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THE IMAGES OF LOCALLY FINITE E-DERIVATIONS OF

POLYNOMIAL ALGEBRAS

Lintong Lv and Dan Yan

Abstract. Let K be a field of characteristic zero. We first show that

images of the linear derivations and the linear E-derivations of the poly-
nomial algebra K[x] = K[x1, x2, . . . , xn] are ideals if the products of any

power of eigenvalues of the matrices according to the linear derivations
and the linear E-derivations are not unity. In addition, we prove that the

images of D and δ are Mathieu-Zhao spaces of the polynomial algebra

K[x] if D =
∑n

i=1(aixi + bi)∂i and δ = I − φ, φ(xi) = λixi + µi for
ai, bi, λi, µi ∈ K for 1 ≤ i ≤ n. Finally, we prove that the image of an

affine E-derivation of the polynomial algebra K[x1, x2] is a Mathieu-Zhao

space of the polynomial algebra K[x1, x2]. Hence we give an affirma-
tive answer to the LFED Conjecture for the affine E-derivations of the

polynomial algebra K[x1, x2].

1. Introduction

Throughout this paper, we will write K for a field of characteristic zero
without specific note and K[x] = K[x1, x2, . . . , xn] for the polynomial algebra
over K in n indeterminates. And ∂i denotes the derivations ∂

∂xi
for 1 ≤ i ≤ n.

A K-linear endomorphism η of K[x] is said to be locally nilpotent if for
each a ∈ K[x] there exists m ≥ 1 such that ηm(a) = 0, and locally finite if for
each a ∈ K[x] the subspace of K[x] spanned by ηi(a) (i ≥ 0) over K is finitely
generated.

A derivation D of K[x] means a K-linear map D : K[x]→ K[x] that satisfies
D(ab) = D(a)b + aD(b) for all a, b ∈ K[x] and D(c) = 0 for any c ∈ K. An
E-derivation δ of K[x] means a K-linear map δ : K[x]→ K[x] such that for all
a, b ∈ K[x] the following equation holds:

δ(ab) = δ(a)b+ aδ(b)− δ(a)δ(b).
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It is easy to verify that δ is an E-derivation of K[x] if and only if δ = I − φ
for some K-algebra endomorphism φ of K[x]. D is called a linear derivation of
K[x] if D(xi) is a linear form for all 1 ≤ i ≤ n.

The Mathieu-Zhao space was introduced by Zhao in [7] and [8], which is a
natural generalization of ideals. We give the definition here for the polynomial
algebras. A K-subspace M of K[x] is said to be a Mathieu-Zhao space if for
any a, b ∈ K[x] with am ∈ M for all m ≥ 1, we have bam ∈ M when m � 0.
The radical of a Mathieu-Zhao space was first introduced in [8], denoted by
r(M), and

r(M) = {a ∈ K[x] | am ∈M for all m� 0}.
There is an equivalent definition about Mathieu-Zhao space which was proved
in Proposition 2.1 of [8]. We only give the equivalent definition here for the
polynomial algebras. A K-subspace M of K[x] is said to be a Mathieu-Zhao
space if for any a, b ∈ K[x] with a ∈ r(M), we have bam ∈M when m� 0.

In [13], Wenhua Zhao posed the following two conjectures:

Conjecture 1.1 (LFED). Let K be a field of characteristic zero and A a K-
algebra. Then for every locally finite derivation or E-derivation δ of A, the
image Im δ := δ(A) of δ is a Mathieu-Zhao space of A.

Conjecture 1.2 (LNED). Let K be a field of characteristic zero and A a
K-algebra and δ a locally nilpotent derivation or E-derivation of A. Then for
every ideal I of A, the image δ(I) of I under δ is a Mathieu-Zhao space of A.

