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COMPLETE LIFTS OF PROJECTABLE LINEAR

CONNECTION TO SEMI-TANGENT BUNDLE

Murat Polat∗ and Furkan Yildirim

Abstract. We study the complete lifts of projectable linear connection

for semi-tangent bundle. The aim of this study is to establish relations
between these and complete lift already known. In addition, the relations
between infinitesimal linear transformations and projectable linear con-
nections are studied. We also have a new example for good square in this

work.

1. Introduction

Let Mn be a C∞−manifold of finite dimension n, and let (Mn, π1, Bm)
be a differentiable bundle over Bm. We use the notation (xi) = (xa, xα),
where the indices i, j, ... run over the range {1, 2, ..., n}, the indices a, b, ...
run over the range {1, 2, ..., n−m} and the indices α, β, ... run over the range
{n−m+ 1, ..., n}, xα are coordinates in Bm, xa are fiber coordinates of the
bundle

π1 : Mn → Bm.

Let now (T (Bm), π̃, Bm) be a tangent bundle [16] over base space Bm, and
let Mn be differentiable bundle determined by a submersion (natural projec-
tion) π1 : Mn → Bm. The semi-tangent bundle (pull-back) of the tangent
bundle (T (Bm), π̃, Bm) is the bundle (t(Bm), π2,Mn) over differentiable bun-
dle Mn with a total space

t(Bm) =
{
((xa, xα) , xα) ∈ Mn × Tx(Bm) : π1 (x

a, xα) = π̃
(
xα, xα

)
= (xα)

}
⊂ Mn × Tx(Bm)

and with the projection map π2 : t(Bm) → Mn defined by π2(x
a, xα, xα) =

(xa, xα), where Tx(Bm) (x = π1 (x̃) , x̃ = (xa, xα) ∈ Mn) is the tangent space
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at a point x of Bm, where xα = yα
(
α, β, ... = n+ 1, ..., 2n

)
are fiber coordi-

nates of the tangent bundle T (Bm) (see, for pull-back bundle [4],[5],[10],[11],
[17],[18],[13],[14],[3]).

Where the semi-tangent bundle t(Bm) of the differentiable bundle Mn also
has the natural bundle structure over Bm, its bundle projection π : t(Bm) →
Bm being defined by π : (xa, xα, xα) → (xα), and hence π = π1 ◦ π2.

Thus (t(Bm),π1 ◦ π2) is the step-like bundle [7] or composite bundle [[9],
p.9]. As a result, we notice the semi-tangent bundle (t(Bm),π2) is a pull-back
(Pontryagin [8]) bundle of the tangent bundle over Bm by π1 [10].

If (xi′) = (xa′
, xα′

) is another local adapted coordinates in Mn, then we
have

(1)

{
xa′

= xa′
(xb, xβ),

xα′
= xα′ (

xβ
)
.

The Jacobian of (1) has the components(
Ai′

j

)
=

(
∂xi′

∂xj

)
=

(
Aa′

b Aa′

β

0 Aα′

β

)
,

where Aa′

b = ∂xa′

∂xb , A
a′

β = ∂xa′

∂xβ , Aα′

β = ∂xα′

∂xβ [10].

To a transformation (1) of local coordinates of differentiable bundle Mn,
there corresponds on t(Bm) the change of coordinate

(2)


xa′

= xa′
(xb, xβ),

xα′
= xα′ (

xβ
)
,

xα′
= ∂xα′

∂xβ yβ .

The Jacobian of (2) is:

(3) Ā =
(
AI′

J

)
=

 Aa′

b Aa′

β 0

0 Aα′

β 0

0 Aα′

βεy
ε Aα′

β

 ,

where Aα′

βε = ∂2xα′

∂xβ∂xε ; I = (a, α, α), J = (b, β, β), I, J, .... = 1, ..., 2n [10].

Writing the inverse of (2) as

(4)


xa = xa(xb′ , xβ′

),

xα = xα
(
xβ′
)
,

xα = ∂xα

∂xβ′ yβ
′
,

we have

(5)
(
AI

J′

)
=

 Aa
b′ Aa

β′ 0

0 Aα
β′ 0

0 Aα
β′ε′y

ε′ Aα
β′

 .
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Now, consider a diagram as

A
τ3

→ B
τ1 ↓ ↓τ2
C →

τ4

D

A good square of vector bundles satisfies the following conditions:
(a) τ1 and τ2 are fiber bundles, (but not necessarily vector bundles);
(b) τ3 and τ4 are vector bundles;
(c) τ4 ◦ τ1 = τ2 ◦ τ3, the square (diagram) is commutative;
(d) the local expression

A
τ3

→ B
τ1 ↓ ↓τ2
C →

τ4

D

Un ×Rr ×Ms ×Rt → Un ×Ms

↓ ↓
Un ×Rr

→ Un

(xi, aa, gλ, bσ) →
(
xi, gλ

)
↓ ↓

(xi, aa) →
(
xi
)

where superindices denote the dimension of the manifolds and M is a manifold
[2].

Hence we have

Theorem 1.1. Let now π : t(Bm) → Bm be a semi-tangent bundle and
π1 : Mn → Bm be a fiber bundle. So that

t(Bm)
π2

→ Mn
id ↓ ↓π1

t(Bm) →
π

Bm

Mn × Tx(Bm)
π2

→ Mn
id ↓ ↓π1

Mn × Tx(Bm) →
π

Bm

(xa, xα, xα)
π2

→ (xa, xα)
id ↓ ↓π1

(xa, xα, xα) →
π

(xα)

is a good square and the diagram commutes (π = π1 ◦ π2).

