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ON ASYMPTOTICALLY LACUNARY STATISTICAL
EQUIVALENT TRIPLE SEQUENCES VIA IDEALS AND
ORLICZ FUNCTION

MUALLA BIRGUL HUBAN, MEHMET GURDAL,* AND HAMZA BAYTURK

Abstract. In the present paper, we introduce the concepts of Z-asymptotically
statistical g-equivalence and Z-asymptotically lacunary statistical qz-equivalence
for triple sequences. Moreover, we give the relations between these new
notions.

1. Introduction

In 1980, Pobyvanets gave the definitions for asymptotically equivalent se-
quences and asymptotic regular matrices. Marouf [20] and Li [19] studied the
relationships between the asymptotic equivalence of two sequences in summa-
bility theory and presented some variations of asymptotic equivalence. In 2003,
Patterson [25] extended these concepts by presenting an asymptotically statis-
tical equivalent analog of these definitions and natural regularity conditions for
nonnegative summability matrices. In [26], asymptotically lacunary statistical
equivalence is given as a natural combination of the definitions for asymptoti-
cally equivalence, statistical convergence and lacunary sequences.

Fast [8] presented a generalization of the usual concept of sequential limit
which is called statistical convergence. Saldt [30] gave some basic properties
of statistical convergence. Recently, Mursaleen and Edely [23] presented the
idea of statistical convergence for multiple sequences, and there are several
papers on the statistical and ideal convergence of double and triple sequences
(see literature [2, 11, 17]). The study on the statistical convergence of triple
sequences due to Jahiner et al. [28]. Fridy and Orhan [10] defined the concept
of lacunary statistical convergence. Various applications of this concept can
be found in [9, 12, 13, 15, 16, 21, 31, 33]. The idea is based on the notion
of natural density of subsets of N, the set of all positive integers which is
defined as follows: The natural density of a subset A of N denoted as ¢ (A)

Received February 23, 2021. Revised March 19, 2021. Accepted March 19, 2021.

2020 Mathematics Subject Classification. 40A05, 40C05, 40D25.

Key words and phrases. asymptotically equivalent; ideal convergence; lacunary sequence;
statistical convergence, a—convergence7 triple sequence.

*Corresponding author



344 Mualla Birgiil Huban, Mehmet Giirdal, and Hamza Baytiirk

is defined by 0 (A) = lim, o L [{k < n: k € A}|. Generalizing the concept of
statistical convergence, Kostyrko et al. introduced the idea of Z-convergence in
[18]. More investigations in this direction and more applications of ideals can
be found in [11, 14, 24, 32]. In another direction, a new type of convergence,
called Z-statistical convergence, was introduced in [5].

Since sequence convergence plays a very important role in the fundamental
theory of mathematics, there are many convergence concepts in summability
theory, in classical measure theory, approximation theory and probability the-
ory, and the relationships between them are discussed. The interested reader
may consult Giirdal and Huban [11], Hazarika et al. [15], Mohiuddine and
Alamri [21] and Acar and Mohiuddine [1], the monographs [3] and [22] for the
background on the sequence spaces and related topics. Inspired by this, in
this paper, a further investigation into the mathematical properties of triple
sequences will be made. Section 2 recalls some definitions and theorems in
summability theory. In Section 3, we study Z-asymptotically lacunary sta-
tistical ¢-equivalence of triple sequences and discuss the relationships among
them. We shall use asymptotically equivalent, lacunary sequence and Orlicz
function ¢ to introduce the concepts Z-asymptotically statistical ¢-equivalence
and Z-asymptotically lacunary statistical a—equivalence of triple sequences. In
addition to these definitions, natural inclusion theorems shall also be presented.

