∣∣∣ = 0.

The notion of statistical convergence was further generalized in the paper
[18] using the notion of an ideal of subsets of the set N. We say that a non-
empty family of sets I ⊂ P (N) is an ideal on N if I is hereditary (i.e. B ⊂
A ∈ I ⇒ B ∈ I ) and additive (i.e. A,B ∈ I implies A ∪ B ∈ I). An ideal I
on N for which I ̸= P (N) is called a proper ideal. A proper ideal I is called
admissible if I contains all finite subsets of N. If not otherwise stated in the
sequel I will denote an admissible ideal. Let I ⊂ P (N) be a non-trivial ideal.
A class F (I) = {M ⊂ N : ∃A ∈ I : M = N\A} called the filter associated with
the ideal I, is a filter on N.

Recall the generalization of statistical convergence from [18]. Let I be
an admissible ideal on N and x = (xk) be a real sequence. We say that
the sequence x is I-convergent to L ∈ R if for each ε > 0, the set A (ε) =
{n ∈ N : |xk − L| ≥ ε} ∈ I. Take for I the class If of all finite subsets of N.
Then If is a non-trivial admissible ideal and If -convergence coincides with the
usual convergence.

For more information about I-convergent, see the references in [24]. We
also recall that the concept of I-statistically convergent is studied in [5].
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A sequence (xk) is said to be I-statistically convergent to L if for each ε > 0
and δ > 0, {

n ∈ N :
1

n
|{k ≤ n : |xk − L| ≥ ε}| ≥ δ

}
∈ I.

In this case, L is called I-statistical limit of the sequence (xk) and we write
I-st− limk→∞ xk = L.

We now recall the following basic concepts from [28, 29] which will be needed
throughout the paper.

A function x : N×N×N → R (or C) is called a real (complex) triple sequence.
A triple sequence (xjkl) is said to be convergent to L in Pringsheim’s sense if
for every ε > 0, there exists n0 (ε) ∈ N such that |xjkl − L| < ε whenever
j, k, l ≥ n0. A triple sequence (xjkl) is said to be bounded if there exists M > 0
such that |xjkl| < M for all j, k, l ∈ N. We denote the space of all bounded
triple sequences by ℓ3∞.

Definition 2.3. A subset K of N × N × N is said to have natural density
δ(K) if

δ(K) = P − lim
n,k,l→∞

|Knkl|
nkl

exists, where the vertical bars denote the number of (n, k, l) in K such that
p ≤ n, q ≤ k, r ≤ l. Then, a real triple sequence x = (xnkl) is said to be
statistically convergent to L in Pringsheim’s sense if for every ε > 0,

δ ({(n, k, l) ∈ N× N× N : |xnkl − L| ≥ ε}) = 0.

Throughout the paper we consider the ideals of P (N) by I; the ideals of
P (N× N) by I2 and the ideals of P (N× N× N) by I3.

Definition 2.4. A real triple sequence (xnkl) is said to be I-convergent to
L in Pringsheim’s sense if for every ε > 0,

{(n, k, l) ∈ N× N× N : |xnkl − L| ≥ ε} ∈ I3.

In this case, one writes I3-limxnkl = L.

We define the asymptotically equivalence of single sequences as follows (see
[20]) :

Definition 2.5. Two nonnegative sequences x = (xk) and y = (yk) are
said to be asymptotically equivalent if

lim
k

xk

yk
= 1

(denoted by x ∼ y).

Patterson [25] presented a natural combination of the concepts of statis-
tical convergence and asymptotically equivalence to introduce the concept of
asymptotically statistically equivalence, as follows:



On asymptotically lacunary statistical equivalent 347

Definition 2.6. Two nonnegative sequences x = (xk) and y = (yk) are
said to be asymptotically statistical equivalent of multiple L provided that for
every ε > 0,

lim
n

1

n

{
the number of k < n :

∣∣∣∣xk

yk
− L

∣∣∣∣ ≥ ε

}
= 0

(denoted by x
SL∼ y) and simply asymptotically statistical equivalent if L = 1.

