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ON THE CURVATURE FUNCTIONS OF TUBE-LIKE

SURFACES IN THE GALILEAN SPACE

Hossam Eldeen S. Abdel-Aziz and Adel H. Sorour

Abstract. In the Galilean space G3, we study a special kind of tube

surfaces, called tube-like surfaces. They are defined by sweeping a space
curve along another central space curve. In this setting, we investigate

some equations in terms of Gaussian and mean curvatures, showing some

relevant theorems. Our theoretical results are illustrated with some plot-
ted examples.

1. Introduction

Canal and tube (pipe) surfaces are common surfaces that we encounter in
many areas other than just geometry, where we find a lot of daily objects have
the shape of a pipe or canal surface. We cite, for example, a bottle, a round leg
of a table or chair, etc. In this regard, we find that in [17], the authors presented
a geometric description of ascending colons of some domestic animals. These
ascending colons can be described as a tubular surface along some curve. This
structure has many additional applications in areas like medicine and computer
aided geometric design.

Tube surfaces are among the surfaces which are easier to describe both
analytically and kinematically. They are still under active investigation [2,4,8,
9,15]. A large number of papers have been published in the literature which deal
with tube surfaces in both Minkowski space and Euclidean space. Recently,
Abdel-Aziz in [1] and Sorour in [13] have investigated a new type of these tube
surfaces, so called tube-like surfaces which we will pay great attention to in our
study of this paper.

A surface M in Euclidean space E3 or Minkowski space E3
1 is called Wein-

garten surface if there is a smooth relation U(k1, k2) = 0 between its two princi-
pal curvatures k1 and k2. If K and H denote respectively the Gauss curvature
and the mean curvature of M , U(k1, k2) = 0 implies a relation Φ(K,H) = 0.
The existence of a non-trivial functional relation Φ(K,H) = 0 on a surface M
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parameterized by a patch X(u, v) is equivalent to the vanishing of the corre-

sponding Jacobian determinant, namely |∂(K,H)
∂(u,v) | = 0 [14].

The simplest case, when U = ak1 + bk2 − c or Φ = aH + bK − c (a, b and
c are constants with a2 + b2 6= 0), the surfaces are called linear Weingarten
surfaces. When the constant b = 0, a linear Weingarten surface M reduces
to a surface with constant Gaussian curvature. When the constant a = 0, a
linear Weingarten surfaceM reduces to a surface with constant mean curvature.
In such a sense, the linear Weingarten surfaces can be regarded as a natural
generalization of surfaces with constant Gaussian curvature or with constant
mean curvature [14].

Following the Jacobi equation and the linear equation with respect to the
Gaussian curvature K and the mean curvature H, an interesting geomet-
ric question is raised: Classify all surfaces in Galilean 3-space satisfying the
conditions:

(1) Φ(X,Y ) = 0,

or, more precisely,

(2) aX + bY = c,

where (X,Y ) ∈ {K,H}, X 6= Y and (a, b, c) 6= (0, 0, 0).
In this paper, we have defined tube-like surfaces in Galilean 3-space. Next,

the Jacobi condition and the linear equation with respect to their curvatures
have been studied. Furthermore, some theorems are obtained.

2. Preliminaries

The Galilean space G3 is a Cayley-Klein space equipped with the projective
metric of signature (0, 0,+,+), as in [12]. It is a three dimensional complex
projective space P3 in which the absolute figure {ω, f, I1, I2} consists of a real
plane ω (the absolute plane), a real line f ⊂ ω (the absolute line) and two
complex conjugate points I1, I2 ∈ f (the absolute points) [7]. We shall take,
as a real model of the space G3, a real projective space P3 with the absolute
{ω, f} consisting of a real plane ω ⊂ G3 and a real line f ∈ ω on which an
elliptic involution ε has been defined. In homogeneous coordinates:

(3)
ω...x0 = 0, f...x0 = x1 = 0,
ε : (0 : 0 : x2 : x3)→ (0 : 0 : x3 : −x2).

