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SEMICLASSICAL ASYMPTOTICS OF INFINITELY MANY
SOLUTIONS FOR THE INFINITE CASE OF A NONLINEAR
SCHRODINGER EQUATION WITH CRITICAL FREQUENCY

ARIEL AGUAS-BARRENO, JORDY CEVALLOS-CHAVEZ, JUAN MAYORGA-ZAMBRANO,
AND LEONARDO MEDINA-ESPINOSA

ABSTRACT. We consider a nonlinear Schrdodinger equation with critical
frequency, (Pe) : e?Av(z) — V(z)v(z) + [v(z)|P"tv(z) = 0, z € RN, and
v(z) — 0 as |z| — 400, for the infinite case as described by Byeon and
Wang. Critical means that 0 < V' € C(RY) verifies Z = {V = 0} # 0.
Infinite means that Z = {xo} and that, grossly speaking, the potential
V decays at an exponential rate as x — xo. For the semiclassical limit,
€ — 0, the infinite case has a characteristic limit problem, (Piy¢) : Au(z)—
P(z)u(z) + Ju(z)[P u(z) = 0, z € Q, with u(z) = 0 as = € Q, where
Q C R¥ is a smooth bounded strictly star-shaped region related to the
potential V. We prove the existence of an infinite number of solutions
for both the original and the limit problem via a Ljusternik-Schnirelman
scheme for even functionals. Fixed a topological level k we show that
Uk, e, a solution of (P¢), subconverges, up to a scaling, to a corresponding
solution of (Pin¢), and that vy . exponentially decays out of Q. Finally,
uniform estimates on 952 for scaled solutions of (P.) are obtained.

1. Introduction

Semiclassical mechanics is an asymptotic method which has helped to study
a number of quantum mechanics situations, e.g., phenomena involving atomic
and mollecular collisions, by transforming them into classical mechanics objects
which are mathematically easier to deal with. This is done by passing to
the limit when the reduced Planck constant is allowed to tend to zero and,
frequently, the accuracy is good enough, [12].

The time-dependent nonlinear Schréodinger equation,

(1)  ihUy(x,t) + h;A\IJ(J:,t) — Vo) (z,t) + ¥ (2, t) [P 0 (z,t) = 0,
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arises naturally when studying the evolution of Bose-Einstein condensates, [13],
and it’s also the model for the propagation of light in some nonlinear optical
materials, [14]. Now assume that 7 is no longer a constant but a small positive
parameter which will decrease to zero. Then a semi-classical state of (1) is
a standing-wave having the form ¥(x,t) = v(x)exp(—iFt/h), where v, the
time-independent component, verifies

(2) e*Av(w) = V(z) v(z) + ()" o(2) =0,

with €2 = h?/2 and V (z) = Vy(x) — E.

Let’s assume that Z = {z € RY : V(z) = inf(V)} # 0. The case inf(V) > 0
is referred to as non-critical and the critical frequency situation corresponds to
inf(V) = 0. We shall see that the term critical is justified as the qualitative
behaviour of the solutions of (2) changes notably.

For the non-critical framework there is a number of works (see e.g. [1,6,8,
10,15,17,19]) based on the variational method or on the Lyapunov-Schmidt
reduction. The following are common features:

(N1) a solution of (2), say ¥, is bounded away from zero, i.e.,

(3

lim inf max |9, (z)| > 0;
e—0 T

)

(N2) @, concentrates around some critical points of V;

(N3) @, exponentially decays to zero away from such critical points; and,

(N4) there is a unique limit problem and, therefore, a unique profile, as
e —=0.

The present work helps to complete the study of asymptotic profiles and
concentration phenomena for the critical case that was initiated in [5], and
elaborated afterwards in [7] for infinitely many solutions whenever int(Z) # ().

Concretely, we will be concerned with

(P.) e2Av(x) — V(z)v(x) + |v(z)[P~lo(z) =0, xRN,

) v(z) = 0, as |z| = +o0,
where p > 1if N = 1,2, and

2N

4 2<1 2F = ——— if N > 3.
(4) <l+p< N3’ if N >
In [5] it’s shown the existence of v, a positive standing wave, a least energy
solution, for which:

(C1) (3) no longer holds and, instead, the following behaviour is verified:

(5) lim [[ve[|pee vy =0,

(6) lim ing 1l @)

e—0 2/(p—1) >0;

(C2) v, concentrates around an isolated component of Z = {V = 0};
(C3) wve exponentially decays outside Z; and,
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(C4) there is not a unique limit problem so that there is no unique profile;
it actually depends on how the potential V' behaves nearby Z.