By a lacunary θ = (kr); r = 0, 1, 2, ..., where k0 = 0, we shall mean an
increasing sequence of nonnegative integers with kr − kr−1 as r → ∞. The
intervals determined by θ will be denoted by Ir = (kr−1, kr] and hr = kr−kr−1.
The ratio kr

kr−1
will be denoted by qr.

Definition 2.7. ([26]) Let θ be a lacunary sequence; the two nonnega-
tive sequences x = (xk) and y = (yk) are said to be asymptotically lacunary
statistical equivalent of multiple L provided that for every ε > 0

lim
r

1

hr

∣∣∣∣{k ∈ Ir :

∣∣∣∣xk

yk
− L

∣∣∣∣ ≥ ε

}∣∣∣∣ = 0

(denoted by x
SL
θ∼∼ y) and simply asymptotically lacunary statistical equivalent

if L = 1.

Definition 2.8. Let θ be a lacunary sequence. A sequence x = (xk) is said
to be strongly I-lacunary convergent to L or Nθ (I)-convergent to L if, for any
ε > 0, {

r ∈ N :
1

hr

∑
k∈Ir

|xk − L| ≥ ε

}
∈ I.

In this case, we write xk → L (Nθ (I)) . The class of all strongly I-lacunary
statistically convergent sequences will be denoted by Nθ (I) .

3. Main Results

In this section, we present the notion of triple sequences and study I-
asymptotically statistical ϕ̃-equivalence and I-asymptotically lacunary statis-

tical ϕ̃-equivalence for these sequences.

Definition 3.1. ([7]) The triple sequence θ3 = θr,s,t = {(jr, ks, lt)} is called
triple lacunary sequence if there exist three increasing sequences of integers such
that

j0 = 0, hr = jr − jr−1 → ∞ as r → ∞,

k0 = 0, hs = ks − ks−1 → ∞ as s → ∞,

and
l0 = 0, ht = lt − lt−1 → ∞ as t → ∞.
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Let kr,s,t = jrkslt, hr,s,t = hrhsht and θr,s,t is determined by

Ir,s,t = {(j, k, l) : jr−1 < j ≤ jr, ks−1 < k ≤ ks and lt−1 < l ≤ lt} ,

qr =
jr

jr−1
, qs =

ks
ks−1

, qt =
lt

lt−1
and qr,s,t = qrqsqt.

Let D ⊂ N× N× N. The number

δθ3(D) = lim
r,s,t

1

hr,s,t
|{(j, k, l) ∈ Ir,s,t : (j, k, l) ∈ D}|

is said as the θ3r,s,t-density of D, provided the limit exists.

We define the following :

Definition 3.2. Let ϕ̃ : R → R be an Orlicz function. Two number triple
sequences x = (xjkl)j,k,l∈N and y = (yjkl)j,k,l∈N are said to be I-asymptotically

statistical ϕ̃-equivalent of multiple L provided that for every ε > 0, δ > 0,{
(r, s, t) ∈ N× N× N : 1

rst

∣∣∣{j ≤ r, k ≤ s, l ≤ t : ϕ̃
(

xjkl

yjkl
− L

)
≥ ε

}∣∣∣ ≥ δ
}
∈ I3

(denoted by x
SL(I3−ϕ̃)

∼ y ) and simply I-asymptotically statistical ϕ̃-equivalent
if L = 1.

Definition 3.3. Let ϕ̃ : R → R be an Orlicz function and θ3 = θr,s,t =
{(jr, ks, lt)} be a lacunary triple sequence. Two number triple sequences x =

(xjkl) and y = (yjkl) are said to be I-asymptotically lacunary statistical ϕ̃-
equivalent of multiple L if{
(r, s, t) ∈ N× N× N : 1

hr,s,t

∣∣∣{(j, k, l) ∈ Ir,s,t : ϕ̃
(

xjkl

yjkl
− L

)
≥ ε

}∣∣∣ ≥ δ
}

∈ I3

for every ε > 0, δ > 0 (denoted by x
SL
θ3
(I3−ϕ̃)
∼ y ) and simply I-asymptotically

lacunary statistical ϕ̃-equivalent if L = 1.

