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BEREZIN NUMBER INEQUALITIES VIA YOUNG

INEQUALITY

Hamdullah Başaran and Mehmet Gürdal∗

Abstract. In this paper, we obtain some new inequalities for the Berezin

number of operators on reproducing kernel Hilbert spaces by using the

Hölder-McCarthy operator inequality. Also, we give refine generalized
inequalities involving powers of the Berezin number for sums and products

of operators on the reproducing kernel Hilbert spaces.

1. Introduction

Recall that the reproducing kernel Hilbert spaceH = H (Ω) (shortly, RKHS)
is the Hilbert space of complex-valued functions on some set Ω such that the
evaluation functional f → f (λ) is bounded on H for every λ ∈ Ω. Then, by
Riesz representation theorem for each λ ∈ Ω there exists a unique vector kλ
in H such that f (λ) = ⟨f, kλ⟩ for all f ∈ H. The function kλ is called the
reproducing kernel of the space H. It is well known that (see Aronzajn [1])

kλ (z) =

∞∑
n=0

en (λ)en (z)

for any orthonormal basis {en (z)}n≥0 of the space H (Ω) . The normalized

reproducing kernel is defined by k̂λ := kλ

∥kλ∥H
. For a bounded linear operator

A acting in the RKHS H, its Berezin symbol Ã (see Berezin [5, 6]) is defined
by the formula

Ã (λ) :=
〈
Ak̂λ, k̂λ

〉
(λ ∈ Ω) .

The Berezin symbol is a function that is bounded by norm of the operator.
Karaev [19] defined the Berezin set and the Berezin number of operator A,
respectively by

Ber (A) := Range
(
Ã
)
=
{
Ã (λ) : λ ∈ Ω

}
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and

ber (A) := sup
λ∈Ω

∣∣∣Ã (λ)
∣∣∣ .

It is clear from definitions that Ã is a bounded function, Ber (A) lies in the
numerical range W (A) , and so ber (A) does not exceed the numerical radius
w (A) of operator A. Recall that the numerical range and the numerical radius
of operator A are defined, respectively, by

W (A) := {⟨Ax, x⟩ : x ∈ H and ∥x∥ = 1}

and

w (A) := sup
∥x∥=1

|⟨Ax, x⟩|

(for more information, see [15, 17, 22, 23, 24, 25, 28, 36]). Berezin set and
Berezin number of operators are new numerical characteristics of operators on
the RKHS which are introduced by Karaev in [19]. For the basic properties
and facts on these new concepts, see [2, 3, 4, 20, 31, 32].

Suppose that B (H) denotes the C∗-algebra of all bounded linear operators
on H. It is well-known that

(1.1) ber (A) ≤ w (A) ≤ ∥A∥

and
∥A∥
2

≤ w (A)

for any A ∈ B (H) . But, Karaev [20] showed that

∥A∥
2

≤ ber (A)

is not hold for every A ∈ B (H) . Also, Berezin number inequalities were given
by using the other inequalities in [9, 10, 11, 12, 13, 14, 16, 33, 34, 35].

Kittaneh and El-Haddad in [24] showed that if A ∈ B (H), then

(1.2) wr (A) ≤ 1

2

∥∥∥|A|2αr + |A∗|2(1−α)r
∥∥∥ ,

and

(1.3) w2r (A) ≤ 1

2

∥∥∥α |A|2r + (1− α) |A∗|2r
∥∥∥ .

where 0 ≤ α ≤ 1, and r ≥ 1 (also see, [8, 27]).
If we apply the inequality of (1.1) to (1.2) and (1.3), we have

(1.4) berr (A) ≤ 1

2

∥∥∥|A|2αr + |A∗|2(1−α)r
∥∥∥
ber

and

(1.5) ber2r (A) ≤ 1

2

∥∥∥α |A|2r + (1− α) |A∗|2r
∥∥∥
ber

where 0 ≤ α ≤ 1, and r ≥ 1, respectively.
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The purpose of this paper is to establish improvement of the Hölder-McCarthy
operator inequality in the some special case on the reproducing kernel Hilbert
spaces by using a simple consequence of the Jensen inequality for the convex
function f (t) = tr where r ≥ 1. Some improvements of norm and Berezin num-
ber inequality for the sums and powers operators acting on reproducing kernel
Hilbert spaces are also presented.

