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Abstract

This paper is devoted to a convergence study of the nonlocal integral operator in peridynamics. The implicit formulation can be an efficient
approach to obtain the static/quasi-static solution of crack propagation problems. Implicit methods require constly large-matrix operations.
Therefore, convergence is important for improving computational efficiency. When the radial influence function is utilized in the nonlocal
integral equation, the fractional Laplacian integral equation is obtained. It has been mathematically proved that the condition number of the
system matrix is affected by the order of the radial influence function and nonlocal horizon size. We formulate the static crack problem with
peridynamics and utilize Newton-Raphson methods with a preconditioned conjugate gradient scheme to solve this nonlinear stationary system.
The convergence behavior and the computational time for solving the implicit algebraic system have been studied with respect to the order of

the radial influence function and nonlocal horizon size.
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Fig. 1 Domain £2=[—0.5,0.5]*(m-unit) has a crack of length 0.3m
on the center. The stretching force is applied on at the
top/bottom region



Table 1 Condition numbers of algebraic equations
R | w(ALy) | k(AZ,) [ k(AL ) | s(4,) | w(4,) | k(4,,)
1/2° |5.19E+1|5.72E+1 | 6.80E+1 | 1.53E+2 | 4.47E+2 | 1.10E+3
1/2° | 1.95E+2|2.16E+2 [ 2.59E+2 | 5.90E+2 | 1.77E+3 | 4. 46E+3
1/27 | 7.54E+2|8.40E+2 | 1.01E+3|2.31E+3 | 7.03E+3 | 1.80E+4
1/2° | 2.96E+3 | 3.30E+3 [4.00E+3 |9.18E+3 | 2.81E+4 | 7.23E+4

Table 2 Numerical performance of CG with varying «: Iteration
numbers (N) and computational time (CT)

a=—3 a=—2 a=—1
h N CT N CT N CT
1/2° 17 0.22 18 0.23 20 0.24
1/2° 32 1.86 33 1.94 37 2.10

1/27 61 14.98 64 15.03 70 16.30
1/2 117 115.53 123 119.99 135 134.86

ol

239 o1oE

Table 3 Numerical performance of D-PCG with varying o:
Iteration numbers (N) and computational

a=—3 a=—2 a=1
h N CT N CT N CT
1/2° 16 0.11 17 0.11 18 0.12
1/25 31 0.95 32 0.94 35 1.01

1/27 60 7.67 63 7.82 67 8.02
1/2° 116 57.10 121 61.00 129 65.43

a=0 a=1 a=1.9
h N CT N CT N CT
1/2° 27 0.18 43 0.28 62 0.43
1/25 50 1.45 80 2.37 115 3.59
1/27 96 11.54 153 18.91 221 26.93

1/28 185 92.68 296 148.18 427 212.02

Table 4 Numerical performance of MG-PCG with varying «:

a=0 a=1 a=1.9 Iteration numbers (N) and computational time (CT)

h N CT N CT N CT P— =2 P
1/2° 30 0.37 47 0.57 68 0.84 h N CT N CT N CT
1/2° 55 3.12 91 5.21 134 7.73 1/2° 4 0.31 4 0.31 4 0.32
1/27 106 26.00 176 42.82 265 63.78 1/2° 4 1.29 4 1.30 5 1.64
1/2° 205 | 20459 | 345 | 34420 | 520 | 503.29 1/2" 4 5.37 4 5.35 4 5.38

1/2* 4 21.84 4 21.64 4 21.51

WA FiE del A7k Baske, o e F A, a=0 a=1 a=19
A WA Newton-iteration®] 4 ©] Zu}7} 2 2fo]7} §17] wjizo] p | N L LN o N A
t}. Table 1-2 o514 41 2] condition number x(4,,) & 5o & 1z > 059 6 049 i 0.74
= 1/28 5 1.63 7 2.30 9 3.01
o} of7] 4, A, = w7 S o of] whet geEbR) = o4 1Y 4] < | 1/27 5 6.74 7 9.44 9 12.10
22 olu]gtt}. Table 194 $-2= a7} #2452, condition 1/2° 5 2714 | 7 | 3768 | 9 | 4851

number”} 7 -& &= Qlok T3 HUZE aof| YA = a7}
Zlo}A o condition number 7} 48l A A2 ol & 4= Qlt}.