2. Definitions and Notations

First we recall some of the basic concepts which will be used in this paper.
By N and R, we mean the sets of all natural and real numbers, respectively.
The notion of statistical convergence depends on the density of the subsets
of the set N of natural numbers. If K is a subset of N, then K, denotes the
set {k € K : k < n} and |K,| also denotes the cardinality of the set K,,. The
natural density of K given by
§(K)= lim 1 | K|,

n—00 N

It is said that a sequence = = ()
which provided that

ren 18 statistically convergent to a point L,

§({k €Nz, —L| >e}) =0,

for every € > 0. If (z),cy is statistically convergent to L and is written as
L = st-limxy,.

In the literature, statistical convergence of any real sequence is defined rela-
tively to absolute value. While, we know that the absolute value of real numbers
is a special case of an Orlicz function [27], i.e. a function ¢ : R — R which
satisfies the following criterion:

(a) ¢ is an even function

(b) ¢ is non-decreasing on R™
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(¢) ¢(z) = 0 if and only if z = 0

(d) ¢ is continuous on R

(e) & — oo implies ¢(z) — 0o

Further, an Orlicz function ¢ is said to satisfy the condition A, if there
exists an positive real number K satisfying the condition ¢(2z) < K.¢(zx),
Vo € RT. In [27], Rao and Ren describes some important applications of Orlicz
functions in many areas such as economics, stochastic problems etc. The reader
can also refer to the paper [6] and recent monograph [4] related with various
ways to generalize Orlicz sequence spaces systematically and investigate several
structural properties of such spaces. Few examples of Orlicz functions are given
below:

Example 2.1. (i) For a fixed r € N, the function 5 : R — R defined as
¢(x) = |z|” is an Orlicz function.

(ii) The function ¢ : R — R defined as ¢(z) = x* is an Orlicz function
satisfying the /s condition.

(iii) The function ¢ : R — R defined as ¢(z) = el — |z| — 1 is an Orlicz
function not satisfying the /\o condition.
(iv) The function ¢ : R — R defined as ¢(x) = 2 is not an Orlicz function.

Definition 2.2. ([31]) Let ¢ : R — R be an Orlicz function. A sequence
x = (z,) is said to be statistically ¢-convergent to L if for each € > 0,

117131%‘{kgn:<$(xk—L) zg}‘ =0

The notion of statistical convergence was further generalized in the paper
[18] using the notion of an ideal of subsets of the set N. We say that a non-
empty family of sets Z C P (N) is an ideal on N if Z is hereditary (i.e. B C
A €T = BecT)and additive (i.e. A,B € Z implies AUB € 7). An ideal 7
on N for which Z # P (N) is called a proper ideal. A proper ideal Z is called
admissible if Z contains all finite subsets of N. If not otherwise stated in the
sequel Z will denote an admissible ideal. Let Z C P (N) be a non-trivial ideal.
Aclass F(I) ={M c N:3A € T: M = N\ A} called the filter associated with
the ideal Z, is a filter on N.

Recall the generalization of statistical convergence from [18]. Let Z be
an admissible ideal on N and =z = (xj) be a real sequence. We say that
the sequence z is Z-convergent to L € R if for each € > 0, the set A (g) =
{neN:|zy —L| > e} € I. Take for Z the class Z; of all finite subsets of N.
Then Z; is a non-trivial admissible ideal and Zy-convergence coincides with the
usual convergence.

For more information about Z-convergent, see the references in [24]. We
also recall that the concept of Z-statistically convergent is studied in [5].
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A sequence () is said to be Z-statistically convergent to L if for each e > 0
and 6 > 0,

1
{neN:n|{k§n:|xk—L|25}|Z5}eI.

In this case, L is called Z-statistical limit of the sequence (z3) and we write
I-st —limg oo x = L.

We now recall the following basic concepts from [28, 29] which will be needed
throughout the paper.

A function z : NxXNxN — R (or C) is called a real (complex) triple sequence.
A triple sequence (z;) is said to be convergent to L in Pringsheim’s sense if
for every ¢ > 0, there exists ng(¢) € N such that |z, — L| < ¢ whenever
Jsk,1 > ng. A triple sequence (1) is said to be bounded if there exists M > 0
such that |z < M for all j,k,I € N. We denote the space of all bounded
triple sequences by £3_.