Among many techniques in obtaining numerical radius and Berezin number
inequalities is the study of certain scalar ones. For example, a simple conse-
quence of the Jensen inequality for convex function f (t) = tr where r ≥ 1 [29]
which states that if a, b ≥ 0 and 0 ≤ α ≤ 1, then

(1.6) aαb1−α ≤ αa+ (1− α) b ≤ (αar + (1− α) br)
1
r ,

for r ≥ 1. The following result is known as a generalized mixed Schwarz
inequality : If A ∈ B (H) , x, y ∈ H be two vectors and 0 ≤ α ≤ 1, then

(1.7) |⟨Ax, y⟩|2 ≤
〈
|A|2α x, x

〉〈
|A∗|2(1−α)

y, y
〉
.

The next inequality is spectral theorem for positive operators and Jensen
inequality and known as the Hölder McCarthy inequality [29] which states that
if A is a positive operators in B (H) and x ∈ H is an unit vector, then

⟨Ax, x⟩r ≤ ⟨Arx, x⟩ for r ≥ 1

(1.8) ⟨Arx, x⟩ ≤ ⟨Ax, x⟩r for 0 < r ≤ 1.

Kian [21] gave an improvement of the Hölder McCarthy’s inequality which
states that if A is a positive operators on H and x ∈ H is an unit vector, then

(1.9) ⟨Ax, x⟩r ≤ ⟨Arx, x⟩ − ⟨|A− ⟨Ax, x⟩|r x, x⟩ , for r ≥ 2.

In 2009, Shebrawi and Albadwi [30] proved a generalization of the mixed
Schwartz inequality, which assert

(1.10) |⟨Ax, y⟩| ≤ ∥f (|A|)x∥ ∥g (|A∗|) y∥ ,

for all x, y ∈ H, A ∈ B (H) and f and g be nonnegative functions on [0,∞)
which are continuous and satisfy the relation f (t) g (t) = t for all t ∈ [0,∞).

The following result [30] is a consequence of the convexity the function
f (t) = tr, r ≥ 1 which states that if ai, i = 1, 2, ..., n, are positive real
numbers, then

(1.11)

(
n∑

i=1

ai

)r

≤ nr−1
n∑

i=1

ari , for r ≥ 1.
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2. The main results

In this section, we obtain an improvement of Hölder-McCarthy’s operator
inequality in this case when r ≥ 1 and get some improvements of Berezin
number inequalities for operators on reproducing kernel Hilbert spaces.

Our first result is a refinement of the first inequality in (1.5) for r ≥ 2.

Theorem 2.1. Let H = H (Ω) be a RKHS. If A ∈ B (H), 0 ≤ α ≤ 1 and
r ≥ 2, then

ber2r (A) ≤
∥∥∥α |A|2r + (1− α) |A∗|2r

∥∥∥
ber

− inf
λ∈Ω

µ (λ) ,

where

µ (λ) = α

 ˜∣∣∣∣|A|2 − |̃A|2 (λ)
∣∣∣∣r (λ)

+ (1− α)

 ˜∣∣∣∣|A∗|2 − |̃A∗|2 (λ)
∣∣∣∣r (λ)

 .

Proof. Let k̂λ be a normalized reproducing kernel. Then we have∣∣∣Ã (λ)
∣∣∣2 =

∣∣∣〈Ak̂λ, k̂λ

〉∣∣∣2
≤
〈
|A|2α k̂λ, k̂λ

〉〈
|A∗|2(1−α)

k̂λ, k̂λ

〉
(by inequality (1.7))

≤
〈
|A|2 k̂λ, k̂λ

〉α 〈
|A∗|2 k̂λ, k̂λ

〉1−α

(by inequality (1.8))

≤
(
α
〈
|A|2 k̂λ, k̂λ

〉r
+ (1− α)

〈
|A∗|2 k̂λ, k̂λ

〉r)1/r
(by inequality (1.6))

≤
(
α
(〈

|A|2r k̂λ, k̂λ
〉
−
〈∣∣∣|A|2 −

〈
|A|2 k̂λ, k̂λ

〉∣∣∣r k̂λ, k̂λ〉)
+(1− α)

(〈
|A∗|2r k̂λ, k̂λ

〉
−
〈∣∣∣|A∗|2 −

〈
|A∗|2 k̂λ, k̂λ

〉∣∣∣r k̂λ, k̂λ〉))1/r
(by inequality (1.9)).