There are many positive answers to the above two conjectures. In [9], Wen-
hua Zhao proved that Conjecture 1.1 is true for polynomial algebras in one
variable and Conjecture 1.2 is true for polynomial algebras in one variable for
derivations and most E-derivations. Arno van den Essen, David Wright, Wen-
hua Zhao showed that Conjecture 1.1 is true for derivations for polynomial
algebras in two variables in [2]. In [10], Wenhua Zhao proved that Conjecture
1.1 is true for Laurent polynomial algebras in one or two variables and Conjec-
ture 1.2 is true for all Laurent polynomial algebras. Wenhua Zhao proved the
above two conjectures for algebraic algebras in [11]. In [4], Dayan Liu, Xiaosong
Sun showed that Conjecture 1.1 is true for linear locally nilpotent derivations
of a polynomial algebras in dimension three. They also proved that Conjecture
1.1 is true for triangular derivations and homogeneous locally nilpotent deriva-
tions of a polynomial algebras in dimension three in [6]. Arno van den Essen,
Wenhua Zhao showed that Conjecture 1.1 is true for locally integral domains
and K[[x]][x−1] in [3].

Note that we call xl11 x
l2
2 · · ·xlnn < xi11 x

i2
2 · · ·xinn if l1 = i1, . . . , lj−1 = ij−1, lj <

ij for some j ∈ {1, 2, . . . , n}. D(x), φ(x) denote to (D(x1), D(x2), . . . , D(xn))t

and (φ(x1), φ(x2), . . . , φ(xn))t, respectively.
In our paper, we prove that images of the linear derivations and the linear

E-derivations of the polynomial algebra K[x] = K[x1, x2, . . . , xn] are ideals if
the products of any power of eigenvalues of the matrices according to the linear
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derivations and the linear E-derivations are not unity. We also prove that the
images of D and δ are Mathieu-Zhao spaces of the polynomial algebra K[x] if
D =

∑n
i=1(aixi + bi)∂i and δ = I − φ, φ(xi) = λixi + µi for ai, bi, λi, µi ∈ K

for 1 ≤ i ≤ n in Section 2. In Section 3, we mainly prove the following result.

Theorem 1.3. Let δ = I−φ be an E-derivation of K[x]. If φ(x1) = λ1x1 +x2
and φ(xs) = λs−1xs for all 2 ≤ s ≤ n, then Im δ is a Mathieu-Zhao space of
K[x].

Theorem 1.3 is Theorem 3.2 in Section 3. Similar as Lemma 3.2 in [6], we
can assume that K is an algebraically closed field in our paper.

2. The positive answer to Conjecture 1.1 for some derivations and
E-derivations

Lemma 2.1. Let δ = I − φ be an E-derivation of K[x] and φ(xi) = λixi +
fi(xi+1, . . . , xn) with fi(xi+1, . . . , xn) ∈ K[xi+1, . . . , xn] and fn ∈ K for 1 ≤
i ≤ n − 1. If λi 6= 1 for all 1 ≤ i ≤ n, then there exists σ ∈ Aut(K[x]) such

that σ−1δσ = I − φ̃ and φ̃(xi) = λixi + f̃i(xi+1, . . . , xn), where f̃i(0) = 0 for
1 ≤ i ≤ n.

Proof. Let δ̃ = σ−1δσ and σ(xi) = xi + ci for 1 ≤ i ≤ n, where ci = (λi −
1)−1fi(−ci+1, . . . ,−cn) and cn = (λn − 1)−1fn for 1 ≤ i ≤ n − 1. Then

δ̃ = σ−1δσ = I − φ̃ and

φ̃(xi) = λixi + (1− λi)ci + fi(xi+1 − ci+1, . . . , xn − cn)

for 1 ≤ i ≤ n. Let f̃i(xi+1, . . . , xn) = fi(xi+1 − ci+1, . . . , xn − cn) + (1− λi)ci
for 1 ≤ i ≤ n. Then the conclusion follows. �

Theorem 2.2. Let δ = I − φ be an E-derivation of K[x] and φ(xi) = λixi +
fi(xi+1, . . . , xn), where fi ∈ K[xi+1, . . . , xn] and λi ∈ K for all 1 ≤ i ≤ n. If

λi11 · · ·λinn 6= 1 for all i1, . . . , in ∈ N, i1 + · · · + in ≥ 1, then Im δ is an ideal

generated by x1, x2, . . . , xn. In particular, if λ1 = λ2 = · · · = λn := λ̃, then
Im δ is an ideal generated by x1, x2, . . . , xn in the case that λ̃ is not a root of
unity.