We note that projectable linear connections in t(Bm) and their some prop-
erties were investigated in [[13], [14]]. In this paper, we continue to study the
complete lifts of projectable linear connection from differentiable manifold Bm

to semi-tangent (pull-back) bundle (t(Bm), π2) initiated by V. V. Vishnevskii
[13].

We denote by ℑp
q(Mn) the module over F (Mn) of all C∞−tensor fields

of type (p, q) on Mn, i.e., of contravariant degree p and covariant degree q,
where F (Mn) is the algebra of C∞−functions on Mn. We now put ℑ(Mn) =∑∞

p,q=0 ℑp
q(Mn), which is the set of all tensor fields on Mn. Smilarly, we denote

by ℑp
q(Bm) and ℑ(Bm) respectively the corresponding sets of tensor fields in

the base space Bm.

2. Complete Lifts of Projectable Linear Connection

If f is a function on Bm, we write vvf for the function on t(Bm) obtained
by forming the composition of π : t(Bm) → Bm and vf = f ◦ π1, so that

vvf = vf ◦ π2 = f ◦ π1 ◦ π2 = f ◦ π.
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Thus, the vertical lift vvf of the function f to t(Bm) satisfies

(6) vvf(xa, xα, xα) = f(xα).

We note here that value vvf is constant along each fibre of π : t(Bm) → Bm.

On the other hand, if f = f(xa, xα) is a function in Mn, we write
ccf for the

function in t(Bm) defined by

(7) ccf = ı(df) = xβ∂βf = yβ∂βf

and call of the complete lift ccf of the function f [10].

Let X ∈ ℑ1
0(Bm), i.e. X = Xα∂α. On putting

(8) vvX =
(
vvXI

)
=

 0
0
Xα

 ,

from (3), we prove that vvX ′ = Ā(vvX). vvX is a vector field which is called
the vertical lift of X to t(Bm).

For F ∈ ℑ1
1(Bm), we can define a vector field γF ∈ ℑ1

0(Bm):

(9) γF =
(
γF I

)
=

 0
0
yεFα

ε

 .

From (3), we easily see that γF ′ = Ā(γF ).

Let X̃ ∈ ℑ1
0(Mn) be a projectable vector field [13] with projection X =

Xα(xα)∂α i.e. X̃ = X̃a(xa, xα)∂a + Xα(xα)∂α. The complete lift ccX̃ of

X̃ ∈ ℑ1
0(Mn) to semi-tangent bundle t(Bm) has components [14]

(10) ccX̃ =
(
ccX̃I

)
=

 X̃a

Xα

yε∂εX
α


with respect to the coordinates (xa, xα, xα) in t(Bm).

Theorem 2.1. Let X̃ and Ỹ be projectable vector fields on Mn with pro-
jections X and Y on Bm, respectively. For the Lie product, we have [19]:

[ccX̃,cc Ỹ ] =cc [X̃, Ỹ ](i.e.LccX̃(ccỸ ) =cc
(
LX̃ Ỹ

)
).

Theorem 2.2. Let X̃ ∈ ℑ1
0(Mn). For the Lie product, we have

[ccX̃, γF ] = γ (LXF )

for any F ∈ ℑ1
1(Bm), where LX the operator of Lie derivation with respect to

X.
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Let p : Y → M be a fibred manifold. A classical connection ∇ on Y is
called projectable (with respect to p) if there exists a (unique) classical linear
connection ∇ on M such that ∇ is p−related to ∇ [[15], [1]]. If T (Bm) is the
tangent bundle of Bm, a linear connection ∇ is a classical linear connection on

Bm [6]. The last condition means that if X̃, Ỹ ∈ ℑ1
0(Mn) and X,Y ∈ ℑ1

0(Bm)

are such that Tp ◦ X̃ = X ◦ p and Tp ◦ Ỹ = Y ◦ p then Tp ◦∇X̃ Ỹ = (∇XY ) ◦ p.
Where T is given by

T (X,Y ) = ∇XY −∇Y X − [X,Y ]

for any X,Y ∈ ℑ1
0(Bm).

From the above defination it follows that the∇ is a projectable (with respect
to p := π1 : Mn → Bm) linear connection on Bm. Then there exists a unique
projectable linear connection cc∇ in semi-tangent bundle t(Bm) ([13], [14])
which satisfies

(11) cc∇ccX̃(ccỸ ) =cc (∇XY )

for any projectable vector fields X̃, Ỹ ∈ ℑ1
0(Mn). This assertion may be verified

by a simple calculation using connection components. Let Γβ
αγ be components

of ∇ with respect to local coordinates (xα) in Bm and ccΓJ
I K components

of cc∇ with respect to the induced coordinates (xa, xα, xα) in t(Bm). Let

X̃ ∈ ℑ1
0(Mn) and Ỹ ∈ ℑ1

0(Mn) be projectable vector fields with components

X̃I and Ỹ J , respectively, with respect to the local coordinates (xa, xα) in Mn.