Definition 3.4. Let ϕ̃ : R → R be an Orlicz function. Two number
triple sequences x = (xjkl)j,k,l∈N and y = (yjkl)j,k,l∈N are said to be Cesáro

I-asymptotically ϕ̃-equivalent of multiple L if for every ε > 0(r, s, t) ∈ N× N× N : ϕ̃

 1

rst

r,s,t∑
j,k,l=1

xjkl

yjkl
− L

 ≥ ε

 ∈ I3

denoted by x
(σ1)

L(I3−ϕ̃)
∼ y ) and simply Cesáro I-asymptotically ϕ̃-equivalent if

L = 1.

Definition 3.5. Let ϕ̃ : R → R be an Orlicz function. Two number triple
sequences x = (xjkl)j,k,l∈N and y = (yjkl)j,k,l∈N are said to be strongly Cesáro
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I-asymptotically ϕ̃-equivalent of multiple L if for every ε > 0(r, s, t) ∈ N× N× N :
1

rst

r,s,t∑
j,k,l=1

ϕ̃

(
xjkl

yjkl
− L

)
≥ ε

 ∈ I3

(denoted by x
(ϕ̃(σ1))

L
(I3−ϕ̃)

∼ y ) and simply strongly Cesáro I-asymptotically ϕ̃-
equivalent if L = 1.

Definition 3.6. Let ϕ̃ : R → R be an Orlicz function and θ = θr,s,t =
{(jr, ks, lt)} be a lacunary triple sequence. Two number triple sequences x =
(xjkl)j,k,l∈N and y = (yjkl)j,k,l∈N are said to be strongly I-asymptotically la-

cunary ϕ̃-equivalent of multiple L if(r, s, t) ∈ N× N× N :
1

hr,s,t

∑
(j,k,l)∈Ir,s,t

ϕ̃

(
xjkl

yjkl
− L

)
≥ ε

 ∈ I3

for every ε > 0 (denoted by x
NL

θ3
(I3−ϕ̃)
∼ y ) and strongly simply I-asymptotically

lacunary ϕ̃-equivalent if L = 1.

Theorem 3.7. Let I3 ⊂ P (N× N× N) be a non-trivial ideal. Let θ3 =
θr,s,t = {(jr, ks, lt)} be a lacunary triple sequence. If (xjkl) , (yjkl) ∈ ℓ3∞ and

x
SL(I3−ϕ̃)

∼ y , then x
(σ1)

L(I3−ϕ̃)
∼ y .

Proof. Suppose that (xjkl) , (yjkl) ∈ ℓ3∞ and x
SL(I3−ϕ̃)

∼ y . Then we can
assume that

ϕ̃

(
xjkl

yjkl
− L

)
≤ M for almost all j, k, l.

Let ε > 0. Then we have

ϕ̃

 1

rst

r,s,t∑
j,k,l=1,1,1

xjkl

yjkl
− L


≤ 1

rst

r,s,t∑
j,k,l=1,1,1

ϕ̃

(
xjkl

yjkl
− L

)

≤ 1

rst

∑
j,k,l

ϕ̃
(

xjkl
yjkl

−L
)
≥ε

ϕ̃

(
xjkl

yjkl
− L

)
+

1

rst

∑
j,k,l

ϕ̃
(

xjkl
yjkl

−L
)
<ε

ϕ̃

(
xjkl

yjkl
− L

)

≤ M

rst

{
j ≤ r, k ≤ s, l ≤ t : ϕ̃

(
xjkl

yjkl
− L

)
≥ ε

}
+

1

rst
.rst.ε.
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Consequently, if δ > ε > 0, δ and ε are independent, put δ1 = δ − ε > 0, we
have{

(r, s, t) ∈ N× N× N : ϕ̃
(

1
rst

∑r,s,t
j,k,l=1,1,1

xjkl

yjkl
− L

)
≥ δ

}
⊆

{
(r, s, t) ∈ N× N× N : 1

rst

∣∣∣{j ≤ r, k ≤ s, l ≤ t) : ϕ̃
(

xjkl

yjkl
− L

)
≥ ε

}∣∣∣ ≥ δ1
M

}
∈ I3.

This shows that x
(σ1)

L(I3−ϕ̃)
∼ y .

As an immediate consequence of Theorem 3.7, we have the following result.