So,∣∣∣Ã (λ)
∣∣∣2r ≤ α

(〈
|A|2r k̂λ, k̂λ

〉
−
〈∣∣∣|A|2 −

〈
|A|2 k̂λ, k̂λ

〉∣∣∣r k̂λ, k̂λ〉)
+ (1− α)

(〈
|A∗|2r k̂λ, k̂λ

〉
−
〈∣∣∣|A∗|2 −

〈
|A∗|2 k̂λ, k̂λ

〉∣∣∣r k̂λ, k̂λ〉) .
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and

sup
λ∈Ω

∣∣∣Ã (λ)
∣∣∣2r ≤ sup

λ∈Ω

〈
|α| |A|2r k̂λ, k̂λ

〉
+ (1− α) sup

λ∈Ω

〈
|A∗|2r k̂λ, k̂λ

〉
− inf

λ∈Ω

(〈
|α|
∣∣∣|A|2 −

〈
|A|2 k̂λ, k̂λ

〉∣∣∣r k̂λ, k̂λ〉
+(1− α)

〈∣∣∣|A∗|2 −
〈
|A∗|2 k̂λ, k̂λ

〉∣∣∣r k̂λ, k̂λ〉) .
which is equivalent to

ber2r (A) ≤
∥∥∥α |A|2r + (1− α) |A∗|2r

∥∥∥
ber

− inf
λ∈Ω

µ (λ) ,

where µ (λ) = α

 ˜∣∣∣∣|A|2 − |̃A|2 (λ)
∣∣∣∣r (λ)

+(1− α)

 ˜∣∣∣∣|A∗|2 − |̃A∗|2 (λ)
∣∣∣∣r (λ)

 .

Recall that the Young inequality says that if a, b ≥ 0, and α ∈ [0, 1], then

(1− α) a+ αb ≥ a1−αbα.

Many mathematicians improved Young inequality and reverse. Kober [26],
proved that for a, b > 0

(2.1) (1− α) a+ αb ≤ a1−αbα + (1− α)
(√

a−
√
b
)2

, α ≥ 1.

Our second result is a refinement of the Hölder-McCarthy inequality by
using (2.1).

Lemma 2.2. Let A ∈ B (H) be a positive operator. Then for all λ ∈ Ω

(2.2)
(
Ã (λ)

)α
≤ 1

µ
Ãα (λ) , α ≥ 1,

where µ = 1 + 2 (α− 1)

(
1− Ã1/2(λ)

(Ã(λ))
1/2

)
.

Proof. Applying functional calculus for the positive operators A in (2.1),
we get

(1− α) aI + αA ≤ a1−αAα + (1− α)
(
aI +A− 2

√
aA

1
2

)
.

The above inequality is equivalent to

(1− α) a+ α
〈
Ak̂λ, k̂λ

〉
≤ a1−α

〈
Aαk̂λ, k̂λ

〉
+ (1− α)

(
a+

〈
Ak̂λ, k̂λ

〉
− 2

√
a
〈
A

1
2 k̂λ, k̂λ

〉)
(2.3)
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for all λ ∈ Ω. By substituting a =
〈
Ak̂λ, k̂λ

〉
in (2.3), we get

Ã (λ) ≤
(
Ã (λ)

)1−α

Ãα (λ) + 2 (1− α) Ã (λ)

1− Ã1/2 (λ)(
Ã (λ)

)1/2
 .

By rearranging terms, we have

(2.4)
(
Ã (λ)

)α1 + 2 (α− 1)

1− Ã1/2 (λ)(
Ã (λ)

)1/2

 ≤ Ãα (λ) .