Then ccX̃ and ccỸ have, respectively, components

ccX̃ :

 X̃a

Xα

yε∂εX
α

 ,cc Ỹ :

 Ỹ a

Y α

yε∂εY
α



with respect to the coordinates (xa, xα, xα) in t(Bm). If

 ccX̃Icc∇I(
ccỸ b)

ccX̃Icc∇I(
ccỸ β)

ccX̃Icc∇I(
ccỸ β̄)

 =

 Xa∇aY
b

Xα∇αY
β

yσ∂σ(X
α∇αY

β)

 are the components of equalization ccX̃I∇I(
ccỸ J) =

XI∇IY
J with respect to the induced coordinates (xb, xβ , xβ) on t(Bm), then
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we have by (11):
(12)

ccΓb
ac =

cc Γb
aγ =cc Γb

aγ =cc Γb
αc =

cc Γb
αγ =cc Γb

αc =
cc Γb

αγ =cc Γb
αγ = 0,

ccΓb
αγ = Γb

αγ ,
ccΓβ

ac =
cc Γβ

aγ =cc Γβ
aγ =cc Γβ

αc =
cc Γβ

αγ =cc Γβ
αc =

cc Γβ
αγ =cc Γβ

αγ = 0,
ccΓβ

αγ = Γβ
αγ ,

ccΓβ
ac =

cc Γβ
aγ =cc Γβ

aγ =cc Γβ
αc =

cc Γβ
αc =

cc Γβ
αγ = 0,

ccΓβ
αγ = Γβ

αγ ,
ccΓβ

αγ = yε∂εΓ
β
αγ ,

ccΓβ
αγ = Γβ

αγ .

By (3), (5), (12), we can easily prove that

ccΓJ′

I′ K′ = AJ′

J AI
I′AK

K′
ccΓJ

I K +AJ′

J AJ
L′

ccΓL′

I′ K′ ,

where I = (a, α, α), J = (b, β, β), K = (c, γ, γ), L = (d, φ, φ).
We can easily verify by means (3) and (5) that the ΓJ

I K defined by (12)
determine globally in t(Bm) a projectable linear connection. This projectable
linear connection is called the complete lift of the projectable linear connection
∇ to t(Bm) and denoted by cc∇.

Theorem 2.3. If R and T are respectively the curvature and the torsion
tensors of ∇, then ccR and ccT are respectively the curvature and the torsion
tensors of cc∇.

Proof. Using Theorem 2.1, we obtain the following formulas:

ccT
(
ccX̃, ccỸ

)
= cc

(
T
(
X̃, Ỹ

))
= cc

(
∇X̃ Ỹ −∇Ỹ X̃ −

[
X̃, Ỹ

])
= cc∇ccX̃(ccỸ )−cc ∇ccỸ (

ccX̃)−
[
ccX̃,cc Ỹ

]
,

ccR
(
ccX̃,cc Ỹ

)
ccZ̃

=cc
(
R
(
X̃, Ỹ

)
Z̃
)

=cc
(
∇X̃∇Ỹ Z̃ −∇Ỹ ∇X̃ Z̃ −∇[X̃,Ỹ ]Z̃

)
=cc ∇ccX̃

cc∇ccỸ
ccZ̃ − cc∇ccỸ

cc∇ccX̃
ccZ̃ − cc∇[ccX̃,ccỸ ]

ccZ̃

for any projectable vector fields X̃, Ỹ , Z̃ ∈ ℑ1
0(Mn). Thus, Theorem 2.3 is

proved.

We shall now obtain the components of ccR and ccT . The components Rαγ
β
φ

of R and Tα
β
γ of T are respectively given by

Rαγ
β
φ = ∂αΓ

β
γφ − ∂γΓ

β
αφ + Γβ

αϕΓ
ϕ
γφ − Γβ

γϕΓ
ϕ
αφ,
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Tα
β
γ = Γβ

αγ − Γβ
γα.

Thus, the components R̃IK
J
Lof

ccR are given by

R̃αγ
b
φ = Rαγ

b
φ,

R̃αγ
β
φ = Rαγ

β
φ,

R̃αγ
β
φ = yε∂εRαγ

β
φ,

R̃αγ
β
φ = Rαγ

β
φ,

R̃αγ
β
φ = Rαγ

β
φ,

R̃αγ
β
φ = Rαγ

β
φ,

all the others being zero, and the components T̃I
J
K of ccT are given by

(13)



T̃α
b
γ = Tα

b
γ ,

T̃α
β
γ = Tα

β
γ ,

T̃α
β
γ = Tα

β
γ ,

T̃α
β
γ = yε∂εTα

β
γ ,

T̃α
β
γ = Tα

β
γ ,

all the others being zero, with respect to the induced coordinates in t(Bm).
Where I = (a, α, α), J = (b, β, β), K = (c, γ, γ), L = (d, φ, φ).

3. Horizontal Lifts of vector fields

Firstly, we will give some preliminary definitions. For any F ∈ ℑ1
1(Bm), if

we take account of (5), we can easily prove that (γF )′ = Ā(γF ), where γF is
a vector field defined by

(14) γF = (γF I) =

 0
0
yεFα

ε


with respect to the coordinates (xa, xα, xα).