In [5] three cases were considered: Flat, where int(Z) # ) is bounded; Finite,
where Z is finite and V vanishes like a polynomial around it; and, Infinite,
where Z is finite and V vanishes like an exponential function around it. The
limit problem for the finite case is defined on the whole space, meanwhile the flat
and infinite cases have their limit problems defined on appropriate subregions
of RV. In addition, for the three cases, it was proved that

(C5) a scaling of v. converges to u, a positive least-energy solution of the
corresponding limit problem:;
(C6) the energy of v, converges to the energy of wu.

The work [7] deals with the flat case assuming that the potential satisfies
the following conditions:

(V1) V € C(RY) is non-negative;

(V2) V(z) = +o0 as |z| — +o0;
(Vag) int(Z) # 0 is connected and smooth.

The corresponding limit problem is

{Au(x) + u(@) P lu(z) =0, z€ Z,

Pfia
(Phat) u(z) =0, x€0Z.

In [7] it was applied a Ljusternik-Schnirelman machinery to natural even func-
tionals I. and I, and was showed the existence of sequences of solutions,
(Vk,e) ey and (uk) e, for (Pe) and (Ppag), respectively. Fixed &, the authors
proved that, as € — 0, the solution vy ., not necessarily positive, behaves like
Ve, the positive solution found in [5]: (C1)-(C3) and (C6) hold. Point (C5)
holds as well: a scaling of vy . subconverges to wy, a solution of (Pgat) sharing
the energy level of ug, I(wy) = I(ug). In [7] further asymptotic estimates on
the boundary of Z were obtained.

Remark 1.1. Condition (V2) is more restrictive than the one considered in
[5] were it’s required liminf V(x) > 25 for some § > 0. In other hand,

] —+
condition (V2) allows us to use Theorem 2.11, a Sobolev-like embedding, and,
as a consequence, be able to apply Theorem 3.3, our multiplicity tool.

In short, we show in this paper that the type of results of [7] hold for the
infinite case. The document is organized in the following way:

e In Section 2.1 we state, in a precise way, the general setting which
characterize the infinite case: conditions (V3) and (Vin¢). This allows
us to introduce the main results in Section 2.2.

e In Section 2.3 we present a number of properties of the potential V'
derived from (V3) and (Viu¢). This is also the place for the important
Theorem 2.11 which states that a kind of Sobolev space, where the
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solutions of (P.) are found, is compactly contained in a range of LZ-
spaces.

e In Section 3 a Ljusternik-Schnirelman scheme for even functionals is
set up to obtain the multiplicity result, Theorem 2.3.

e In Section 4 we prove Theorem 2.4 which provides energy asymptotics,
i.e., that the energy of each solution v . of (P.) converges, as € — 0,
to the energy of a corresponding solution of the limit problem, (Piu¢).
In the context of the Ljusternik-Schnirelman theory, the index k rep-
resents the topological characteristic of the level set, so that this result
implies that the k-th level sets of appropriate functionals associated to
(P.) and (Pjn¢) are topologically equivalent.

e Section 5 is devoted to the proof of Theorem 2.5, i.e., the asymptotic
profiles of the solutions of (P.) inside @ C RY, a smooth bounded
strictly star-shaped domain related to the potential V.

e Section 6 is dedicated to the proof of Theorem 2.6, an asymptotic
concentration phenomena, the exponential decay of the solutions of
(P.) out of .

e Finally, Section 7 is the place for the proof of Theorem 2.7, which is a
type of uniform estimate on 9} for scaled solutions of (P.).

2. Main results and preliminaries
2.1. Infinite case setting

We study the problem (P.) where, in addition to properties (V1) and (V2),
we shall assume that V' verifies two more conditions which replace (Vgat). One
of them is

(V3) 2 = {0}.

The second condition, (Viyr) below, differentiates our situation with that of the
finite case. For its statement we need a couple of concepts.