Definition 2.3. A subset K of N x N x N is said to have natural density
(K) if
exists, where the vertical bars denote the number of (n,k,l) in K such that
p <n,q <k, r <l Then, areal triple sequence x = (znx) is said to be
statistically convergent to L in Pringsheim’s sense if for every € > 0,

§({(n,k,1) ENXNxN: |z — L| >¢}) =0.

Throughout the paper we consider the ideals of P (N) by Z; the ideals of
P (N x N) by Z, and the ideals of P (N x N x N) by Z;.

Definition 2.4. A real triple sequence (x,y;) is said to be Z-convergent to
L in Pringsheim’s sense if for every € > 0,

{(n,k,1) e NXNXN: |z — L| >¢c} € Zs.
In this case, one writes Z3-lim x,x; = L.

We define the asymptotically equivalence of single sequences as follows (see
[20]) :

Definition 2.5. Two nonnegative sequences x = (xy) and y = (yi) are
said to be asymptotically equivalent if
x
lim =% =1
k Yk

(denoted by © ~ y).
Patterson [25] presented a natural combination of the concepts of statis-

tical convergence and asymptotically equivalence to introduce the concept of
asymptotically statistically equivalence, as follows:
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Definition 2.6. Two nonnegative sequences x = (xy) and y = (yx) are
said to be asymptotically statistical equivalent of multiple L provided that for
every € > 0,

1
lim -~ {the number of k < n :

M—L‘Zs}:O
Yk

(denoted by x % y) and simply asymptotically statistical equivalent if L = 1.

By a lacunary 6 = (k.); r = 0,1,2,..., where ko = 0, we shall mean an
increasing sequence of nonnegative integers with k. — k,._1 as r — oo. The
intervals determined by 6 will be denoted by I, = (ky—1, k] and b, = k. —Fk,_1.

The ratio kfil will be denoted by g,..

Definition 2.7. ([26]) Let § be a lacunary sequence; the two nonnega-
tive sequences © = (zy) and y = (yi) are said to be asymptotically lacunary
statistical equivalent of multiple L provided that for every & > 0

{ke]r: “L‘za}‘o
sg

Yk
(denoted by x ~ y) and simply asymptotically lacunary statistical equivalent
if L=1.

1
lim —

Definition 2.8. Let 6 be a lacunary sequence. A sequence x = (xy,) is said
to be strongly Z-lacunary convergent to L or Ny (I)-convergent to L if, for any

e >0,
1
{reN:hZ|xk—L>£}€I.

" kel
In this case, we write 2, — L (Ng (Z)). The class of all strongly Z-lacunary
statistically convergent sequences will be denoted by Ny (T) .

3. Main Results

In this section, we present the notion of triple sequences and study Z-
asymptotically statistical g-equivalence and Z-asymptotically lacunary statis-
tical gg-equivalence for these sequences.

Definition 3.1. ([7]) The triple sequence 03 = 0, s+ = {(jr, ks, 1)} is called
triple lacunary sequence if there exist three increasing sequences of integers such
that

Jo=0, hp =j, —jr—1 - 00 aST — 00,

ko=0, hg =ks —ks_1 — 00 as s — o0,
and

lo=0, hy =1l; —l;_1 — o0 ast — oo.



348 Mualla Birgiil Huban, Mehmet Giirdal, and Hamza Baytiirk

Let kv s+ = Jrksle, hr st = hrhghy and 0, 54 is determined by
I’r',s,t = {(]7kal) :j7‘—1 < .] < j’!‘aks—l <k < ks and lt—l <l < lt}a

_ jr _ ks _ lt _
r = ———,qs = yqt = —— and qGr st = qrqsqs-
Jr—1 ko1 liq
Let D C N x N x N. The number
1

35(D) = lim {(j, k1) € Lnsy : (4, k,1) € DY

st Np gt

. . 3
is said as the 0,  ,

-density of D, provided the limit exists.