Let now X̃ ∈ ℑ1
0(Mn) be a projectable vector field on Mn with projection

X ∈ ℑ1
0(Bm) [9]. Then we define the horizontal lift HHX̃ of X̃ by

(15) HHX̃ =cc X̃ − γ(∇X̃)

on t(Mn). Where ∇ is a projectable symmetric linear connection in a differ-

entiable manifold Bm. Then, remembering that ccX̃ and γ(∇X̃) have, respec-
tively, local componenets

ccX̃ =
(
ccX̃I

)
=

 X̃a

Xα

yε∂εX
α

 , γ(∇X̃) =
(
γ(∇X̃)I

)
=

 0
0
yε∇εX

α


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with respect to the coordinates (xa, xα, xα) on t(Bm). ∇αX
ε being the covari-

ant derivative of Xε, i.e.,

(∇αX
ε) = ∂αX

ε +XβΓε
βα.

We find that the horizontal lift HHX̃ of X̃ ∈ ℑ1
0(Mn) to semi-tangent bundle

t(Bm) has components

(16) HHX =
(
HHXI

)
=

 X̃a

Xα

−Γα
βX

β


with respect to the coordinates (xa, xα, xα) in t(Bm). Where

Γα
β = yεΓα

ε β .

Theorem 3.1. Let X ∈ ℑ1
0(Bm). If f ∈ ℑ0

0(Bm), then

(i) cc∇vvX(vvf) = 0,
(ii) cc∇vvX(ccf) =vv (∇Xf).

Proof. (i) If f ∈ ℑ0
0(Bm) and X ∈ ℑ1

0(Bm), then we obtain by (6) and (8),

cc∇vvX(vvf) = vvXIcc∇I(
vvf)

= vvXacc∇a(
vvf) +vv Xαcc∇α(

vvf) +vv Xαcc∇α(
vvf)

= vvXa︸ ︷︷ ︸
0

∂af + vvXα︸ ︷︷ ︸
0

∂αf +vv Xα ∂αf︸︷︷︸
0

= 0.

(ii) If f ∈ ℑ0
0(Bm) and X ∈ ℑ1

0(Bm), then we have by (7) and (8),

cc∇vvX(ccf) = vvX (ccf) =vv XI∂I(
ccf)

= vvXa∂a(
ccf) +vv Xα∂α(

ccf) +vv Xα∂α(
ccf)

= vvXa︸ ︷︷ ︸
0

∂a(
ccf) + vvXα︸ ︷︷ ︸

0

∂α(
ccf) + vvXα︸ ︷︷ ︸

Xα

∂α(
ccf)

= Xα∂αy
β∂βf = Xαδβα∂βf = Xα∂αf

= vv (Xf) =vv (∇Xf) .

Theorem 3.2. Let X̃ be a projectable vector field on Mn. If f ∈ ℑ0
0(Bm),

then

(i) cc∇ccX̃(vvf) =vv
(
∇X̃f

)
,

(ii) cc∇ccX̃(ccf) =cc
(
∇X̃f

)
.
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Proof. (i) If f ∈ ℑ0
0(Bm) and X̃ is a projectable vector field on Mn with

projection X ∈ ℑ1
0(Bm), then, by (6) and (10), we have

cc∇ccX̃(vvf) = ccX̃ (vvf) =cc X̃I∂I(
vvf)

= ccX̃a∂a(
vvf) +cc X̃α∂α(

vvf) +cc X̃α∂α(
vvf)

= X̃a ∂af︸︷︷︸
0

+Xα∂αf + yσ∂σX
α ∂αf︸︷︷︸

0

= Xα∂αf =vv
(
X̃f
)
=vv

(
∇X̃f

)
.

(ii) If f ∈ ℑ0
0(Bm) and X̃ is a projectable vector field on Mn with projection

X ∈ ℑ1
0(Bm), then we have by (7) and (10),

cc∇ccX̃(ccf) = ccX̃ (ccf)

= ccX̃I∂I(
ccf)

= ccX̃a∂a(
ccf) +cc X̃α∂α(

ccf) +cc X̃α∂α(
ccf)

= X̃a∂a
(
yβ∂βf

)
+Xα∂α

(
yβ∂βf

)
+ yβ∂βX

α∂α (yσ∂σf)

= X̃a∂ay
β∂βf +Xα∂α

(
yβ∂βf

)
+ yβ∂βX

α∂α (yσ∂σf)

= yβ(X̃a∂a +Xα∂α)∂βf + yβ∂βX
αδσα∂σf

= yβ∂β(X̃
a∂a +Xα∂α)f +

(
yβ∂βX

α
)
∂αf

= yβ∂β(X̃
α∂αf) =

cc
(
X̃f
)

= cc
(
∇X̃f

)
.

Theorem 3.3. Let X,Y ∈ ℑ1
0(Bm). If f ∈ ℑ0

0(Bm), then

cc∇vvX(vvY ) = 0.
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Proof. If X,Y ∈ ℑ1
0(Bm), from (8) and (12), we have

cc∇vvX(vvY )

=

 vvXIcc∇I(
vv
Y b)

vvXIcc∇I(
vv
Y β)

vvXIcc∇I(
vv
Y β)



=


0
0
vvXa︸ ︷︷ ︸

0

cc∇a(
vv
Y β) + vvXα︸ ︷︷ ︸

0

cc∇α(
vv
Y β) +vv Xαcc∇α(

vv
Y β)


=

 0
0

Xα(∂α(
vv
Y β) +cc Γβ

αK(
vv

Y K)



=


0
0

Xα(∂αY
β︸ ︷︷ ︸

0

+ccΓβ
αc

vvY c︸ ︷︷ ︸
0

+ccΓβ
αγ

vvY γ︸ ︷︷ ︸
0

+ ccΓβ
αγ︸ ︷︷ ︸)(vvY γ)


=

 0
0
0

 ,

which prove Theorem 3.3.