Proof. It follows from Lemma 2.1 that we can assume that fi(0) = 0 for all
1 ≤ i ≤ n. Thus, we have fn = 0. We proceed by induction according to
the lexicographical order x1 > x2 > · · · > xn on K[x]. Since φ(xn) = λnxn,
we have δ(xinn ) = (1 − λinn )xinn . Note that λinn 6= 1. We have xinn ∈ Im δ for

all in ∈ N∗. Suppose that xlkk x
lk+1

k+1 · · ·x
ln−1

n−1x
ln
n ∈ Im δ for all xlkk x

lk+1

k+1 · · ·xlnn <

xikk x
ik+1

k+1 · · ·xinn . Then we have

δ(xikk x
ik+1

k+1 · · ·x
in
n ) = xikk · · ·x

in
n − (λkxk + fk(xk+1, . . . , xn))ik · · · (λnxn)in

= (1− λikk · · ·λ
in
n )xikk · · ·x

in
n + Q̃.
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By induction hypothesis, we have Q̃ ∈ Im δ. Since λikk · · ·λinn 6= 1 for any

k ∈ {1, 2, . . . , n}, we have xikk · · ·xinn ∈ Im δ for all ik, . . . , in ∈ N, ik+ · · ·+ in ≥
1, 1 ≤ k ≤ n. Since 1 /∈ Im δ, we have that Im δ is the ideal generated by
x1, x2, . . . , xn. �

Corollary 2.3. Let δ = I − φ be an E-derivation of K[x] and φ = Ax is a

linear polynomial homomorphism of K[x] with A ∈ Mn(K). If λi111 · · ·λinnn 6= 1
for all i1, . . . , in ∈ N, i1 + · · ·+ in ≥ 1, where λ11, . . . , λnn are the eigenvalues
of A, then Im δ is an ideal of K[x]. In particular, if λ11 = · · · = λnn := λ, then
Im δ is an ideal of K[x] in the case that λ is not a root of unity.

Proof. Since φ = Ax, there exists T ∈ GLn(K) such that

T−1AT =


λ11 λ12 · · · λ1n
0 λ22 · · · λ2n
...

...
. . .

...
0 0 · · · λnn

 .

Let σ(x) = Tx. Then we have σ−1δσ = I − σ−1φσ. It suffices to prove

that Im(σ−1δσ) is an ideal of K[x]. Let δ̃ = σ−1δσ = I − φ̃. Then φ̃(xi) =∑n
j=i λijxj for 1 ≤ i ≤ n. Thus, the conclusion follows from Theorem 2.2. �

Proposition 2.4. Let δ = I − φ be an E-derivation of K[x] and φ(xi) =
λixi + µi, where λi, µi ∈ K for all 1 ≤ i ≤ n. Then Im δ is a Mathieu-Zhao
space of K[x].

Proof. If λi 6= 1 for some i ∈ {1, 2, . . . , n}, then we have σ−1i φσi(xi) = λixi
and σ−1i φσi(xj) = λjxj +µj , where σi(xi) = xi + (λi− 1)−1µi, σi(xj) = xj for
j 6= i for all 1 ≤ j ≤ n.