By the Hölder-McCarthy inequality, 1 ≥ 1− Ã1/2(λ)

(Ã(λ))
1/2 ≥ 0. Hence, the following

chain of the inequalities are true :

(
Ã (λ)

)α
≤
(
Ã (λ)

)α1 + 2 (α− 1)

1− Ã1/2 (λ)(
Ã (λ)

)1/2

 ≤ Ãα (λ) ,

where A is positive and α ≥ 1. One can easily see that

1− Ã1/2 (λ)(
Ã (λ)

)1/2 ≥ inf

1− Ã1/2 (λ)(
Ã (λ)

)1/2 : λ ∈ Ω

 .

So,

1+2 (α− 1)

1− Ã1/2 (λ)(
Ã (λ)

)1/2
 ≥ 1+2 (α− 1) inf

1− Ã1/2 (λ)(
Ã (λ)

)1/2 : λ ∈ Ω

 .

Then from inequality (2.4), we get the desired result(
Ã (λ)

)α
≤ 1

µ
Ãα (λ) , α ≥ 1,

where µ = 1 + 2 (α− 1)

(
1− Ã1/2(λ)

(Ã(λ))
1/2

)
.

The following theorem is an improvement of inequality (1.4).

Theorem 2.3. Let A ∈ B (H) be an invertible operator, 0 < α < 1 and

r > 1. If for each k̂λ a normalized reproducing kernel

µ (λ) =

1 + 2 (r − 1)

1−

(
|̃A|α (λ)

)
(
|̃A|2α (λ)

)1/2



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and

ν (λ) =

1 + 2 (r − 1)

1−

(
˜|A∗|(1−α)

(λ)

)
(

˜|A∗|2(1−α)
(λ)

)1/2


 ,

then

berr (A) ≤ 1

2ζ

∥∥∥|A|2αr + |A∗|2(1−α)r
∥∥∥
ber

,

where µ = infλ∈Ω µ (λ), ν = infλ∈Ω ν (λ) and ζ = min {µ, ν}.

Proof. Let k̂λ be a normalized reproducing kernel. Then∣∣∣Ã (λ)
∣∣∣ = ∣∣∣〈Ak̂λ, k̂λ

〉∣∣∣2 ≤
〈
|A|2α k̂λ, k̂λ

〉 1
2
〈
|A∗|2(1−α)

k̂λ, k̂λ

〉 1
2

≤


〈
|A|2α k̂λ, k̂λ

〉r
+
〈
|A∗|2(1−α)

k̂λ, k̂λ

〉r
2


1
r

≤
(
1

2

(
1

µ

〈
|A|2α k̂λ, k̂λ

〉r
+

1

ν

〈
|A∗|2(1−α)

k̂λ, k̂λ

〉r)) 1
r

.

Hence, ∣∣∣Ã (λ)
∣∣∣r ≤ 1

2ζ

〈(
|A|2αr + |A∗|2(1−α)r

)
k̂λ, k̂λ

〉
.

By taking the supremum over λ ∈ Ω above inequality, we have

berr (A) ≤ 1

2ζ

∥∥∥|A|2αr + |A∗|2(1−α)r
∥∥∥
ber

,

which is an improvement of inequality (1.4).

2.1. Berezin inequalities for sums and products of operators

In this subsection, we present Berezin operator norm inequalities and a
related Berezin inequality for the sum and product of operators on reproducing
kernel Hilbert spaces.

Now, we recall that some general result for the product of operators from
[18].

Dragomir in ([7], Theorem 2) showed that for A,B ∈ B (H), α ∈ (0, 1) and
r ≥ 1

(2.5) |⟨Ax,By⟩|2r ≤ α
〈
(A∗A)

r
α x, x

〉
+ (1− α)

〈
(B∗B)

r
1−α y, y

〉
,

where x, y ∈ H with ∥x∥ = ∥y∥ = 1.
Let A,B ∈ B (H). The Schwarz inequality states that

|⟨Ax,By⟩|2 ≤ ⟨Ax,Ax⟩ ⟨By,By⟩ , for all x, y ∈ H.