The geometry of the Galilean space G3 has been treated in detail in [12]. More
about Galilean space may be found in [7, 16].

In the three dimensional Galilean space G3, there are four classes of lines
[16]:

a) (proper) nonisotropic lines: they do not meet the absolute line f .
b) (proper) isotropic lines: lines that do not belong to the plane ω but meet

the absolute line f .
c) (unproper) nonisotropic lines: all lines of ω but f .
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d) the absolute line f .
Planes x = constant are Euclidean and so is the plane ω. Other planes are

isotropic.
In affine coordinates, the Galilean scalar product between two vectors x =

(x1, x2, x3) and y = (y1, y2, y3) is defined by [12]:

(4) 〈x,y〉G3
=

{
x1y1, if x1 6= 0 or y1 6= 0,
x2y2 + x3y3, if x1 = 0 and y1 = 0.

The Galilean cross product is defined for x = (x1, x2, x3) and y = (y1, y2, y3)
by [9]:

(5) (x ∧ y)G3
=

∣∣∣∣∣∣
0 e2 e3
x1 x2 x3
y1 y2 y3

∣∣∣∣∣∣ .
The Galilean sphere of radius d and center c of the space G3 is expressed as
[18]:

S2
G3

(c,d) = {(Z − c) ∈ G3 : 〈Z − c, Z − c〉G3
= ±d2}.

Now, let M : Φ = Φ(u, v) be a surface in Galilean 3-space given by the
parametrization:

Φ(u, v) =
(
x(u, v), y(u, v), z(u, v)

)
, u, v ∈ R,

where x(u, v), y(u, v), z(u, v) ∈ C3. The isotropic unit normal vector N of the
surface M is defined by:

(6) N(u, v) =
Φu ∧ Φv
‖Φu ∧ Φv‖

, Φu =
∂Φ

∂u
, Φv =

∂Φ

∂v
,

or equivalently:

N(u, v) =

(
0, xvzu − xuzv, xuyv − xvyu

)
√

(xvzu − xuzv)2 + (xuyv − xvyu)2
,

where xu = ∂x(u,v)
∂u , xv = ∂x(u,v)

∂v . Using (3) and let ζ = ‖Φu ∧Φv‖, we get the
isotropic unit vector δ(u, v) in the tangent plane of the surface as in [4]:

(7) δ(u, v) =

(
0, xvyu − xuyv, xvzu − xuzv

)
ζ

,

where

〈δ, δ〉 = 1, 〈N, δ〉 = 0,

by means of Galilean geometry. A straightforward computation shows that δ
can be expressed by:

(8) δ(u, v) =
xvΦu − xuΦv

ζ
.
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If we use Einstein summation convention, then δ can be written as:

δ = giΦi = g1Φu + g2Φv,

where

(9) g1 = xu, g2 = xv, gij = gigj

and

(10) g1 =
xv
ζ
, g2 = −xu

ζ
, gij = gigj .

The first fundamental form ds2 of a surface M in G3 is given by:

(11) ds2 = (g1du+ g2dv)2 + ε(h11du
2 + 2h12dudv + h22dv

2),

where

(12) h11 = 〈Φu,Φu〉, h12 = 〈Φu,Φv〉, h22 = 〈Φv,Φv〉,

and

ε =

{
0, if direction du : dv is non-isotropic,
1, if direction du : dv is isotropic.

Besides, the coefficients of the second fundamental form can be determined
from:

Lij = 〈Φijxu − xijΦu
xu

, N〉 = 〈Φijxv − xijΦv
xv

, N〉,

where Φij denotes the second order partial differentials of M and the indices
i, j belong to the parameters u, v respectively. Under this parametrization of
the surface M , the Gaussian curvature K and the mean curvature H have the
classical expressions, respectively [10]:

(13) K =
det(Lij)

ζ2
,

(14) H =
1

2
gijLij .

The principal curvatures of the surface are given by the following equations:

(15) k1 = H +
√
H2 −K, k2 = H −

√
H2 −K.