If λi = 1, then δ(xi) = −µi. If µi 6= 0, then 1 ∈ Im δ. It’s easy to check that
δ is locally finite, it follows from Proposition 1.4 in [12] that Im δ is a Mathieu-
Zhao space of K[x]. If µi = 0, then φ(xi) = λixi. We assume that σi = I

in this case. Let σ = σn ◦ · · · ◦ σ1 ∈ Aut(K[x]). Then σ−1δσ = I − φ̃, where

φ̃(xi) = λixi for all 1 ≤ i ≤ n or Im δ is a Mathieu-Zhao space of K[x]. Let

δ̃ = σ−1δσ. It follows from Lemma 3.2 and Corollary 3.3 in [1] that Im δ̃ is a
Mathieu-Zhao space of K[x]. Thus, Im δ is a Mathieu-Zhao space of K[x]. �

Corollary 2.5. Let δ = I − φ be an E-derivation of the polynomial algebra
K[x1, x2, x3], where φ(x1) = x1 + f1(x2, x3), φ(x2) = x2 + f2(x3), φ(x3) =
x3 + f3 with f1(x2, x3) ∈ K[x2, x3], f2(x3) ∈ K[x3], f3 ∈ K. Then Im δ is a
Mathieu-Zhao space of the polynomial algebra K[x1, x2, x3].

Proof. Since δ is triangular, it follows from Theorem 2.1 and Corollary 2.4 in
[12] that there exists a triangular derivationD such that Im δ = ImD. It follows
from Corollary 3.10 in [6] that ImD is a Mathieu-Zhao space of K[x1, x2, x3].
Thus, Im δ is a Mathieu-Zhao space of K[x1, x2, x3]. �
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Proposition 2.6. Let D =
∑n
i=1(aixi + bi)∂i be a derivation of K[x] with

ai, bi ∈ K for all 1 ≤ i ≤ n. Then ImD is a Mathieu-Zhao space of K[x].

Proof. If ai 6= 0 for some i ∈ {1, 2, . . . , n}, then we have

σ−1i Dσi = aixi∂i +
∑

1≤j≤n
j 6=i

(ajxj + bj)∂j ,

where σi(xi) = aixi + bi, σi(xj) = xj for j 6= i for all 1 ≤ j ≤ n.
If ai = 0, then D(xi) = bi. If bi 6= 0, then 1 ∈ ImD. It follows from Example

9.3.2 in [5] that D is locally finite. Thus, it follows from Proposition 1.4 in [12]
that ImD is a Mathieu-Zhao space of K[x]. If bi = 0, then

D =
∑

1≤j≤n
j 6=i

(ajxj + bj)∂j .

Hence we have that ImD is a Mathieu-Zhao space of K[x] or there exists
σ ∈ Aut(K[x]) such that σ−1Dσ =

∑n
j=1 ajxj∂j . It follows from Lemma 3.4

in [2] that Im(σ−1Dσ) is a Mathieu-Zhao space of K[x]. Thus, ImD is a
Mathieu-Zhao space of K[x]. �

Proposition 2.7. Let D =
∑n
i=1(aixi + bi(xi+1, . . . , xn))∂i be a derivation

of K[x] with ai ∈ K, bi ∈ K[xi+1, . . . , xn] for all 1 ≤ i ≤ n. If ai 6= 0 for
some i ∈ {1, 2, . . . , n}, then there exists σ ∈ Aut(K[x]) such that σ−1Dσ =∑n
i=1(aixi + b̃i(xi+1, . . . , xn))∂i and b̃i(0, . . . , 0) = 0 for some i ∈ {1, 2, . . . , n}.

Proof. Since ai 6= 0, we have

σ−1Dσ(xi) = aixi + ai(bi(xi+1, . . . , xn)− ci),

where σ(xi) = aixi+ci, σ(xj) = xj for j 6= i for all 1 ≤ j ≤ n, ci ∈ K. Let ci =

bi(0, . . . , 0). Then σ−1Dσ(xi) = aixi + b̃i(xi+1, . . . , xn) and b̃i(xi+1, . . . , xn) =
ai(bi(xi+1, . . . , xn)− bi(0, . . . , 0)). Thus, the conclusion follows. �

Proposition 2.8. Let D =
∑n
i=1(aixi + bi(xi+1, . . . , xn))∂i be a derivation of

K[x] with ai ∈ K, bi ∈ K[xi+1, . . . , xn] for all 1 ≤ i ≤ n and S the set of
positive integral solutions of the linear equation

∑n
i=1 aiyi = 0. If S = ∅, then

ImD is an ideal generated by x1, . . . , xn. In particular, if a1 = a2 = · · · =
an := a 6= 0, then ImD is an ideal generated by x1, . . . , xn.