We get the following refinements of inequality (2.5) for r ≥ 2.
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Theorem 2.4. Let H = H (Ω) be a RKHS. If A,B ∈ B (H), 0 ≤ α ≤ 1
and r ≥ 2, then

(2.6) ber2r (B∗A) ≤
∥∥∥α (A∗A)

r/α
+ (1− α) (B∗B)

r/(1−α)
∥∥∥
ber

− inf
λ∈Ω

µ (λ) ,

where

µ (λ) = α

(∣∣∣∣(A∗A)
1/α − ˜

(A∗A)
1/α

(λ)

∣∣∣∣r)∼

(λ)

+ (1− α)

(∣∣∣∣(B∗B)
1/(1−α) − ˜

(B∗B)
1/(1−α)

(λ)

∣∣∣∣r)∼

(λ) .

Proof. For a normalized reproducing kernel k̂λ, we have∣∣∣〈(B∗A) k̂λ, k̂λ

〉∣∣∣2
=
∣∣∣(B̃∗A (λ)

)∣∣∣2
≤
〈
(A∗A) k̂λ, k̂λ

〉〈
(B∗B) k̂λ, k̂λ

〉
(by the Schwarz inequality)

=
〈(

(A∗A)
r/α
)α

k̂λ, k̂λ

〉〈(
(B∗B)

r/(1−α)
)1−α

k̂λ, k̂λ

〉
≤
〈
(A∗A)

1
α k̂λ, k̂λ

〉α 〈
(B∗B)

r/(1−α)
k̂λ, k̂λ

〉1−α

(by inequality (1.8))

≤
(
α
〈
(A∗A)

1
α k̂λ, k̂λ

〉r
+ (1− α)

〈
(B∗B)

1/(1−α)
k̂λ, k̂λ

〉r)1/r
(by inequality (1.6) )

≤
(
α
〈
(A∗A)

r/α
k̂λ, k̂λ

〉
− α

〈∣∣∣(A∗A)
1/α −

〈
(A∗A)

1/α
k̂λ, k̂λ

〉∣∣∣r k̂λ, k̂λ〉
+ (1− α)

〈
(B∗B)

r
1−α k̂λ, k̂λ

〉
− (1− α)

〈∣∣∣(B∗B)
1/(1−α) −

〈
(B∗B)

1/(1−α)
k̂λ, k̂λ

〉∣∣∣r k̂λ, k̂λ〉)1/r
(by inequality (1.9) ).

So,∣∣∣(B̃∗A (λ)
)∣∣∣2r ≤ α

〈
(A∗A)

r/α
k̂λ, k̂λ

〉
+ (1− α)

〈
(B∗B)

r/(1−α)
k̂λ, k̂λ

〉
− α

〈∣∣∣(A∗A)
1/α −

〈
(A∗A)

1/α
k̂λ, k̂λ

〉∣∣∣r k̂λ, k̂λ〉
− (1− α)

〈∣∣∣(B∗B)
1/(1−α) −

〈
(B∗B)

1/(1−α)
k̂λ, k̂λ

〉∣∣∣r k̂λ, k̂λ〉
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and

sup
λ∈Ω

∣∣∣(B̃∗A (λ)
)∣∣∣2r ≤ sup

λ∈Ω
α
〈
(A∗A)

r/α
k̂λ, k̂λ

〉
+ sup

λ∈Ω
(1− α)

〈
(B∗B)

r/(1−α)
k̂λ, k̂λ

〉
− inf

λ∈Ω

(
α

(∣∣∣∣(A∗A)
1/α − ˜

(A∗A)
1/α

(λ)

∣∣∣∣r)∼

(λ)

+ (1− α)

(∣∣∣∣(B∗B)
1/(1−α) − ˜

(B∗B)
1/(1−α)

(λ)

∣∣∣∣r)∼

(λ)

)
which is equivalent to

ber2r (B∗A) ≤
∥∥∥α (A∗A)

r/α
+ (1− α) (B∗B)

r/(1−α)
∥∥∥
ber

− inf
λ∈Ω

µ (λ) ,

where

µ (λ) = α

(∣∣∣∣(A∗A)
1/α − ˜

(A∗A)
1/α

(λ)

∣∣∣∣r)∼

(λ)

+ (1− α)

(∣∣∣∣(B∗B)
1/(1−α) − ˜

(B∗B)
1/(1−α)

(λ)

∣∣∣∣r)∼

(λ) .