Theorem 3.4. Let X̃ be a projectable vector field on Mn with projections
X on Bm. If Y ∈ ℑ1

0(Bm), then

cc∇ccX̃(vvY ) =vv (∇XY ) .



COMPLETE LIFTS OF PROJECTABLE LINEAR CONNECTION 493

Proof. If Y ∈ ℑ1
0(Bm), and X̃ is a projectable vector field on Mn, then

using (8), (10) and (12) we can find

cc∇ccX̃(vvY )

=

 ccXIcc∇I(
vv
Y b)

ccXIcc∇I(
vv
Y β)

ccXIcc∇I(
vv
Y β)


=

 0
0
ccXacc∇a(

vv
Y β) +cc Xαcc∇α(

vv
Y β) +cc Xαcc∇α(

vv
Y β)


=

 0
0

Xα(∂α(
vv
Y β)) + (yε∂εX

α) (∂α(
vv
Y β) +cc Γβ

αK(
vv
Y K))


=

 0
0

Xα(∂α(
vv
Y β) + Γβ

αγ(
vv
Y γ))


=

 0
0

(∇XY )
β


=vv (∇XY ) .

Thus, we have cc∇ccX̃(vvY ) =vv (∇XY ). Where K = (c, γ, γ).

Let there be given a projectable linear connection∇ and a projectable vector
field on Mn with projection X ∈ ℑ1

0(Bm). Then the Lie derivative LX̃∇ with

respect to X̃ is, by definition, an element of ℑ1
2(Bm) such that

(17) (LX̃∇)(Ỹ , Z̃) = LX̃(∇Ỹ Z̃)−∇Ỹ (LX̃ Z̃)−∇[X̃,Ỹ ]Z̃

for any projectable vector fields Ỹ , Z̃ ∈ ℑ1
0(Mn).

A projectable vector field X̃ ∈ ℑ1
0(Mn) [13] with components X̃ = X̃a(xa, xα)∂a+

Xα(xα)∂α is said to be an infinitesimal linear (resp. affine) transformation
([[16], p.67], [12]) in an m−dimensional manifold Bm with projectable linear
connection ∇, if LX̃∇ = 0 (see (17)).

Theorem 3.5. Let ∇ be a projectable linear connection on Bm. Then,

(LccX̃
cc∇)(ccỸ , ccZ̃) =cc

(
(LX̃∇)(Ỹ , Z̃)

)
for any projectable vector fields X̃, Ỹ , Z̃ ∈ ℑ1

0(Mn).
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Proof. Substituting (11) and Theorem 2.1 in (17), we have

(LX̃∇)(Ỹ , Z̃) = LX̃(∇Ỹ Z̃)−∇Ỹ (LX̃ Z̃)−∇[X̃,Ỹ ]Z̃

(LccX̃
cc∇)(ccỸ ,cc Z̃) = LccX̃(cc∇ccỸ

ccZ̃)−cc ∇ccỸ (LccX̃
ccZ̃)−cc ∇[ccX̃,ccỸ ]

ccZ̃

= LccX̃(cc(∇Ỹ Z̃))−cc ∇ccỸ

(
cc(LX̃ Z̃)

)
−cc ∇cc[X̃,Ỹ ]

ccZ̃

= cc
(
LX̃(∇Ỹ Z̃)

)
−cc

(
∇Ỹ (LX̃ Z̃)

)
−cc

(
∇[X̃,Ỹ ]Z̃

)
= cc

(
LX̃(∇Ỹ Z̃)−∇Ỹ (LX̃ Z̃)−∇[X̃,Ỹ ]Z̃

)
= cc

(
(LX̃∇)(Ỹ , Z̃)

)
,

which is the proof of Theorem 3.5.

Thus we have

Theorem 3.6. If X̃ is an infinitesimal transformation of t(Bm) with pro-

jectable linear connection ∇, then ccX̃ is an infinitesimal transformation of
t(Bm) with projectable linear connection cc∇.

Theorem 3.7. Let X̃ and Ỹ be projectable vector fields on Mn with pro-
jection X ∈ ℑ1

0(Bm) and Y ∈ ℑ1
0(Bm). We have:

(i) cc∇vvX(HH Ỹ ) = 0,
(ii) cc∇HHX̃(vvY ) =vv (∇XY ) .

Proof. (i) If X̃, Ỹ ∈ ℑ1
0(Mn) and


(
cc∇vvX(HH Ỹ )

)b(
cc∇vvX(HH Ỹ )

)β
(
cc∇vvX(HH Ỹ )

)β
 are the compo-

nents of cc∇vvX(HH Ỹ ) with respect to the coordinates (xb, xβ , xβ) on t(Bm),
then we have(
cc∇vvX(HH Ỹ )

)J
=vv Xacc∇a(

HH Ỹ J)+vvXαcc∇α(
HH Ỹ J)+vvXαcc∇α(

HH Ỹ J).