Proof. Since S = ∅, we have a1a2 · · · an 6= 0. It follows from Proposition 2.7
that we can assume that b1(0, . . . , 0) = b2(0, . . . , 0) = · · · = bn = 0. We proceed
by induction according to the lexicographical order x1 > x2 > · · · > xn onK[x].

Since xn = D(a−1n xn), we have xn ∈ ImD. Suppose that xl11 x
l2
2 · · ·xlnn ∈ ImD

for all xl11 x
l2
2 · · ·xlnn < xi11 x

i2
2 · · ·xinn . Then we have

D(xi11 x
i2
2 · · ·xinn ) = (i1a1 + i2a2 + · · ·+ inan)xi11 x

i2
2 · · ·xinn +Q.
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By induction hypothesis, we have Q ∈ ImD. Hence we have xi11 x
i2
2 · · ·xinn ∈

ImD for all i1 + i2 + · · · + in ≥ 1. Note that 1 /∈ ImD. Then the conclusion
follows. �

Corollary 2.9. Let D be a linear derivation of K[x] and D(x) = Bx with
B ∈ Mn(K) and S the set of positive integral solutions of the linear equation∑n
i=1 µiiyi = 0, where µ11, . . . , µnn are the eigenvalues of B. If S = ∅, then

ImD is an ideal of K[x]. In particular, if µ11 = µ22 = · · · = µnn := µ 6= 0,
then ImD is an ideal of K[x].

Proof. Since D(x) = Bx, there exists T̃ ∈ GLn(K) such that

T̃−1BT̃ =


µ11 µ12 · · · µ1n

0 µ22 · · · µ2n

...
...

. . .
...

0 0 · · · µnn

 := Bµ.

Let σ̃(x) = T̃ x. Then σ̃−1Dσ̃(x) = Bµx. Thus, the conclusion follows from
Proposition 2.8. �

3. The positive answer to Conjecture 1.1 for E-derivations with φ
affine polynomial homomorphisms

Lemma 3.1. Let δ = I−φ be an E-derivation of K[x]. If φ(x2i−1) = λix2i−1+
x2i, φ(x2i) = λix2i for all 1 ≤ i ≤ t and φ(xs) = λs−txs for all 2t+ 1 ≤ s ≤ n,

where 1 ≤ t ≤ [n2 ], t ∈ N∗, then xi22 x
i4
4 · · ·x

i2t−2

2t−2x
i2t−1

2t−1x
i2t
2t x

i2t+1

2t+1 · · ·xinn ∈ Im δ
for all i2t ≥ 1.

Proof. Note that

δ(xi22 x
i4
4 · · ·x

i2t
2t x

i2t+1

2t+1 · · ·xinn )

= (1− λi21 λ
i4
2 · · ·λ

i2t
t λ

i2t+1

t+1 · · ·λ
in
n−t)x

i2
2 x

i4
4 · · ·x

i2t
2t x

i2t+1

2t+1 · · ·xinn .

If λi21 λ
i4
2 · · ·λ

i2t
t λ

i2t+1

t+1 · · ·λ
in
n−t 6= 1 and i2 + i4 + · · ·+ i2t ≥ 1, then

xi22 x
i4
4 · · ·x

i2t
2t x

i2t+1

2t+1 · · ·xinn ∈ Im δ.

If λi21 λ
i4
2 · · ·λ

i2t
t λ

i2t+1

t+1 · · ·λ
in
n−t = 1 and i2 + i4 + · · ·+ i2t ≥ 1, then, without loss

of generality, we can assume i2 ≥ 1. Thus, we have

δ(x1x
i2−1
2 xi44 · · ·x

i2t
2t x

i2t+1

2t+1 · · ·xinn )

= − λi2−11 λi42 · · ·λ
i2t
t λ

i2t+1

t+1 · · ·λ
in
n−tx

i2
2 x

i4
4 · · ·x

i2t
2t x

i2t+1

2t+1 · · ·xinn .