Corollary 2.5. Let H = H (Ω) be a RKHS. For A,B ∈ B (H), 0 < α < 1
and r ≥ 2, the following norm inequalities and Berezin inequalities hold:

(i) ∥A∥2rber ≤ α
∥∥∥(A∗A)

r/α
∥∥∥
ber

+ (1− α)− infλ∈Ω |ζ (λ)|;

(ii)
∥∥A2

∥∥2r
ber

≤ α
∥∥∥(A∗A)

r/α
∥∥∥
ber

+(1− α)
∥∥∥(A∗A)

r/(1−α)
∥∥∥
ber

−infλ∈Ω ζ (λ)−
infλ∈Ω µ (λ);

(iii) ber2r (A) ≤
∥∥∥α (A∗A)

r/α
+ (1− α)

∥∥∥
ber

− infλ∈Ω ζ (λ);

(iv) ber2r
(
A2
)
≤
∥∥∥α (A∗A)

r/α
+ (1− α)

∥∥∥
ber

− infλ∈Ω ν (λ) where

ζ (λ) = α

((∣∣∣∣(A∗A)
1/α − ˜

(A∗A)
1/α

(λ)

∣∣∣∣r)∼

(λ)

)
,

µ (λ) = (1− α) berr
(
(AA∗)

1/(1−α) − ˜
(AA∗)

1/(1−α)
(λ)

)

ν (λ) = α

(∣∣∣∣(A∗A)
1/α − ˜

(A∗A)
1/α

(λ)

∣∣∣∣r)∼

(λ)

+ (1− α)

(∣∣∣∣(AA∗)
1/(1−α) − ˜

(AA∗)
1/(1−α)

(λ)

∣∣∣∣r)∼

(λ) .

We need the following lemma which a generalization of the inequality (1.2).
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Theorem 2.6. ([30]) Let Ai, Xi, Bi ∈ B (H), i = 1, 2, ..., n, and let f
and g be nonnegative functions on [0,∞) which are continuous and satisfy the
relation f (t) g (t) = t for all t ∈ [0,∞). Then

wr

(
n∑

i=1

A∗
iXiBi

)
≤ nr−1

2

∥∥∥∥∥
n∑

i=1

((
B∗

i f
2 (|Xi|)Bi

)r
+
(
A∗

i g
2 (|X∗

i |)Ai

)r)∥∥∥∥∥ , r ≥ 1.

We refine the above inequality for r ≥ 1 by applying a refinement of the
Hölder-McCarthy inequality.

Theorem 2.7. Let H = H (Ω) be a RKHS, Ai, Xi, Bi ∈ B (H), i = 1,
2, ..., n, be invertible operators and let f and g be nonnegative functions on
[0,∞) which are continuos and satisfy in f (t) g (t) = t for all t ∈ [0,∞). Then,
for all r > 1,

berr

(
n∑

i=1

A∗
iXiBi

)
≤ nr−1

2µ

∥∥∥∥∥
n∑

i=1

((
B∗

i f
2 (|Xi|)Bi

)r
+
(
A∗

i g
2 (|X∗

i |)Ai

)r)∥∥∥∥∥
ber

,

where µ = min {ζ, γ}, ζ = infλ∈Ω

1 + 2 (r − 1)

1−
˜

(B∗
i f

2(|Xi|)Bi)
1/2

(λ)(
˜(B∗

i f
2(|Xi|)Bi)(λ)

)1/2


and γ = infλ∈Ω

1 + 2 (r − 1)

1−
˜

(A∗
i g

2(|X∗
i |)Ai)

1
2 (λ)(

˜(A∗
i g

2(|X∗
i |)Ai)(λ)

) 1
2


.