Let © € RY be a smooth bounded strictly star-shaped domain, i.e., there
exists a ball B C Q such that given any x € B and any y € Q, [z,y] C Q. It’s
well known, [18], that for ¢ > 1, Q is a g-Poincaré domain, i.e., there exists M, >
0 such that for every u € C1(€), lu —ugllpeq) < M, (Jo \Vu(x)\qu)l/q,
where ug denotes the average of u over 2. We assume that {2 is generated by
a positive function 7 € C(RY \ {0}) that verifies

t=r(x) = x/t € 09,
(7) t>r(z) = x/te€q,
t<r(z) = z/tc RN\ Q.

Point (7) implies that every non-zero point is well determined by a point in the
boundary of Q, i.e., given z € RY \ {0} there exists a unique s(z) € 9Q such
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that © = r(z) s(x). Also observe that
r(z) =1 & z €09,
(8) r(z)>1 & e RV \Q,
rz) <1l e zeq,
and 7 (z/t) = r(z)/t, for every x € RV \ {0} and every ¢t > 0.

Let’s consider b € C(RY), an Q-quasi homogeneous function. This means
that there exists a function S : [0, +0o[— R such that

bl) b(x) = B(r(x)) for every x € RY;

b2) [ is non-negative and strictly-increasing;

b3) given L = lir%,é’(cr)/ﬁ(r), itholds L<lifec<land L >1ifc> 1.
r—

We also consider a € C(RY), an asymptotically (£2,b)-quasihomogeneous func-
tion, i.e., a is positive and a(z)/b(z) — 1 as |z] — 0. Now we can write the
condition for the potential that characterizes the infinite case:

(Ving) V(z) = exp (—1/a(x)) if |z] < 1.
Let’s introduce some more objects to state our main results in the following
section. Given € > 0 and 2 € RY we put

= ad V)= sV ().
: g(g)_5_1<1n<§2>> @ %= e (5)

Remark 2.1. The following problems are closely related to (P.):

| Al V@) e + @l @) =0, 2 €RY,
w(z) — 0, as |z| = +o0,

() +20 |[w(z) P~ i(z) =0, xRN,
w(x) — 0, as |z| — +o0,

5
N
—N
>
=4
8
|
o
&
<5

(10) (u,v)e = /RN [Vu(z)Vo(z) + Ve(z)u(z)v(x)] de.
In fact, if @ is a solution of (P.), then
w(z) = (20)Y PV (z), = eRY,
is a solution of (P.), and
v(@) = gD w(gle)2) = 20+ (9()*] 7V d(g(e) @),

x € RV is a solution of (P.).
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Remark 2.2. Under (V1), (V2), (V3) and (Vin¢), the limit problem of (P.) is

{Aw(z) + jw(@)|Ptw(z) =0, ze€Q,

Pin
(Pine) w(z) =0, x € 09,

Related to (Pi,¢) is the problem

(Prue) {éw@:) 27 @) i(e) =0, ze,
’LU(I') - Oa S 89,

where T = (@, W) (0)/2. In fact, if 1 is a solution of (Ping), then

w(z) = V)Y PV (), ze€Q,
is a solution of (Pi,). Here, as usual, the Sobolev space H{(Q) is equipped
with the inner-product given by

(s V)1 (@) :/QVu(x)Vv(x)dm.

2.2. Main results

Let H. be the completion of C3°(RY) with the inner-product given by (10).
The corresponding norm is denoted by ||-||.. We consider the functionals J; :
M. CH. - Rand J: M CH}(Q2) — R given by

) R =gl =5 [ (V@R + V@@ ] de

1 1
T = 5 lulfiye) = 3 [ IVula) s,

working on the Nehari manifolds M. = {w € He : |[w[/ ps1(gv) = 1} and
M = {w € Hy(Q) : [[wllyps1(mwy = 1}, respectively.

Now we present our main results. We shall always assume that (V1)-(V3)
and (Vine) hold. We start with the multiplicity result.
Theorem 2.3. The following points are true.

i) Givene > 0, the functional J. has a sequence of different critical points
(Whe)peny © Me. For each k € N the function given by

(12) vee (@) = 200z (£9(e)2) " Vi (g(e)a), weRY,

where ¢ = J-(Wg,e), is a weak solution of (P.).
ii) The functional J has a sequence of different critical points (Wg)ken C
M. For each k € N function given by

wi(z) = (2e)/ PV (), 2€Q,

where ¢, = J(Wy) is a weak solution of (Ping).
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We apply a Ljusternik-Schnirelman scheme to prove Theorem 2.3. In this
context, the index k of a critical value represents the topological characteristic
of the level set, as captured by Krasnoselskii’s genus. Consequently, the con-
vergence of energies which we are about to state implies that the critical values
of J and J. are topologically equivalent.