Hence we have xi22 x
i4
4 · · ·x

i2t
2t x

i2t+1

2t+1 · · ·xinn ∈ Im δ, whence xi22 x
i4
4 · · ·x

i2t
2t x

i2t+1

2t+1

· · ·xinn ∈ Im δ for all i2 + · · ·+ i2t ≥ 1.

Suppose that xi22 x
i4
4 · · ·x

i2t−2

2t−2x
l2t−1

2t−1x
i2t
2t x

i2t+1

2t+1 · · ·xinn ∈ Im δ for l2t−1 < i2t−1
and i2t ≥ 1. Then we have

δ(xi22 x
i4
4 · · ·x

i2t−2

2t−2x
i2t−1

2t−1x
i2t
2t x

i2t+1

2t+1 · · ·xinn )
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= (1− λi21 λ
i4
2 · · ·λ

i2t−2

t−1 λ
i2t−1+i2t
t λ

i2t+1

t+1 · · ·λ
in
n−t)x

i2
2 x

i4
4 · · ·x

i2t−2

2t−2x
i2t−1

2t−1x
i2t
2t x

i2t+1

2t+1

· · ·xinn +Q1(x1, . . . , xn).

By induction hypothesis, every monomial of Q1(x1, . . . , xn) is in Im δ.

If λi21 λ
i4
2 · · ·λ

i2t−2

t−1 λ
i2t−1+i2t
t λ

i2t+1

t+1 · · ·λ
in
n−t 6= 1, then

xi22 x
i4
4 · · ·x

i2t−2

2t−2x
i2t−1

2t−1x
i2t
2t x

i2t+1

2t+1 · · ·xinn ∈ Im δ.

If λi21 λ
i4
2 · · ·λ

i2t−2

t−1 λ
i2t−1+i2t
t λ

i2t+1

t+1 · · ·λ
in
n−t = 1, then we have

δ(xi22 x
i4
4 · · ·x

i2t−2

2t−2x
i2t−1+1
2t−1 xi2t−12t x

i2t+1

2t+1 · · ·xinn )

= xi22 x
i4
4 · · ·x

i2t−2

2t−2x
i2t−1

2t−1x
i2t
2t x

i2t+1

2t+1 · · ·xinn − (λ1x2)i2(λ2x4)i4

· · · (λt−1x2t−2)i2t−2(λtx2t−1 + x2t)
i2t−1+1(λtx2t)

i2t−1

· (λt+1x2t+1)i2t+1 · · · (λn−txn)in

= − (i2t−1 + 1)λi21 λ
i4
2 · · ·λ

i2t−2

t−1 λ
i2t−1+i2t−1
t λ

i2t+1

t+1 · · ·λ
in
n−tx

i2
2 x

i4
4

· · ·xi2t−2

2t−2x
i2t−1

2t−1x
i2t
2t x

i2t+1

2t+1 · · ·xinn +Q2(x1, . . . , xn).

By induction hypothesis, every monomial of Q2(x1, . . . , xn) is in Im δ. Thus,

we have xi22 x
i4
4 · · ·x

i2t−2

2t−2x
i2t−1

2t−1x
i2t
2t x

i2t+1

2t+1 · · ·xinn ∈ Im δ for all i2t ≥ 1. �

Theorem 3.2. Let δ = I−φ be an E-derivation of K[x]. If φ(x1) = λ1x1 +x2
and φ(xs) = λs−1xs for all 2 ≤ s ≤ n, then Im δ is a Mathieu-Zhao space of
K[x].