Corollary 3.8. Let I3 ⊂ P (N× N× N) be a non-trivial ideal. If

(xjkl) , (yjkl) ∈ ℓ3∞ and x
SL(I3−ϕ̃)

∼ y ,

then x
(ϕ̃(σ1))

L
(I3−ϕ̃)

∼ y .

Theorem 3.9. Let ϕ̃ : R → R be an Orlicz function and θ3 = θr,s,t =
{(jr, ks, lt)} be a lacunary triple sequence. Then, the following statements
hold:

(i) If x
NL

θ3
(I3−ϕ̃)
∼ y then x

SL
θ3
(I3−ϕ̃)
∼ y ;

(ii) x
NL

θ3
(I3−ϕ̃)
∼ y is a proper subset of x

SL
θ3
(I3−ϕ̃)
∼ y ;

(iii) If x, y ∈ ℓ3∞ and x
SL
θ3
(I3−ϕ̃)
∼ y then x

NL
θ3
(I3−ϕ̃)
∼ y ;

(iv) x
SL
θ3
(I3−ϕ̃)
∼ y ∩ℓ3∞ = x

NL
θ3
(I3−ϕ̃)
∼ y ∩ℓ3∞.

Proof. (i) If ε > 0 and x
NL

θ3
(I3−ϕ̃)
∼ y , then

∑
(j,k,l)∈Ir,s,t

ϕ̃

(
xjkl

yjkl
− L

)
≥

∑
(j,k,l)∈Ir,s,t

ϕ̃
(

xjkl
yjkl

−L
)
≥ε

ϕ̃

(
xjkl

yjkl
− L

)

≥ ε

∣∣∣∣{(j, k, l) ∈ Ir,s,t : ϕ̃

(
xjkl

yjkl
− L

)
≥ ε

}∣∣∣∣
and so

1

εhr,s,t

∑
(j,k,l)∈Ir,s,t

ϕ̃

(
xjkl

yjkl
− L

)
≥ 1

hr,s,t

∣∣∣∣{(j, k, l) ∈ Ir,s,t : ϕ̃

(
xjkl

yjkl
− L

)
≥ ε

}∣∣∣∣ .
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Then, for any δ > 0,{
(r, s, t) ∈ N× N× N :

1

hr,s,t

∣∣∣∣{(j, k, l) ∈ Ir,s,t : ϕ̃

(
xjkl

yjkl
− L

)
≥ ε

}∣∣∣∣ ≥ δ

}

⊆

(r, s, t) ∈ N× N× N :
1

hr,s,t

∑
(j,k,l)∈Ir,s,t

ϕ̃

(
xjkl

yjkl
− L

)
≥ ε.δ

 ∈ I3.

Hence, we have x
SL
θ3
(I3−ϕ̃)
∼ y

(ii) Suppose that x
NL

θ3
(I3−ϕ̃)
∼ y ⊂ x

SL
θ3
(I3−ϕ̃)
∼ y . Let x = (xjkl) and y = (yjkl)

be two sequences defined as follows :

xjkl =

 jkl,
if jr−1 < j ≤ jr−1 +

[√
hr

]
, ks−1 < k ≤ ks−1 +

[√
hs

]
, lt−1 < l ≤ lt−1 +

[√
ht

]
, r, s, t = 1, 2, ...

0, otherwise.

yjkl = 1 for all j, k, l ∈ N. These sequences satisfy the following x
SL
θ3
(I3−ϕ̃)
∼ y ,

but the following fails
NL

θ3
(I3−ϕ̃)

x ∼ y .

(iii) Suppose that x = (xjkl) and y = (yjkl) belongs to the space ℓ3∞ and

x
SL
θ3
(I3−ϕ̃)
∼ y . Then we can assume that

ϕ̃

(
xjkl

yjkl
− L

)
≤ M for all j, k and l.