Tables 2-4= CG, D-PCG, MG-PCG & = U} 4 4] < ]
stopping ZA7}A] tf= HHA A1 o] Alt)] ZXrF(relative residual)
7t Eol ezt A2l (N)2F CPU-time(CT)S H I3ttt o]
o] D-PCG+ 3§ 9] diagonal-2- preconditioner 2 A&-%F PCG
solverE 2Ju|slH, MG-PCG+ multigridE preconditioner =
AR&SHPCGE 9Ju|gict.

Tables 2-40)| H 1% A3E HH, == solvero] thaA] a7}
A2 E ¢ 28 4=9] jteration =2} CPU-time 2. 2 4= 214
Alo] Fel= S Rl = ek Wb G H aof M=
h7}24] ZtolAl 0 CG, D-PCGS’J 739~ CPU-time©] 84j] =7}
SHe A2 B4 gy, o) 2 g WA A ey ek
AlZte] O(N') & oJm| f&EP. A HE o H]Eof tiafjA
MG-PCG2] 3% h7} 28} ol w)], CPU-time©] 48} =73}
£, 0] A2 MG-PCGO] O(N) L e|E ofn|gi). whetA]
MG-PCGE| 7%~ a 9 Bl&3} 4Fglo] 4d5©] robust 32 &+

Fig. 2= 131 @F A w, -1 (€) & aof tisfiA] 334
o}, oo #Hg]|cho|uba] A Z-8-21-2-micromodulus ¢, 2} bond
strain s ] TA|4] © 2 Ch23} gro| A2 0 2 FHSIH, w, ()

ABAE RS TASHE A8 7 U1 4L HojET,
’ — caw“—l(g)s(w,7$)7if|$,_$|§5
fla', ) {0, otherwise @1

AL Oell o8l a >—194 a7} S7Fstd v]&9] fractional
k=7t g obA] Al =] o] condition number 7} A A= 23HE A&
4= Qlth E3HFig 20| 4] & 4= Q)% o] Hjctouby] mdlo] A
7 H| R BEAo] F43] EolEes AL 1T 4= 9l

3.2 Condition number®]] o3t R2] <43

3.2 AoflA= A E a =09 tisiA R7} HS o, 4= 1
A A1 9] condition number2} o 2] solver=2] CPU-timeS X 11
e} Tables 5-70)| 4] Z+2F CG, D-PCG, MG-PCG 9] iteration
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Table 5 Numerical performance of CG with varying R: Iteration
numbers (N) and computational time (CT)

R=4 R=8 R=16
h N CT N CT N CT
1/2° 47 0.14 30 0.37 20 0.73
1/2° 91 1.99 55 3.12 34 6.92
1/27 177 10.17 106 26.00 62 57.80
1/28 349 83.06 205 204.59 118 460.77

Table 6 Numerical performance of D-PCG with varying R: Iteration
numbers (N) and computational time (CT)

R=4 R=8 R=16
h N CT N CT N CT
1/2° 45 0.08 27 0.18 18 0.33
1/2° 86 0.60 50 1.45 31 3.03
1/27 166 4.71 96 11.54 55 23.80
1/28 323 37.61 185 92.68 105 197.05

Table 7 Numerical performance of MG-PCG with varying R:
Iteration numbers (N) and computational time (CT)

R=4 R=8 R=16
h N CT N CT N CT

1/2° 6 0.20 5 0.39 4 0.81

1/2° 6 0.69 5 1.63 4 4.42

1/27 6 2.59 5 6.74 4 19.09

1/28 6 9.65 5 27.14 4 82.30
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