Proof. It follows from Lemma 3.1 that xi11 x
i2
2 · · ·xinn ∈ Im δ for all i2 ≥ 1. Hence

the ideal I generated by x2 is contained in Im δ.
Note that

δ(xi11 x
i3
3 · · ·xinn ) = (1− λi11 λ

i3
2 · · ·λ

in
n−1)xi11 x

i3
3 · · ·x

i2t+1

2t+1x
i2t+2

2t+2 · · ·xinn mod I

= δ̂(xi11 x
i3
3 · · ·xinn )

for all i1, i3, . . . , in ∈ N, where δ̂ = I − φ̂ is an E-derivation of the polyno-

mial algebra K[x1, x3, . . . , xn] and φ̂(x1) = λ1x1 and φ̂(xs) = λs−1xs for all

2 ≤ s ≤ n. Thus, we have Im δ/I = Im δ̂. It follows from Lemma 3.2 and

Corollary 3.3 in [1] that Im δ̂ is a Mathieu-Zhao space of the polynomial alge-
bra K[x1, x3, . . . , xn]. Then it follows from Proposition 2.7 in [8] that Im δ is a
Mathieu-Zhao space of K[x]. �

Proposition 3.3. Let δ = I − φ be an E-derivation of the polynomial alge-
bra K[x1, x2]. If φ is a linear polynomial homomorphism of the polynomial
algebra K[x1, x2], then Im δ is a Mathieu-Zhao space of the polynomial algebra
K[x1, x2].
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Proof. Since φ is a linear polynomial homomorphism, we have that(
φ(x1)
φ(x2)

)
= A

(
x1
x2

)
,

where A ∈M2(K). Hence there exists T ∈ GL2(K) such that

T−1AT =

(
λ1 0
0 λ2

)
or

(
λ 1
0 λ

)
,

where λ1 6= λ2. Let (σ(x1), σ(x2))t = T (x1, x2)t. Then we have σ−1δσ =
I − σ−1φσ. It suffices to prove that Im(σ−1δσ) is a Mathieu-Zhao space of

K[x1, x2]. Let δ̃ = σ−1δσ = I − φ̃. Then φ̃(x1) = λ1x1, φ̃(x2) = λ2x2 or

φ̃(x1) = λx1 + x2, φ̃(x2) = λx2.

(1) If φ̃(x1) = λ1x1, φ̃(x2) = λ2x2, then it follows from Lemma 3.2 and

Corollary 3.3 in [1] that Im δ̃ is a Mathieu-Zhao space of K[x1, x2].

(2) If φ̃(x1) = λx1 +x2, φ̃(x2) = λx2, then it follows from Theorem 3.2 that

Im δ̃ is a Mathieu-Zhao space of K[x1, x2]. Then the conclusion follows. �

Corollary 3.4. Let δ = I − φ be an E-derivation of the polynomial algebra
K[x1, x2]. If φ(x1) = λx1 + x2, φ(x2) = λx2, then Im δ is an ideal or r(Im δ)
is an ideal of the polynomial algebra K[x1, x2].

Proof. (1) If λ is not a root of unity, then it follows from Corollary 2.3 that
Im δ is an ideal of K[x1, x2].

(2) If λ is a root of unity, then it follows from the proof of Theorem 3.2 that

xi11 x
i2
2 ∈ Im δ for all i1 ∈ N, i2 ∈ N∗ and xi11 ∈ Im δ for all i1 6= ds, d ∈ N,

where s is the least positive integer such that λs = 1. That is, xds1 /∈ Im δ for
all d ∈ N. Next we prove that r(Im δ) is the ideal generated by x2. Clearly, the
ideal generated by x2 is contained in r(Im δ). Let G(x1, x2) = x2G1(x1, x2) +
G2(x1) ∈ r(Im δ) and G2(x1) ∈ K[x1]. We claim that G2(x1) = 0. Otherwise,
we have Gm ∈ Im δ for all m � 0. Thus, we have Gm2 ∈ Im δ for all m �
0. In particular, Gds2 ∈ Im δ for all d � 0. Suppose that xt̂1 is the leading
monomial of G2(x1). Since Im δ is a homogeneous K-subspace of K[x1, x2],

we have xt̂ds1 ∈ Im δ for all d � 0, which is a contradiction. Thus, we have
G2(x1) = 0. Therefore, G belongs to the ideal generated by x2. Then the
conclusion follows. �

Proposition 3.5. Let δ = I − φ be an E-derivation of K[x1, x2]. If φ is an
affine polynomial homomorphism of K[x1, x2], then Im δ is a Mathieu-Zhao
space of K[x1, x2].