Given ε > 0, we have

1

hr,s,t

∑
(j,k,l)∈Ir,s,t

ϕ̃

(
xjkl

yjkl
− L

)

=
1

hr,s,t

∑
(j,k,l)∈Ir,s,t

ϕ̃
(

xjkl
yjkl

−L
)
≥ε

ϕ̃

(
xjkl

yjkl
− L

)

+
1

hr,s,t

∑
(j,k,l)∈Ir,s,t

ϕ̃
(

xjkl
yjkl

−L
)
<ε

ϕ̃

(
xjkl

yjkl
− L

)

≤ M

hr,s,t

∣∣∣∣{(j, k, l) ∈ Ir,s,t : ϕ̃

(
xjkl

yjkl
− L

)
≥ ε

2

}∣∣∣∣+ ε

2
.
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Consequently, we have(r, s, t) ∈ N× N× N :
1

hr,s,t

∑
(j,k,l)∈Ir,s,t

ϕ̃

(
xjkl

yjkl
− L

)
≥ ε


⊆

{
(r, s, t) ∈ N× N× N :

1

hr,s,t

∣∣∣∣{(j, k, l) ∈ Ir,s,t : ϕ̃

(
xjkl

yjkl
− L

)
≥ ε

2

}∣∣∣∣
≥ ε

2M

}
∈ I3.

Therefore, x
NL

θ3
(I3−ϕ̃)
∼ y .

(iv) Follows from (i), (ii) and (iii).

Theorem 3.10. Let I3 ⊂ P (N× N× N) be an admissible ideal. Suppose
that for given δ > 0 and every ε > 0 such that{

(r, s, t) ∈ N× N× N :
1

rst
|{0 ≤ j ≤ r − 1, 0 ≤ k ≤ s− 1, 0 ≤ l ≤ t− 1 :

ϕ̃

(
xjkl

yjkl
− L

)
≥ ε

}∣∣∣∣ < δ

}
∈ F3,

then x
SL(I3−ϕ̃)

∼ y .

Proof. Let δ > 0 be given. For every ε > 0, choose r1, s1, t1 such that
(1)

1

rst

∣∣∣∣{0 ≤ j ≤ r − 1, 0 ≤ k ≤ s− 1, 0 ≤ l ≤ t− 1 : ϕ̃

(
xjkl

yjkl
− L

)
≥ ε

}∣∣∣∣ < δ

2
,

for all r ≥ r1, s ≥ s1, t ≥ t1. It is sufficient to show that there exist r2, s2, t2
such that for r ≥ r2, s ≥ s2, t ≥ t2,
(2)

1

rst

∣∣∣∣{0 ≤ j ≤ r − 1, 0 ≤ k ≤ s− 1, 0 ≤ l ≤ t− 1 : ϕ̃

(
xjkl

yjkl
− L

)
≥ ε

}∣∣∣∣ < δ

2
.

Let r0 = max {r1, r2} , s0 = max {s1, s2} , t0 = max {t1, t2} . The relation (1)
will be true for r > r0, s > s0 and t > t0. If p0, q0,m0 chosen fixed, then we get∣∣∣∣{0 ≤ j ≤ p0 − 1, 0 ≤ k ≤ q0 − 1, 0 ≤ l ≤ m0 − 1 : ϕ̃

(
xjkl

yjkl
− L

)
≥ ε

}∣∣∣∣ = P.
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Now, for r > p0, s > q0 and t > m0, we have

1

rst

∣∣∣∣{0 ≤ j ≤ r − 1, 0 ≤ k ≤ s− 1, 0 ≤ l ≤ t− 1 : ϕ̃

(
xjkl

yjkl
− L

)
≥ ε

}∣∣∣∣
≤ 1

rst

∣∣∣∣{0 ≤ j ≤ p0 − 1, 0 ≤ k ≤ q0 − 1, 0 ≤ l ≤ m0 − 1 : ϕ̃

(
xjkl

yjkl
− L

)
≥ ε

}∣∣∣∣
+

1

rst

∣∣∣∣{p0 ≤ j ≤ p− 1, q0 ≤ k ≤ q − 1,m0 ≤ l ≤ r − 1 : ϕ̃

(
xjkl

yjkl
− L

)
≥ ε

}∣∣∣∣
≤ P

rst
+

1

rst
|{p0 ≤ j ≤ p− 1, q0 ≤ k ≤ q − 1,m0 ≤ l ≤ r − 1 :

ϕ̃

(
xjkl

yjkl
− L

)
≥ ε

∣∣∣∣}
≤ P

rst
+

δ

2
< δ.

for sufficiently large r, s, t. This established the result.