From Brioschi’s formula in a Euclidean 3-space, the second Gaussian curvature
KII of a surface is defined by [3]:
(16)

KII = 1(
L11L22−(L12)2

)2


∣∣∣∣∣∣
− 1

2 (L11)vv + (L12)uv − 1
2 (L22)uu

1
2 (L11)u (L12)u − 1

2 (L11)v
(L12)v − 1

2 (L22)u L11 L12
1
2 (L22)v L12 L22

∣∣∣∣∣∣
−

∣∣∣∣∣∣
0 1

2 (L11)v
1
2 (L22)u

1
2 (L11)v L11 L12
1
2 (L22)u L12 L22

∣∣∣∣∣∣
.
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3. Geometry of tube-like surfaces in G3

The aim of this section is to obtain a tube-like surface from a tube surface,
which represents a special kind of the canal surface.

Geometrically, a canal surface C is a surface which can be defined as an
envelope of a moving sphere with a varying radius, defined by a trajectory
α(u) of its centers and a radius function r(u) [6]. For the canal surface C, the
parametric representation in three-dimensional Euclidean space is given by:

(17) C(u, v) = α(u) + r(u)
(

cos[v]n(u) + sin[v]b(u)
)
,

taking into account that the vectors n, b and the tangent vector α′(u) form
an orthonormal basis. If the radius function r(u) is constant, then the canal
surface is called tubular (tube) or pipe surface (see some figures of the tube
surface in Figure 1) and so the canal surface represents a general case of the
tube surface.
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Figure 1. Some tube surfaces for u over the range of the
curve and v ∈ [0, 2π]. The illustrations above show tubes
corresponding to a helix, circle and torus knots.

The tube surface can be described as the envelope of the set of spheres with
radius r(u) and with centers lying on a spine curve α(u). The tubular surface
can be characterized using the Frenet frame.

Let α : (a, b)→ G3 be an admissible curve of the class C∞ whose curvature
does not vanish in G3 and parametrized by the invariant parameter u, defined
by:

α(u) = (u, y(u), z(u)).

Let us denote by σ the vector connecting the point from the arc length para-
metrized curve α(u) with the point from the surface with the Galilean Frenet
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frame (t(u), n(u), b(u)) along α(u), where t; n and b are said to be the tangent,
the principal normal and the binormal vectors of α(u) [11].

Since the normal n and binormal b are perpendicular to α, the Galilean circle
is perpendicular to α [16]. As this Galilean circle moves along α, it traces out
a surface aboutα which will be the tube. Then, clearly, we have the position
vector Ω of a point on the surface as follows:

(18) Ω = α(u) + σ.

Thus, we can write:

(19) σ = r
(

cos[v]n(u) + sin[v]b(u)
)
,

where r is a constant radius of a Euclidean circle in Galilean space and v is the
Euclidean angle between the isotropic vectors n and σ.

Combining equations (18) and (19), the tubular surface at a distance r =
const from α(u) in terms of the Galilean Frenet frame is described by means
of the parametrization:

(20) Tube(u, v) = α(u) + r
(

cos[v]n(u) + sin[v]b(u)
)
.

Now, let α : I ⊂ R→ G3 be a curve in Galilean space G3 given by:

(21) α(v) =
(
v, y(v), z(v)

)
,

where v is a Galilean invariant parameter (the arc length on α). The orthonor-
mal frame in the sense of Galilean space G3 is defined by:

(22)

t(v) = α′(v) =
(

1, y′(v), z′(v)
)
,

n(v) = α′′(v)
κ(v) = 1

κ(v)

(
0, y′′(v), z′′(v)

)
,

b(v) =
(
t(v) ∧ n(v)

)
G3

= 1
κ(v)

(
0,−z′′(v), y′′(v)

)
,

det(t, n, b)G3
= 1,

where

κ(v) = ‖α′′(v)‖ =
√

(y′′(v))2 + (z′′(v))2,

and

τ(v) =
1

κ2(v)
det
[
α′(v), α′′(v), α′′′(v)