Proof. Since φ is an affine polynomial homomorphism, we have that(
φ(x1)
φ(x2)

)
= A

(
x1
x2

)
+

(
c1
c2

)
,
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where A ∈ M2(K) and (c1, c2)t ∈ K2. Hence there exists T ∈ GL2(K) such
that

T−1AT =

(
λ1 0
0 λ2

)
or

(
λ 1
0 λ

)
,

where λ1 6= λ2. Let (σ(x1), σ(x2))t = T (x1, x2)t. Then we have σ−1δσ =
I − σ−1φσ. It suffices to prove that Im(σ−1δσ) is a Mathieu-Zhao space of

K[x1, x2]. Let δ̃ = σ−1δσ = I− φ̃. Then φ̃(x1) = λ1x1 +µ1, φ̃(x2) = λ2x2 +µ2

or φ̃(x1) = λx1 + x2 + µ1, φ̃(x2) = λx2 + µ2, where (µ1, µ2)t = T (c1, c2)t.
(1) If λ1 6= 1, λ2 6= 1 and λ 6= 1, then it follows from Lemma 2.1 that there

exists σ ∈ Aut(K[x1, x2]) such that σ−1δ̃σ = I − φ̄, where φ̄ is a linear poly-

nomial homomorphism. Then it follows from Proposition 3.3 that Im(σ−1δ̃σ)
is a Mathieu-Zhao space of K[x1, x2]. Since σ is a polynomial automorphism,
we have that Im δ is a Mathieu-Zhao space of K[x1, x2].

(2) If λ1 = 1, then φ̃(x1) = x1 + µ1, φ̃(x2) = λ2x2 + µ2. Thus, we have

δ̃(x1) = −µ1. If µ1 6= 0, then 1 ∈ Im δ̃. It’s easy to check that δ̃ is locally

finite. It follows from Proposition 1.4 in [12] that Im δ̃ is a Mathieu-Zhao space

of K[x1, x2]. If µ1 = 0, then δ̃(xi11 ) = 0 for all i1 ∈ N. Since λ2 6= λ1, there

exists τ ∈ Aut(K[x1, x2]) such that δ̂ := τ−1δ̃τ = I − φ̂, where φ̂(x1) = x1,

φ̂(x2) = λ2x2. Then it follows from Proposition 3.3 that Im δ̃ is a Mathieu-Zhao

space of K[x1, x2]. Thus, Im δ̃ is a Mathieu-Zhao space of K[x1, x2].

(3) If λ2 = 1, then we have that Im δ̃ is a Mathieu-Zhao space of K[x1, x2]
by following the arguments of Proposition 3.5(2).

(4) If λ = 1, then φ̃(x1) = x1 + x2 + µ1, φ̃(x2) = x2 + µ2. Thus, we have

δ̃(x2) = −µ2. If µ2 6= 0, then 1 ∈ Im δ̃. Since δ̃ is locally finite, it follows

from Proposition 1.4 in [12] that Im δ̃ is a Mathieu-Zhao space of K[x1, x2]. If

µ2 = 0, then δ̃(xi22 ) = 0 for all i2 ∈ N. Thus, we have

δ̃(xi11 x
i2
2 ) = −(x2 + µ1)(

i1−1∑
j=0

xi1−j−11 (x1 + x2 + µ1)j)xi22

for i1 ∈ N∗, i2 ∈ N. It’s easy to check that (x2 + µ1)xi11 x
i2
2 ∈ Im δ̃ for all

i1, i2 ∈ N. Since 1 /∈ Im δ̃, we have that Im δ̃ is the ideal generated by x2 +µ1.
Then the conclusion follows. �
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