We define the following :

Definition 3.2. Let % :R — R be an Orlicz function. Two number triple
sequences T = (Tju1) 1. ey a1d Y = (Yju1) 1, e are said to be I-asymptotically

statistical 5—equivalent of multiple L provided that for every € > 0,0 > 0,

{(r,sJ)GNxNxN:%

St(z3—¢
(denoted by x gvy )
if L=1.

{jgr,kgs,lﬁttg(w—[/)25}’26}EI?’

Yjikl

) and simply T-asymptotically statistical g—equivalent

Definition 3.3. Let 5 : R = R be an Orlicz function and 03 = 0, 5+ =
{(jr, ks,1t)} be a lacunary triple sequence. Two number triple sequences x =
(zjr) and y = (y;ri) are said to be Z-asymptotically lacunary statistical 5—
equivalent of multiple L if

{(r,s,t) eNxNxN:#H(j,kz,l) eIT,&t:a(M—L) ZEH 25} e T

s,t Yikl
5o, (T2 =) : :
for every € > 0,0 > 0 (denoted by x “~vy ) and simply Z-asymptotically

lacunary statistical gg—equivalent if L=1.

Definition 3.4. Let (E : R — R be an Orlicz function. Two number
triple sequences @ = (x;ju1); ;e and Y = (Yjri); 5 ey are said to be Cesdro

T-asymptotically g—equjvalent of multiple L if for every € > 0

7r,8,t

Tkl
Z LI >ep€ely
rst Pl Yikl

1

(r,s,t) ENxNxN:¢

(01)"(Zs-¢ ~
denoted by x ' f\ggj )) and simply Cesdro T-asymptotically ¢-equivalent if
L=1.

Definition 3.5. Let ;5 :R — R be an Orlicz function. Two number triple
sequences T = (wjkl)j pien and y = (yjkl)j wicn are said to be strongly Cesdro
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T-asymptotically g—equjva]ent of multiple L if for every € > 0

7,8,
ot
(r,s,t) ENXxNxN:— »° ¢<W—L>>g € 1y
Tstjkl:1 Yikl

3(01))" (Ts—o ~
(denoted by x (90 L Y ’ )) and simply strongly Cesdro T-asymptotically ¢-

equivalent if L = 1.

Definition 3.6. Let 5 : R — R be an Orlicz function and 0 = 0, 5; =
{(r, ks,1t)} be a lacunary triple sequence. Two number triple sequences x =
(xjkl)j eaen and y = (yjkl)j p1cn are said to be strongly Z-asymptotically la-

cunary ¢-equivalent of multiple L if

(r,s,t) e Nx NxN:

3 a(WL)zs € T

Pt Gkelna, N JIM

NE (T34
for every € > 0 (denoted by x QSLSy )) and strongly simply Z-asymptotically

lacunary ¢-equivalent if L = 1.

Theorem 3.7. Let T3 C P (N x N x N) be a non-trivial ideal. Let 03 =

0r.5+ = {(jr ks, 1)} be a lacunary triple sequence. If (zjx), (yjii) € €3, and
St (25-8) (01) (Z5—-3)
xr ~vy ', thenx ~y .
S5(23-3)

Proof. Suppose that (xjg), (yju) € €3, and *  ~y ~ . Then we can

assume that
¢ (z’“ - L) < M for almost all j, k, .
Yjkl

Let € > 0. Then we have

r,8,t
sl Tik
rst kdet,1,1 ikl
1 T,8,t ~(Zim
<— > 6 <J - L>
rst Gikl=1,1,1 Yjkt
Y md 3
gkl Ikl s S Ykl
Ao )z 3 -r)<e
SM{jST,kSSJSt15<W—L> Z€}+1.7‘St.€.
rst Ykl rst
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Consequently, if § > ¢ > 0, 6 and ¢ are independent, put 61 = 6 —e > 0, we
have

{(r,s,t)ENXNxN:gb(r Z
g{(r,s,t)eNxNxN L {
€ Is.