Firstly, for J = b, we have(
cc∇vvX(HH Ỹ )

)b
= vvXa︸ ︷︷ ︸

0

cc∇a(
HH Ỹ b) + vvXα︸ ︷︷ ︸

0

cc∇α(
HH Ỹ b) +vv Xαcc∇α(

HH Ỹ b)

= Xa(∂αY
b︸ ︷︷ ︸

0

+ ccΓb
αc︸ ︷︷ ︸

0

(HH Ỹ c)

+ ccΓb
αγ︸ ︷︷ ︸

0

(HH Ỹ γ) + ccΓb
αγ︸ ︷︷ ︸

0

(HH Ỹ γ))

= 0
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by virtue of (8), (12) and (16). Secondly, for J = β, we have

(
cc∇vvX(HH Ỹ )

)β
= vvXa︸ ︷︷ ︸

0

cc∇a(
HH Ỹ β) + vvXα︸ ︷︷ ︸

0

cc∇α(
HH Ỹ β) +vv Xαcc∇α(

HH Ỹ β)

= Xa(∂αY
β︸ ︷︷ ︸

0

+ ccΓβ
αc︸ ︷︷ ︸

0

(HH Ỹ c)

+ ccΓβ
αγ︸ ︷︷ ︸

0

(HH Ỹ γ) + ccΓβ
αγ︸ ︷︷ ︸

0

(HH Ỹ γ))

= 0

by virtue of (8), (12) and (16). Thirdly, for J = β, then we have

(
cc∇vvX(HH Ỹ )

)β
= vvXa︸ ︷︷ ︸

0

cc∇a(
HH Ỹ β) + vvXα︸ ︷︷ ︸

0

cc∇α(
HH Ỹ β) +vv Xαcc∇α(

HH Ỹ β)

= Xa(∂α(
HHY β) + ccΓβ

αc︸ ︷︷ ︸
0

(HH Ỹ c)

+ ccΓβ
αγ︸ ︷︷ ︸

Γβ
αγ

(HH Ỹ γ︸ ︷︷ ︸
Y γ

) + ccΓβ
αγ︸ ︷︷ ︸

0

(HH Ỹ γ))

= Xa

− ∂αy
ε︸︷︷︸

δεα

Γβ
ε γY

γ + Γβ
αγY

γ


= Xa

(
−Γβ

αγY
γ + Γβ

αγY
γ
)

= 0

by virtue of (8), (12) and (16). Thus (i) of Theorem 3.7 is proved.

(ii) If X̃, Ỹ ∈ ℑ1
0(Mn) and


(
cc∇HHX̃(vvY )

)b(
cc∇HHX̃(vvY )

)β(
cc∇HHX̃(vvY )

)β
 are the components of

(
cc∇HHX̃(vvY )

)
with respect to the coordinates (xb, xβ , xβ) on t(Bm), then we

have

(
cc∇HHX̃(vvY )

)J
=HH X̃acc∇a(

vvY J)+HHX̃αcc∇α(
vvY J)+HHX̃αcc∇α(

vvY J).
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Firstly, for J = b, we have

(
cc∇HHX̃(vvY )

)b
= HHX̃acc∇a(

vvY b) +HH X̃αcc∇α(
vvY b) +HH X̃αcc∇α(

vvY b)

= Xa(∂a(
vvY b︸ ︷︷ ︸

0

) +cc Γb
ac(

vvY c︸ ︷︷ ︸
0

)

+ccΓb
aγ(

vvY γ︸ ︷︷ ︸
0

) + ccΓb
aγ︸ ︷︷ ︸

0

(vvY γ))

+Xα(∂α(
vvY b︸ ︷︷ ︸

0

) +cc Γb
αc(

vvY c︸ ︷︷ ︸
0

)

+ccΓb
αγ(

vvY γ︸ ︷︷ ︸
0

) + ccΓb
αγ︸ ︷︷ ︸

0

(vvY γ))

+HHX̃α(∂α(
vvY b︸ ︷︷ ︸

0

) +cc Γb
αc(

vvY c︸ ︷︷ ︸
0

)

+ccΓb
αγ(

vvY γ︸ ︷︷ ︸
0

) + ccΓb
αγ︸ ︷︷ ︸

0

(vvY γ))

= 0

by virtue of (8), (12) and (16). Secondly, for J = β, we have

(
cc∇HHX̃(vvY )

)β
= HHX̃acc∇a(

vvY β︸ ︷︷ ︸
0

) +HH X̃αcc∇α(
vvY β︸ ︷︷ ︸

0

) +HH X̃αcc∇α(
vvY β︸ ︷︷ ︸

0

)

= Xa(∂a(
vvY β︸ ︷︷ ︸

0

) +cc Γβ
ac(

vvY c︸ ︷︷ ︸
0

)

+ccΓβ
aγ(

vvY γ︸ ︷︷ ︸
0

) + ccΓβ
aγ︸ ︷︷ ︸

0

(vvY γ))

+Xα(∂α(
vvY β︸ ︷︷ ︸

0

) +cc Γβ
αc(

vvY c︸ ︷︷ ︸
0

)

+ccΓβ
αγ(

vvY γ︸ ︷︷ ︸
0

) + ccΓβ
αγ︸ ︷︷ ︸

0

(vvY γ)