Theorem 3.11. Let I3 ⊂ P (N× N× N) be a non-trivial ideal. Let ϕ̃ : R →
R be an Orlicz function and θ3 = {(jr, ks, lt)} be a lacunary triple sequence

with lim inf qr,s,t > 1. Then x
SL(I3−ϕ̃)

∼ y implies x
SL
θ3
(I3−ϕ̃)
∼ y .

Proof. Suppose that lim inf qr,s,t > 1, then there exists a γ > 0 such that
qr,s,t ≥ 1 + γ for sufficiently large r, s, t, which implies

hr,s,t

kr,s,t
≥ γ

1 + γ
.

If x
SL(I3−ϕ̃)

∼ y , then for every ε > 0 and for sufficiently large r, s, t, we have

1

kr,s,t

∣∣∣∣{j ≤ jr, k ≤ ks, l ≤ lt : ϕ̃

(
xjkl

yjkl
− L

)
≥ ε

}∣∣∣∣
≥ 1

kr,s,t

∣∣∣∣{(j, k, l) ∈ Ir,s,t : ϕ̃

(
xjkl

yjkl
− L

)
≥ ε

}∣∣∣∣
≥ γ

1 + γ

1

hr,s,t

∣∣∣∣{(j, k, l) ∈ Ir,s,t : ϕ̃

(
xjkl

yjkl
− L

)
≥ ε

}∣∣∣∣ .
Then, for any δ > 0, we get{

(r, s, t) ∈ N× N× N :
1

hr,s,t

∣∣∣∣{(j, k, l) ∈ Ir,s,t : ϕ̃

(
xjkl

yjkl
− L

)
≥ ε

}∣∣∣∣ ≥ δ

}
⊆

{
(r, s, t) ∈ N× N× N :

1

kr,s,t
|{j ≤ jr, k ≤ ks, l ≤ lt :

ϕ̃

(
xjkl

yjkl
− L

)
≥ ε

}∣∣∣∣ ≥ γδ

1 + γ

}
∈ I3.

This completes the proof.
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Theorem 3.12. Let I3 = Ifin
3 = {A : A is a finite set} be a non-trivial

ideal, and let θ3 = {(jr, ks, lt)} be a lacunary triple sequence with lim sup qr,s,t <
∞. Then

x
SL
θ3
(I3−ϕ̃)
∼ y implies x

SL(I3−ϕ̃)
∼ y .

Proof. If lim supr,s,t qr,s,t < ∞, then without loss of generality, we can as-
sume that there exists a D > 0 such that qr,s,t < D for all r, s, t ≥ 1. Suppose

that x
SL
θ3
(I3−ϕ̃)
∼ y and for ε > 0, δ > 0 define the sets

Fr,s,t =

∣∣∣∣{(j, k, l) ∈ Ir,s,t : ϕ̃

(
xjkl

yjkl
− L

)
≥ ε

}∣∣∣∣
and{

(r, s, t) ∈ N× N× N :
1

hr,s,t

∣∣∣∣{(j, k, l) ∈ Ir,s,t : ϕ̃

(
xjkl

yjkl
− L

)
≥ ε

}∣∣∣∣ ≥ δ

}
=

{
(r, s, t) ∈ N× N× N :

Fr,s,t

hr,s,t
≥ δ

}
∈ I3,

and, therefore, it is a finite set. We choose integers r0, s0, t0 ∈ N such that

Fr,s,t

hr,s,t
< δ for all r > r0, s > s0, t > t0.

Let F = max {Fr,s,t : 1 ≤ r ≤ r0, 1 ≤ s ≤ s0, 1 ≤ t ≤ t0} and p, q, r be three
integers with jr−1 < p ≤ jr, ks−1 < q ≤ ks and lt−1 < r ≤ lt, then we have

1

pqr

∣∣∣∣{j ≤ p, k ≤ q, l ≤ r : ϕ̃

(
xjkl

yjkl
− L

)
≥ ε

}∣∣∣∣
≤ 1

jr−1ks−1lt−1

∣∣∣∣{j ≤ jr, k ≤ ks, l ≤ lt : ϕ̃

(
xjkl

yjkl
− L

)
≥ ε

}∣∣∣∣
=

1

jr−1ks−1lt−1

{∣∣∣∣{(j, k, l) ∈ I1,1,1 : ϕ̃

(
xjkl

yjkl
− L

)
≥ ε

}∣∣∣∣+ ...