]
,

are the curvature and torsion of α. The vectors t(v), n(v) and b(v) in (22) are
called the tangent, principal normal and binormal vectors of α(v), respectively.
They satisfy the following Frenet equations [5]:

(23)

 t′(v)
n′(v)
b′(v)

 =

 0 κ(v) 0
0 0 τ(v)
0 −τ(v) 0

 t(v)
n(v)
b(v)

 ,
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where the prime denotes the differentiation with respect to v.
In the light of the above data, a tube-like surface can be expressed as follows

[1, 13]:

(24) Ψ(u, v) = α(v) + r
(

cos[u]n(v)− sin[u]b(v)
)
,

where α, n, b : I → G3 and r : I → R. The curve α is called a base curve and a
pair of two vectors n, b a director frame of the tube-like surface Ψ (In general
r can be a function of v). For fixed v, when u runs from 0 to 2π, we have a
circle around the point α(v) in the t, n plane. As we change v, this circle moves
along the space curve α, and we will generate a tube-like surface along α (a
special kind of tube surfaces defined by (24)).

Calculating the partial derivative of (24) with respect to u and v respectively,
we get:

(25)
Ψu = −r

[
sin[u]n+ cos[u]b

]
,

Ψv = t+ rτ
[

sin[u]n+ cos[u]b
]
.

From this, we have:

(26) Ψu ∧Ψv = −r
[

cos[u]n− cos[u]b
]
,

and

(27) ‖Ψu ∧Ψv‖ = r.

Thus from (6), (26) and (27), we obtain the isotropic normal vector of Ψ as:

(28) N = − cos[u]n+ sin[u]b.

On the other hand, from (7) and (28), it is easy to see that:

(29) δ = − sin[u]n+ cos[u]b.

By meas of Eqs. (9) and (25), we get:

(30) g1 = 0, g2 = 1.

Also, Eqs. (12) and (25) lead to obtain the coefficients of the first fundamental
form in the form:

h11 = r2, h12 = 0, h22 = 1.

Besides, the second order partial differentials of Ψ are expressed as:

(31)

Ψuu = −r
[

cos[u]n− sin[u]b
]
,

Ψuv = rτ
[

cos[u]n− sin[u]b
]
,

Ψvv =
[
κ+ rτ ′ sin[u]− rτ2 cos[u]

]
n+

[
rτ2 sin[u] + rτ ′ cos[u]

]
b.

Now, from (28) and (31), one can compute the coefficients of the second fun-
damental form for the surface (24) as the following:

(32) L11 = r, L12 = −rτ, L22 = −κ cos[u] + rτ2.



616 H. S. ABDEL-AZIZ AND A. H. SOROUR

Then, substituting (32) into (13) leads to the Gaussian curvature:

(33) K =
−κ cos[u]

r
.

Furthermore, from (10) and (30), we have:

(34) g11 =
1

r2
, g12 = 0, g22 = 0.

Using Eqs. (14), (32) and (34), we obtain the mean curvature of Ψ as:

(35) H =
1− rκ cos[u] + r2τ2

2r
.

Also, from (16) the second Gaussian curvature of Ψ is given as follows:

(36) KII =
cos2[u] + 1

4r cos2[u]
.

Based on the previous calculations, we can formulate the following theorems:

Theorem 3.1. If the Gaussian curvature K is zero, then Ψ is generated by a
moving sphere with the radius r = 1.

Proof. When K = 0, then from (33) we have cos[u] = 0, i.e., u = (2m + 1)π2 ,
m = 0,±1,±2,±3, . . .. So, from (6) and (24) one can write:

Ψ(u, v)− α(v) = r
(

cos[u]n(v)− sin[u]b(v)
)

= ±rb.
Since N = ±b, thus we get r = 1. �

Theorem 3.2. Let Ψ be a tube-like surface in G3. Then it is a developable
surface if and only if Ψ is an open part of a circular-like cylinder.