+HHX̃α(∂α(
vvY β︸ ︷︷ ︸

0

) +cc Γβ
αc(

vvY c︸ ︷︷ ︸
0

)

+ccΓβ
αγ(

vvY γ︸ ︷︷ ︸
0

) + ccΓβ
αγ︸ ︷︷ ︸

0

(vvY γ))

= 0
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by virtue of (8), (12) and (16). Thirdly, for J = β, then we have(
cc∇HHX̃(vvY )

)β
= HHX̃acc∇a(

vvY β) +HH X̃αcc∇α(
vvY β) +HH X̃αcc∇α(

vvY β)

= Xa(∂a(Y
β)︸ ︷︷ ︸

0

+ccΓβ
ac(

vvY c︸ ︷︷ ︸
0

)

+ccΓβ
aγ(

vvY γ︸ ︷︷ ︸
0

) + ccΓβ
aγ︸ ︷︷ ︸

0

(vvY γ))

+Xα(∂α(Y
β) +cc Γβ

αc(
vvY c︸ ︷︷ ︸

0

)

+ccΓβ
αγ(

vvY γ︸ ︷︷ ︸
0

) + ccΓβ
αγ︸ ︷︷ ︸

Γβ
αγ

(vvY γ︸ ︷︷ ︸
Y γ

))

+Xα(∂α(Y
β)︸ ︷︷ ︸

0

+ccΓβ
αc(

vvY c︸ ︷︷ ︸
0

)

+ccΓβ
αγ(

vvY γ︸ ︷︷ ︸
0

) + ccΓβ
αγ︸ ︷︷ ︸

0

(vvY γ))

= Xα(∂αY
β + Γβ

αγY
γ)

= (∇XY )
β

by virtue of (8), (12) and (16). On the other hand, we know that vv (∇XY )
have the components

vv (∇XY ) =

 0
0

(∇XY )
β


with respect to the coordinates (xb, xβ , xβ) on t(Bm). Thus, we have

cc∇HHX̃(vvY ) = vv (∇XY )

in t(Bm).

Let there be given a projectable linear connection ∇ in Bm. Taking account
of the definition (15) of the horizontal lift, we have from (13):

cc∇HHX̃(HH Ỹ ) =HH (∇XY ) + γ(R( , X)Y ),

for any X̃, Ỹ ∈ ℑ1
0(Mn). Where R( , X)Y denotes a tensor field F of type (1, 1)

in Bm such that F (Z) = R(Z,X)Y for any Z ∈ ℑ1
0(Bm).

Proof. If X̃, Ỹ ∈ ℑ1
0(Mn) and


HHX̃I(∂I(

HH
Ỹ b) +cc Γb

IK(
HH

Ỹ K))
HHX̃I(∂I(

HH
Ỹ β) +cc Γβ

I K(
HH

Ỹ K))

HHX̃I(∂I(
HH

Ỹ β) +cc Γβ
I K(

HH

Ỹ K))


are the components of cc∇HHX̃(HH Ỹ ) with respect to the coordinates (xb, xβ , xβ)
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on t(Bm), then we have

HH (∇XY )
J
=
(
cc∇HHX̃(HH Ỹ )

)J
.

Firstly, for J = b, we have

HH (∇XY )
b

=
(
cc∇HHX̃(HH Ỹ )

)b
= HHX̃I(∂I(

HH Ỹ b) +cc Γb
IK(HH Ỹ K))

= HHX̃a(∂a(
HH Ỹ b) +cc Γb

aK(HH Ỹ K)) +HH X̃α(∂α(
HH Ỹ b)

+ccΓb
αK(HH Ỹ K)) +HH X̃α(∂α(

HH Ỹ b) +cc Γb
αK(HH Ỹ K))

= HHX̃a(∂a(Ỹ
b︸ ︷︷ ︸

0

) + ccΓb
ac︸ ︷︷ ︸

0

(HH Ỹ c) + ccΓb
aγ︸ ︷︷ ︸

0

(HH Ỹ γ) + ccΓb
aγ︸ ︷︷ ︸

0

(HH Ỹ γ))

+HHX̃α(∂α(Ỹ
b) + ccΓb

αc︸ ︷︷ ︸
0

(HH Ỹ c) +cc Γb
αγ(

HH Ỹ γ) + ccΓb
αγ︸ ︷︷ ︸

0

(HH Ỹ γ))

+HHX̃α(∂α(̃Y
b︸ ︷︷ ︸

0

) + ccΓb
αc︸ ︷︷ ︸

0

(HH Ỹ c) + ccΓb
αγ︸ ︷︷ ︸

0

(HH Ỹ γ) + ccΓb
αγ︸ ︷︷ ︸

0

(HH Ỹ γ))

= Xα(∂αỸ
b + Γb

αγY
γ)

= HH (∇XY )
b

by virtue of (12) and (16). Secondly, for J = β, we have

HH (∇XY )
β

=
(
cc∇HHX̃(HH Ỹ )

)β
= HHX̃I(∂I(

HH Ỹ β) +cc Γβ
I K(HH Ỹ K))

= HHX̃a(∂a(
HH Ỹ β) +cc Γβ

aK(HH Ỹ K)) +HH X̃α(∂α(
HH Ỹ β)

+ccΓβ
αK(HH Ỹ K)) +HH X̃α(∂α(

HH Ỹ β) +cc Γβ
αK(HH Ỹ K))