+
1

jr−1ks−1lt−1

∣∣∣∣{(j, k, l) ∈ Ir,s,t : ϕ̃

(
xjkl

yjkl
− L

)
≥ ε

}∣∣∣∣}
=

1

jr−1ks−1lt−1
{F1,1,1 + F2,2,2 + ...+ Fr0,s0,t0 + Fr0+1,s0+1,t0+1 + ...+ Fr,s,t}

=
F

jr−1ks−1lt−1
r0s0t0

+
1

jr−1ks−1lt−1

{
hr0+1,s0+1,t0+1

(
Fr0+1,s0+1,t0+1

hr0+1,s0+1,t0+1

)
+ ...+ hr,s,t

Fr,s,t

hr,s,t

}
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=
F

jr−1ks−1lt−1
r0s0t0

+
1

jr−1ks−1lt−1

(
sup

r>r0,s>s0,t>t0

Fr,s,t

hr,s,t

)
{hr0+1,s0+1,t0+1 + ...+ hr,s,t}

≤ F

jr−1ks−1lt−1
r0s0t0 + δ

(
jrkslt − jr0ks0 lt0
jr−1ks−1lt−1

)
≤ F

jr−1ks−1lt−1
r0s0t0 + δqr,s,t

≤ F

jr−1ks−1lt−1
r0s0t0 + δD.

This completes the proof of the theorem.

Definition 3.13. Let ϕ̃ : R → R be an Orlicz function and p ∈ (0,∞) .
Two number triple sequences x = (xjkl) and y = (yjkl) are said to be strongly

I-asymptotically lacunary ϕ̃ (p)-equivalent of multiple L if(r, s, t) ∈ N× N× N :
1

hr,s,t

∑
(j,k,l)∈Ir,s,t

(
ϕ̃

(
xjkl

yjkl
− L

))p

≥ ε

 ∈ I3

for every ε > 0 (denoted by x
NL

θ3
(I3−ϕ̃(p))
∼ y ) and strongly simply I-asymptotically

lacunary ϕ̃ (p)-equivalent if L = 1.

Definition 3.14. Let ϕ̃ : R → R be an Orlicz function and p ∈ (0,∞) .
Two number triple sequences x = (xjkl) and y = (yjkl) are said to be I-
asymptotically lacunary statistical ϕ̃ (p)-equivalent of multiple L if{

(r, s, t) ∈ N× N× N :
1

hr,s,t
|{(j, k, l) ∈ Ir,s,t :(

ϕ̃

(
xjkl

yjkl
− L

))p

≥ ε

}∣∣∣∣ ≥ δ

}
∈ I3

for every ε > 0, δ > 0 (denoted by x
SL
θ3
(I3−ϕ̃(p))
∼ y ) and simply I-asymptotically

lacunary statistical ϕ̃ (p)-equivalent if L = 1.

Theorem 3.15. Let I3 ⊂ P (N× N× N) be a non-trivial ideal, and θ3 =
{(jr, ks, lt)} be a lacunary triple sequence. Then, the following statements hold:

(i) If x
NL

θ3
(I3−ϕ̃(p))
∼ y then x

SL
θ3
(I3−ϕ̃(p))
∼ y ;

(ii) x
NL

θ3
(I3−ϕ̃(p))
∼ y is a proper subset of x

SL
θ3
(I3−ϕ̃(p))
∼ y ;

(iii) If x, y ∈ ℓ3∞ and x
SL
θ3
(I3−ϕ̃(p))
∼ y then x

NL
θ3
(I3−ϕ̃(p))
∼ y ;

(iv) x
SL
θ3
(I3−ϕ̃(p))
∼ y ∩ℓ3∞ = x

NL
θ3
(I3−ϕ̃(p))
∼ y ∩ℓ3∞.
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Proof. The proof of the theorem follows from the proof of Theorem 3.9.

Acknowledgement. The authors thank to the referees for valuable com-
ments and fruitful suggestions which enhanced the readability of the paper.
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