Theorem 3.3. There are no minimal tube-like surfaces n Galilean 3-space G3.

Theorem 3.4. Let Ψ be a tube-like surface with non-degenerate second funda-
mental form in the Galilean 3-space G3. Then Ψ is not II-flat.

3.1. Weingarten tube-like surfaces

In the following, we study the tube-like surface Ψ in G3 satisfying the Jacobi
equation Ψ(X,Y ) = 0, X 6= Y , of the curvatures K, H and KII of Ψ and we
formulate the main results in the following theorems:

Theorem 3.5. Let Ψ be a tube-like surface in G3 defined by (24). Then Ψ
is a (K,H)-Weingarten surface, and τ ′ = 0. Thus, the torsion of α(v) is a
non-zero constant.

Proof. Let Ψ be a tube-like surface in G3. Differentiating K and H in (33) and
(35) with respect to u and v respectively, then we obtain:

(37) Ku =
κ sin[u]

r
, Kv = −κ

′ cos[u]

r
,
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(38) Hu =
κ sin[u]

2
, Hv = −κ

′ cos[u]

2
+ rττ ′.

If we assume that the tube-like surface (24) satisfies the Jacobi equation:

(39) Ψ(K,H) = KuHv −KvHu = 0,

with respect to the Gaussian curvature K and the mean curvature H. Then,
substituting from (37) and (38) into (39), one can obtain:

(40) κττ ′ sin[u] = 0.

Since the polynomial (40) must be equal to zero for every u, then τ ′ = 0. From
which Ψ Weingarten surface. �

Theorem 3.6. Let Ψ be a tube-like surface in G3 with non-degenerate second
fundamental form. If Ψ is a (K,KII)-Weingarten surface, then κ′ = 0 and the
curvature of α(v) is a non-zero constant.

Proof. Let Ψ be a tube-like surface in G3 parameterized by (24). If we take
derivative of KII given by (36) with respect to u and v respectively, then we
get:

(41) (KII)u =
sin[u]

2r cos3[u]
, (KII)v = 0.

We assume the given tube-like surface satisfies the Jacobi equation:

(42) Ψ(K,KII) = Ku(KII)v −Kv(KII)u = 0,

with respect to the Gaussian curvature K and the second Gaussian curvature
KII . From (37), (41) and (42), we have:

κ′ sin[u] = 0.

Since this polynomial is equal to zero for every u, its coefficient must be zero
and then, we conclude that κ′ = 0. This completes the proof. �

Theorem 3.7. Let Ψ be a tube-like surface in G3 with non-degenerate second
fundamental form. If Ψ is an (H,KII)-Weingarten surface, then κ′ = 0 and
τ ′ = 0. Thus, the curvature of α(v) is a non-zero constant or the torsion of
α(v) is a non-zero constant.

Proof. We assume that the tube-like surface is parameterized by (24) with non-
degenerate second fundamental form is an (H,KII)-Weingarten surface. Then,
it satisfies the Jacobi equation:

(43) Ψ(H,KII) = Hu(KII)v −Hv(KII)u = 0,

which implies:

(44) κ′ sin[2u]− 4rττ ′ sin[u] = 0.

From (44), we have κ′ = 0 and τ ′ = 0. Thus, we get the required result. �
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4. Linear Weingarten tube-like surfaces

Now, to examine the linear Weingarten property of the tube-like surface Ψ
defined along the admissible curve α(v). Let us analyze the following theorems:

Theorem 4.1. Let (A,B) ∈ {(K,H), (K,KII), (H,KII)}. Then, there are no
(A,B)-linear Weingarten tube-like surfaces in Galilean 3-space G3.

Proof. Firstly, we consider the parametrization (24) with K and H given by
(33) and (35) respectively, satisfies the equation:

(45) aK + bH = c,

it implies that:

(46) κ
[
2a+ br

]
cos[u]− b(r2τ2 + 1) + 2cr = 0.