Proof. Let k̂λ be a normalized reproducing kernel. Then we have

∣∣∣∣∣
〈(

n∑
i=1

A∗
iXiBi

)
k̂λ, k̂λ

〉∣∣∣∣∣
r

=

∣∣∣∣∣
n∑

i=1

〈
(A∗

iXiBi) k̂λ, k̂λ

〉∣∣∣∣∣
r

≤
n∑

i=1

∣∣∣〈(A∗
iXiBi) k̂λ, k̂λ

〉∣∣∣r =

(
n∑

i=1

∣∣∣〈XiBik̂λ, Aik̂λ

〉∣∣∣)r

≤

(
n∑

i=1

〈
f2 (|Xi|)Bik̂λ, Bik̂λ

〉 1
2
〈
g2 (|X∗

i |)Aik̂λ, Aik̂λ

〉 1
2

)r

(by inequality (1.10) )
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= nr−1
n∑

i=1

〈
B∗

i f
2 (|Xi|)Bik̂λ, k̂λ

〉 r
2
〈
A∗

i g
2 (|X∗

i |)Aik̂λ, k̂λ

〉 r
2

(by inequality (1.11) )

=
nr−1

2

n∑
i=1

〈
B∗

i f
2 (|Xi|)Bik̂λ, k̂λ

〉r
+
〈
A∗

i g
2 (|X∗

i |)Aik̂λ, k̂λ

〉r
(by inequality AM-GM)

=
nr−1

2

n∑
i=1

(
1

ζ

〈(
B∗

i f
2 (|Xi|)Bi

)r
k̂λ, k̂λ

〉
+
〈(

A∗
i g

2 (|X∗
i |)Ai

)r
k̂λ, k̂λ

〉)
(by (2.2) )

=
nr−1

2µ

n∑
i=1

〈((
B∗

i f
2 (|Xi|)Bi

)r
+
(
A∗

i g
2 (|X∗

i |)Ai

)r)
k̂λ, k̂λ

〉

(2.7) =
nr−1

2µ

〈
n∑

i=1

((
B∗

i f
2 (|Xi|)Bi

)r
+
(
A∗

i g
2 (|X∗

i |)Ai

)r)
k̂λ, k̂λ

〉
.

So,∣∣∣∣∣∣
˜(

n∑
i=1

A∗
iXiBi

)
(λ)

∣∣∣∣∣∣
r

≤ nr−1

2µ

〈
n∑

i=1

((
B∗

i f
2 (|Xi|)Bi

)r
+
(
A∗

i g
2 (|X∗

i |)Ai

)r)
k̂λ, k̂λ

〉
and by taking supremum over λ ∈ Ω,

sup
λ∈Ω

∣∣∣∣∣∣
˜(

n∑
i=1

A∗
iXiBi

)
(λ)

∣∣∣∣∣∣
r

≤ sup
λ∈Ω

nr−1

2µ

〈
n∑

i=1

((
B∗

i f
2 (|Xi|)Bi

)r
+
(
A∗

i g
2 (|X∗

i |)Ai

)r)
k̂λ, k̂λ

〉
which is equivalent to

berr

(
n∑

i=1

A∗
iXiBi

)
≤ nr−1

2µ

∥∥∥∥∥
n∑

i=1

((
B∗

i f
2 (|Xi|)Bi

)r
+
(
A∗

i g
2 (|X∗

i |)Ai

)r)∥∥∥∥∥
ber

,

as required.

If we assume that f (t) = tα and g (t) = t1−α, 0 < α < 1, in Theorem 2.7,
then we get the following corollary.

Corollary 2.8. Let H = H (Ω) be a RKHS and Ai, Xi, Bi ∈ B (H), i = 1,
2, ..., n, be invertible operators, r > 1 and 0 < α < 1. Then

berr

(
n∑

i=1

A∗
iXiBi

)
≤ nr−1

2µ

∥∥∥∥∥
n∑

i=1

(
B∗

i |Xi|2α Bi

)r
+
(
A∗

i

∣∣X∗
i

∣∣2(1−α)
Ai

)r∥∥∥∥∥
ber

,
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where µ = min {ζ, γ},

ζ = inf
λ∈Ω


1 + 2 (r − 1)

1−

˜(
B∗

i |Xi|2α Bi

)1/2
(λ)(

˜(
B∗

i |Xi|2α Bi

)
(λ)

)1/2




,

γ = inf
λ∈Ω

1 + 2 (r − 1)

1−

˜(
A∗

i |X∗
i |

2(1−α)
Ai

)1/2
(λ)

˜(
A∗

i |X∗
i |

2(1−α)
Ai

)
(λ)

1/2
(λ)


 .