Vi B8 - 1) 26}
<rk<sl<t): ¢(M—L)ze}‘z%}

Yjkl

. (@) (Zs-9)
This shows that x ~ Yy . O

As an immediate consequence of Theorem 3.7, we have the following result.
Corollary 3.8. Let Zs C P (N x N x N) be a non-trivial ideal. If

SH(15-9)
(@) s (Yjmr) 68350 and v ~y ’,

$e)" (Zs—4
then:n( lwy(;g )

Theorem 3.9. Let 5 : R — R be an Orlicz function and 03 = 0, ,; =
{(jr,ks,1t)} be a lacunary triple sequence. Then, the following statements
hold:

(i) Ifx Né’(\ﬁ/ﬁa) then x S9L3r(vI 3?47;5)3
(i) @ NsLaNI?’Ji% is a proper subset of x SHLB,(VI 3&,75);
(iii) If z,y € £3_ and 593g3y 2 then x NQL?’LISy_(;)§
(iv) @ % ~y ) nes, = Ngi(fy_g) ne..

Ny (Z3—9)

Proof. (i) If £ > 0 and x SNZ , then

SRR R

GhDel,., \Yikl Goh)elra, IR
(i —1)>e
. ~(x;
25 (]vkvl)elr,s,t:¢<]M_L)>5}‘
Yjikl

and so

1 7 Tkl 1
—— —-L| >
2 ¢< j ) Y

eh
r,s,t Gk ) E et Yjkl

{(]vkal) S Ir,s,t : 5(% _L> Z 8}’ .
Yjkl
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Then, for any ¢ > 0,

{(r,s,t)eNxNxN:

{(]ka) S Ir,s,t : (Z(W - L) Z 8}’ Z 5}
Yjkl

- g(W—L> >cd €Ty

hr,s,t

C<(rs,t) e NxNxN:

r,8,t Gk ) ELr e yjkl
SE(Ts—¢
Hence, we have z 93f(v3y )
N9L3 (I3 _‘E) S9L3 (I3 _5)

(it) Suppose that x "~y "Ca "~y . Letz = (xji) and y = (yjmu)
be two sequences defined as follows :

]kl if jr—l <] S jr—l + [\/m aks—l <k S ks—l + [\/E]

Tjkl = alt71<l§lt71+|:\/ht y st =1,2, ..
0, otherwise.
‘ . , Sty (Zs =)
yirr = 1 for all j,k,I € N. These sequences satisfy the following x "~y ~,
N9L3 (137‘;)

but the following fails & ~y
(i%i) Suppose that = (z;;) and y = (y;x) belongs to the space £3, and

563 (Zs—9)
x ~~vy . Then we can assume that

;5(”51’” —L) < M for all j, k and [.
Ykl
Given € > 0, we have

R

h .
VNI A

:hl 3 5<%ML>

Pt Gyel .. YR

3(5ik-1)>e
1 5%
+ 2 >, ¢ (W - L)
T,8,t 4,k D)EL s ¢ Ykl
o)<
v . ~ (k1 < c
< A RS L) =g 2’
= st {(J ) it 19 <yjkl > a 2}‘ i
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Consequently, we have

(r,s,t) e Nx NxN:

Z g(W—L>>E

S Gk el, NI
1 vy
C{(r,s,t)eNxNxN: {(j,k,l)e[ns,t:gé(%kl— )>€H
hr,s,t Yjkl 2
€
>
> ) €T
NE(Z3—-6
Therefore, x 03LZ ) .
(iv) Follows from (%), (i1) and (7). O

Theorem 3.10. Let Z3 C P (N x N x N) be an admissible ideal. Suppose
that for given § > 0 and every ¢ > 0 such that

1
{(r,s,t)eNxNxN:t|{O<j<r—170<k<8—1,0<l<t—1:
rs

5(?“—L> Zs}‘ <5} € Fa,
ikl

SE(Zs-9)
thenx ~vy .