The linear independence for this equation leads to:

κ
[
2a+ br

]
= 0, b(r2τ2 + 1) = 2cr,

which give b = c = 0 and κ = 0, a contradiction. Hence, Ψ is not a (K,H)-
linear Weingarten surface.

Secondly, we suppose that the tube-like surface (24) with non-degenerate
second fundamental form in G3 satisfies the equation:

(47) aK + bKII = c.

By using (33) and (36), Eq. (47) takes the form:

(48) 4aκ cos3[u] + (1− 2b+ 4cr) cos2[u]− b = 0.

Since the identity holds for every u, all of the coefficients must be zero. There-
fore, we obtain:

4aκ = 0, 1− 2b+ 4cr = 0, b = 0.

Thus, we get a = b = 0, c = −1
4r . In this case, the second fundamental form of

Ψ is degenerate which gives a contradiction. Thus, Ψ is not a (K,KII)-linear
Weingarten surface either.

Thirdly, let the tube-like surface (24) with non-degenerate second funda-
mental form in G3 satisfy the relation:

(49) aH + bKII = c.

From Eqs. (35), (36) and (49), we get:

(50) 2arκ cos3[u] + (1− 2a− 2b+ 4cr − 2ar2τ2) cos2[u]− b = 0,

which leads to b = 0, c = 0 and κ = 0. Again, the second fundamental form
of the tube-like surface Ψ is degenerate. It is a contradiction, so there are no
(H,KII)-linear Weingarten tube-like surfaces in G3. �
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5. Application

Let us give some examples to illustrate our main results.

Example 1. Let Ψ be the tube-like surface is given by:

(51) Ψ(u, v) = α(v) + r
(

cos[u]n(v)− sin[u]b(v)
)
,

where α(v) is a helix given in the form:

α(v) = (v, cos[v], sin[v]),

its Frenet vectors are:  t(v) = (1,− sin[v], cos[v]),
n(v) = (0,− cos[v],− sin[v]),
b(v) = (0, sin[v],− cos[v]),

where κ = 1 is the curvature and τ = 1 is the torsion of the curve α(v).
Thus, the tube-like surface (51) takes the following form:

(52) Ψ(u, v) =
(
v, cos[v]− r cos[u− v], sin[v] + r sin[u− v]

)
.

From aforementioned data, one can deduce that the Weingarten and linear
Weingarten properties on Ψ corresponding to the induced metric form in G3

satisfy the above theorems.
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Figure 2. From left to right: some tube-like surfaces gener-
ated by helices with r = 1, u, v ∈ [0, π], u, v ∈ [0, 32π] and
u, v ∈ [0, 2π].

One can see the graph of three tube-like surfaces in Figure 2.

Example 2. Let us consider the following tube-like surface:

(53) Ψ(u, v) =
(
− r sin[u], (1− r cos[u]) cos[v], (1− r cos[u]) sin[v]

)
where α(v) is a circle given by:

(54) α(v) = (0, cos[v], sin[v]),
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and its Frenet frame takes the form:

(55)

 t(v) = (0,− sin[v], cos[v]),
n(v) = (0,− cos[v],− sin[v]),
b(v) = (1, 0, 0).

Since κ = 1 and τ = 0 are the curvature and the torsion of α.
By studying the previous example, we find that its calculations are com-

pletely identical to the results in the theory, and special cases of our theoretical
work. One can see the graph of three tube-like surfaces in Figure 3.
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Figure 3. From left to right: some tube-like surfaces gener-
ated by circles with r = 3

5 ,u ∈ [0, π5 ], v ∈ [0, 32π], u ∈ [0, π5 ], v ∈
[0, 2π] and u ∈ [0, π], v ∈ [0, 2π].

6. Conclusion

This work investigates the Galilean version of a special kind of tube surfaces,
so-called tube-like surfaces, which satisfy some equations in terms of Gaussian
and mean curvatures. Furthermore, this work was further supported by giving
some important theoretical results. Finally, we provided practical examples to
confirm the paper results with drawing.
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