In particular,

ber

(
n∑

i=1

A∗
iXiBi

)
≤ 1

2

∥∥∥∥∥
n∑

i=1

(B∗
i |Xi|Bi +A∗

i (|X∗
i |)Ai)

∥∥∥∥∥
ber

.

Setting Ai = Bi = I, i = 1, 2, ..., n, in Theorem 2.7, the following inequal-
ities for sums of operators are obtained.

Corollary 2.9. Let H = H (Ω) be a RKHS and Xi ∈ B (H), i = 1, 2, ...,
n be invertible operators and let f and g be continuous nonnegative functions
on [0,∞) such that f (t) g (t) = t for all t ∈ [0,∞). Then, for r > 1,

berr

(
n∑

i=1

Xi

)
≤ nr−1

2µ

∥∥∥∥∥
n∑

i=1

(
f2r (|Xi|) + g2r (|X∗

i |)
)∥∥∥∥∥

ber

,

where µ = min {ζ, γ},

ζ = inf
λ∈Ω

1 + 2 (r − 1)

1−
˜f (|Xi|) (λ)(

˜f2 (|Xi|) (λ)
)1/2


 ,

γ = inf
λ∈Ω

1 + 2 (r − 1)

1−
˜g (|X∗

i |) (λ)(
˜g2 (|X∗

i |) (λ)
)1/2


 .

In particular

berr

(
n∑

i=1

Xi

)
≤ nr−1

2µ

∥∥∥∥∥
n∑

i=1

|Xi|2αr + |X∗
i |

2(1−α)r

∥∥∥∥∥
ber

, α ∈ (0, 1)
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where µ = min {ζ, γ},

ζ = inf
λ∈Ω

1 + 2 (r − 1)

1− |̃Xi|α (λ)(
|̃Xi|2α (λ)

)1/2


 ,

γ = inf
λ∈Ω

1 + 2 (r − 1)

1−
˜|X∗
i |

(1−α)
(λ)(

˜|X∗
i |

2(1−α)
(λ)

)1/2


 .

Next, we present some Berezin inequalities for products of operators. Put
Xi = I, i = 1, 2, ..., n, in Theorem 2.7, to get the following.

Corollary 2.10. Let H = H (Ω) be a RKHS and Ai, Bi ∈ B (H), i =
1, 2, ..., n, be invertible operators and r ≥ 1. Then

berr

(
n∑

i=1

A∗
iBi

)
≤ nr−1

2µ

∥∥∥∥∥
n∑

i=1

|Bi|2r + |Ai|2r
∥∥∥∥∥
ber

,

where µ = min {ζ, γ},

ζ = inf
λ∈Ω

1 + 2 (r − 1)

1− |̃Bi| (λ)(
|̃Bi| (λ)

)1/2

 ,

γ = inf
λ∈Ω

1 + 2 (r − 1)

1− |̃Ai| (λ)(
|̃Ai| (λ)

)1/2

 .

In particular

ber

(
n∑

i=1

A∗
iBi

)
≤ 1

2µ

∥∥∥∥∥
n∑

i=1

(B∗
i Bi) + (A∗

iAi)

∥∥∥∥∥
ber

.

Letting n = 1 in Corollary 2.10, then

berr (A∗B) ≤ 1

2µ
∥(B∗B)

r
+ (A∗A)

r∥ber ,
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where µ = min {ζ, γ},

ζ = inf
λ∈Ω

1 + 2 (r − 1)

1−
˜

(B∗B)
1
2 (λ)(

(̃B∗B) (λ)
)1/2


 ,

γ = inf
λ∈Ω

1 + 2 (r − 1)

1−
˜

(A∗A)
1
2 (λ)(

(̃A∗A) (λ)
)1/2


 .
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