Proof. Let 6 > 0 be given. For every ¢ > 0, choose 71, s1,t; such that
(1)

rst

e 5
{0§j§r1,0§k§51,0§l§t1:¢(%klL)Zs}‘<,
Yikl 2

for all » > r1,8 > s1,t > t1. It is sufficient to show that there exist rg, so,to
such that for r > ro, 8 > 59, > to,

(2)

Ny §
0<j<r—1,0<k<s—1,0<i<t—1:¢( 2" [)>cl <2
rst 2

Yjkl

Let 7 = max{ry,r2}, so = max{si,s2}, to = max{t1,t2}. The relation (1)
will be true for r > 1o, s > sg and t > tg. If pg, go, mo chosen fixed, then we get

=P.

HO<j<p0—1»0<k<QO—170<l<m0—11$<xjkl—L>>€}
Ykl
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Now, for r > pg, s > qp and t > myg, we have

rst

{0<]<r—10<k<s—1 0<I<t—1: ¢5<wjkl— >>5H
Yjkl

1

< —

— rst

Tkl

{0<]<p0]_0<k<q0]_ 0<I<my—1: ¢<%“ L>25H
-2)

Ykl
-

1
Hpo<3<p1 go<k<qg—1my<Il<r—1: ¢<
st Yjiki
P
<7
st

1
E|{po<3<p—1 Go<k<g—1mg<I<r—1:

H(m 1) =]
Ykl
P )
— < 4.
rst *3 2
for sufficiently large r, s, t. This established the result. O

Theorem 3.11. Let Zs C P (N x N x N) be a non-trivial ideal. Let ¢:R—
R be an Orlicz function and 03 = {(j,, ks,1:)} be a lacunary triple sequence
e $H(Ts=9) . 55 (Ta—9)
with liminf g, s, > 1. Thenx ~vy ~ impliesxz "~y .
Proof. Suppose that liminf g, ,; > 1, then there exists a v > 0 such that
gr st > 1+~ for sufficiently large r, s, ¢, which implies

hr,s,t > Y

kr,s,t 1 + '7

SY(T3—
If (Ngy ), then for every € > 0 and for sufficiently large r, s, ¢, we have

{j<j’r’7k<k57l<ltl(’]§<xjkl— >>5}
Yiki

kr,s,t
> {(j,k,l) €Ly 5(9%1 N L> > 5}
kr,s,t yjk:l
i : T Tkl
z k)€l —— — L) >e;l.
Tl s {(] ) € I ¢(yjkl ) H

Then, for any § > 0, we get

{(r,s,t)eNxNxN:

{(j,k,l) €lrsy: 5(”’“’ - L) > 5}’ > 5}
Ykl

|{j§j7‘>k§ks7l§ltl

r,8,t

1
g{(r7s7t)eNxN><N:k

7,8,

g(xﬂ'kl_L) 25}‘ 276}613.
Yjkl 14~

This completes the proof. O
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Theorem 3.12. Let T3 = Zi" = {A: A is a finite set} be a non-trivial
ideal, and let 03 = {(jr, ks, l¢)} be a lacunary triple sequence with limsup g s+ <
0o. Then

Sy (Ta=0) . S"(Ts=9)
r T~y impliesx ~y .