= HHX̃a(∂aY
β︸ ︷︷ ︸

0

+ ccΓβ
ac︸ ︷︷ ︸

0

(HH Ỹ c) + ccΓβ
aγ︸ ︷︷ ︸

0

(HH Ỹ γ) + ccΓβ
aγ︸ ︷︷ ︸

0

(HH Ỹ γ))

+HHX̃α(∂αY
β + ccΓβ

αc︸ ︷︷ ︸
0

(HH Ỹ c) +cc Γβ
αγ(

HH Ỹ γ) + ccΓβ
αγ︸ ︷︷ ︸

0

(HH Ỹ γ))

+HHX̃α(∂αY
β︸ ︷︷ ︸

0

+ ccΓβ
αc︸ ︷︷ ︸

0

(HH Ỹ c) + ccΓβ
αγ︸ ︷︷ ︸

0

(HH Ỹ γ) + ccΓβ
αγ︸ ︷︷ ︸

0

(HH Ỹ γ))

= Xα(∂αY
β + Γβ

αγY
γ)

= HH (∇XY )
β
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by virtue of (12) and (16). Thirdly, for J = β, then we have

HH (∇XY )
β

=
(
cc∇HHX̃(HH Ỹ )

)β
= HHX̃I(∂I(

HH Ỹ β) +cc Γβ
I K(HH Ỹ K))

= HHX̃a(∂a(
HH Ỹ β) +cc Γβ

aK(HH Ỹ K))

+HHX̃α(∂α(
HH Ỹ β) +cc Γβ

αK(HH Ỹ K))

+HHX̃α(∂α(
HH Ỹ β) +cc Γβ

αK(HH Ỹ K))

= HHX̃a(∂a(
HH Ỹ β) + ccΓβ

ac︸ ︷︷ ︸
0

(HH Ỹ c)

+ ccΓβ
aγ︸ ︷︷ ︸

0

(HH Ỹ γ) + ccΓβ
aγ︸ ︷︷ ︸

0

(HH Ỹ γ))

+HHX̃α(∂α(
HH Ỹ β) + ccΓβ

αc︸ ︷︷ ︸
0

(HH Ỹ c)

+ccΓβ
αγ(

HH Ỹ γ) + ccΓβ
αγ︸ ︷︷ ︸

Γβ
αγ

(HH Ỹ γ))

+HHX̃α(∂α(Ỹ
β) + ccΓβ

αc︸ ︷︷ ︸
0

(HH Ỹ c)

+ ccΓβ
αγ︸ ︷︷ ︸

Γβ
αγ

(HH Ỹ γ) + ccΓβ
αγ︸ ︷︷ ︸

0

(HH Ỹ γ))

= Xa(∂a(−yεΓβ
ε ϕY

ϕ)) +Xα(∂α(−yεΓβ
ε ϕY

ϕ)

+yε∂εΓ
β
αγY

γ)) + Γβ
αγ(−yεΓγ

ε βY
β)

+(−yεΓα
ε ϕY

ϕ)(∂α(−yεΓβ
ε σY

σ) + Γβ
ασY

σ)

= Xa((−∂aΓ
β
ε ϕ)y

εY ϕ) +Xα(−∂αΓ
β
ε ϕ)y

εY ϕ)

−yεXaΓβ
ε ϕ(∂aY

ϕ)− yεΓβ
ε ϕ(∂αY

ϕ)

+Xα(∂εΓ
β
αγ)y

εY γ −XαΓβ
αγΓ

γ
ε σy

εY σ)

+Γα
ε ϕΓ

β
ε σy

εXϕY σ − Γα
ε ϕΓ

β
ασy

εXϕY σ

= XαY ϕyε(−∂αΓ
β
ε ϕ + ∂εΓ

β
αϕ − Γβ

ασΓ
σ
ε ϕ + Γβ

ε σΓ
σ
ε ϕ)

−Γβ
ε σΓ

σ
αϕX

αY ϕyε − Γβ
ε ϕy

εXα∂αY
ϕ

= yεRβ
εαϕX

αY ϕ + HH (∇XY )
β
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by virtue of (12) and (16). On the other hand, we know that HH (∇XY ) +
γ(R( , X)Y ) have the components

HH (∇XY ) + γ(R( , X)Y ) =

 HH (∇XY )
b

HH (∇XY )
β

HH (∇XY )
β

+

 0
0

yεRβ
εαϕX

αY ϕ


with respect to the coordinates (xb, xβ , xβ) on t(Bm). Thus, we have

cc∇HHX̃(HH Ỹ ) = HH (∇XY ) + γ(R( , X)Y )

in t(Bm).
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[15] M. W lodzimierz and J. Tomáš, Reduction for natural operators on projectable connec-
tions, Demonstratio Mathematica, vol. 42, no.2 (2009), 435-439

[16] K. Yano and S. Ishihara, Tangent and Cotangent Bundles, Marcel Dekker, Inc., New

York, 1973.
[17] F. Yıldırım, On a special class of semi-cotangent bundle,Proceedings of the Institute of

Mathematics and Mechanics, (ANAS) 41 (2015), no. 1, 25-38.

[18] F. Yıldırım and A.A. Salimov, Semi-cotangent bundle and problems of lifts, Turk J.
Math, (2014), 38, 325-339.
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