Proof. If limsup,. ; ; ¢r st < 00, then without loss of generality, we can as-
sume that there exists a D > 0 such that ¢, s < D for all ,s,¢£ > 1. Suppose

St (Za—9)
that + "~y ~ and for € > 0,6 > 0 define the sets

Yjkl

{(]akvl) € Ir,s,t : %(x]kl —L> > E}‘ > (5}
Yijkl

Frs
”’fzfs}efg,

T,8,t

and

1
hr,s,t

{(r,s,t)éNxNxN:

{(r,s,t)ENXNXN:

and, therefore, it is a finite set. We choose integers 7g, o, t9p € N such that

F
oot < § for all r > rg, s > so,t > to.
hr,s,t

Let F' = max{F,5;:1<7r<m5,1<s<s9,1<t<ty} and p,q,r be three
integers with j,._1 <p < jr, ks_1 < q<ksand l;_; <r <l then we have

{ankSqJ§r:$(”“—L)zaH
Ykl

<1 {js%kgks,lﬁlt:%(%“— )28 ‘
Jr—tks—1li—1 Yikl

1 _ .
S S {'{(j,k,l) €1y ¢<W _L) >5H o
Jr—1ks—1li—1 Ykl

1 . ~( Tjkl
S PP )

Jr—1ks—1li—1 {(j ) ! ¢(yjkl
1

B jr—lks—llt—l

par

{Fia1+ Fooo+ ..+ Frgsoto T Frot1,s041,0041 + oo + Frosi}

= ———ToSoto
Jr—1ks—1li—1

1 h Frot1,s041,t0+1 b
—— Y rotlsorlto+t | T | o F s/
jr—lks—llt—l hr0+1,so+l,t0+1 hr,s,t
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= ———ToSoto
Jr—1ks—1li—1
1 Fr s,t
+ sup = | {Prot1s041,t0+1 + o T hrsit}
]r—lks—llt—l r>710,5>50,t>t0 hr,s,t

TOSOtO + 5 (]rkslt - jroksolm)

<—F -
Jr—1ks—1li—1 Jr—1ks—1li—1

< ———rosoto + 0¢rst
Jr—1ks—1li—1

< ——rpsptg + 0D.
Jrflksflltfl

This completes the proof of the theorem. O

Definition 3.13. Let ¢ : R — R be an Orlicz function and p € (0,00).
Two number triple sequences x = (1) and y = (y;x1) are said to be strongly
T-asymptotically lacunary ¢ (p)-equivalent of multiple L if

s (3( - n)) sl es
Yt =t

(jvkvl)elr,s‘t

(r,s,t) e Nx NxN:

7,8,
N9L3 (13 _(E(p)) . .
for every € > 0 (denoted by x ~y ) and strongly simply Z-asymptotically
lacunary ¢ (p)-equivalent if L = 1.

Definition 3.14. Let ¢ : R — R be an Orlicz function and p € (0,00) .
Two number triple sequences © = (x;i;) and y = (y;m) are said to be I-

asymptotically lacunary statistical ¢ (p)-equivalent of multiple L if
1

{(r,s,t)eNxNxN:h (G kD) € I
7,8,t

(i VY
(¢ <yjkl L)) = E}
S5 (Ts—o(p))

for every € > 0,6 > 0 (denoted by x ~ 1y ) and simply T-asymptotically
lacunary statistical ¢ (p)-equivalent if L = 1.

25}613

Theorem 3.15. Let 73 C P (N x N x N) be a non-trivial ideal, and 03 =
{(jr, ks,1;)} be alacunary triple sequence. Then, the following statements hold:
Ng, (Zs—é(p) Sk (Zs—a(p)
(1) If BS(A?y ) then x gs(iy );
Ng; (Za—4(p) Sg, (ZTs—6(p)
(i) z " (fj Y ) is a proper subset of x 93(3 Yy );
Sty (Ta—9(p)) NE (Zs-d(p))
~Yy then x ~ Yy ;
NQI::,) (13—5(17))
~Y

(iii) If z,y € €3, and x

Sg (Zs—¢(p)
(iv) = 93(53/ ») ne3

3
N, == oo
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Proof. The proof of the theorem follows from the proof of Theorem 3.9. [
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