Theorem 2.4. Let k € N. Then ¢ — ¢, as € — 0.

In the following result we provide the asymptotic profiles of the solutions
of (P.) that we found in Theorem 2.3. To state it, we need the concept of
subconvergence as introduced in [5]. A family of functions (f:)c>o is said to
subconverge in a space X, as ¢ — 0, if and only if every sequence (&,)nen
converging to zero, has a subsequence (&,,);en such that ( fsni)i converges
in X, as i — +o0.

eN

Theorem 2.5. Let k € N. Given € > 0 we write
’U}k:,e(m) = (zck,e)l/(pil) 'UA)]{;’E(CE)7 S RN

Then, as ¢ — 0, (g c)e>0 subconverges in HY(RN) to some uj, € HY(RY) such
that its restriction to Q is a solution of (Ping) and verifies J(lx|q) = cx, where
i = (200)1/(1=P) gy

Next, we have the result concerning the exponential decay of the solutions
of (P.) out of Q. Given h > 0, let’s denote

(13) Q" = {z e RN : dist(z, Q) < h}.

Theorem 2.6. Let k € N and § > 0. Then there exist s > 0 and C =
C(N,k,p,0) >0 such that

. C .
Ve €]0,e5[,Vr € RY 1 iy o (2)| < AR exp (s, dist(z, Q%)) ,

(QCk
where ¥s.e = V5,(N, k,p) = —00 as € = 0.

Let’s remark that in the path of proving Theorem 2.6 we show, for each
k € N, that vy . verifies (5) and

lim inf ”vk’E”LM(RN)
e—0 [2ck,8(59(5)2)]1/(1ﬂ—1)

>0,

which is qualitatively analogous to (6).
To finish this section let’s present a type of uniform estimate on 9Q that
was first found in [7] for the solutions of (P.) in the flat case.

Theorem 2.7. Let k € N. Then max,cpn |wi(z)] =0 as e — 0.
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2.3. Preliminary results

Let’s first state some useful properties that involve the functions g, V., b
and 8 which come from points (7), bl), b2) and b3).
The functions g and V; are given in (9) so that, by (Viue),

1 1
o= e (o) SO

As it’s stated in [5], we have that

lim g(&) = 4o0;
e—0
Ja>0: limM:O A limﬁzo;
r—0 roe e—0 |ln(5)‘1/0‘

Lo €\ fm ot
(1) Ve>0: I oy =P (b <1/g<s>>> P

The following property is an easy consequence of point (22) in [5].

+00.

Proposition 2.8. For every measurable B C (, ||VsHLoo(B) —+0ase—0.

Now we rewrite point (23) of [5] for our context.

Proposition 2.9. There exists D €]0, 1] such that for all d > 1,
(15) lim min V.(z) = +oo,

e—0 xGRaD,d
where Re p.a={x € RN : |x| < Dg(e) A r(z) >d}.

Remark 2.10. By (8), the region R. p 4 is the set of points in the closed ball
centered at zero and of radius Dg(e) which are out of the expanded star Q0 =
{z € RN : r(x) < d}, where hg > 0 is the value compatible with (13).

In short, the following result states that a weighted Sobolev space such that
the weight function verifies (V1)-(V2) is compactly contained in a range of L?
spaces.

Theorem 2.11. Let W € C(RY) be non-negative and such that W (x) — +o0
as |z| — +oo and Hy the Hilbert space that results of completing C3(RY)
with the inner-product given by

(v, w)w = /R Vo) Vue) + U o(e)w(z)] de.

Then, the embedding Hyy C LI(RY) is compact for all q € [2, Q[, where Q = 2*
if N>3 and Q =4+ if N =1,2.

Theorem 2.11 is well known and has been extended to the context of WP (RY)
spaces, [2, Lemma 2.4]. It can be obtained by an application of Fréchet-
Kolmogorov compactness criteria, [3, Corollaries 4.26 & 4.27], by compensating
the non-boundedness of the domain with the property of W exploding at in-
finity.
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Given an open set U C RY, we shall always identify a function u € H}(U)
with its extension by zero, ,

u(z), if zeU,;
0, if z € RN\ U.

With this identification, it makes sense the following result.

Proposition 2.12. Let e > 0. Then the embedding H}(Q) C H. is continuous.
On H(Q) the norms || - || and ”'”Hé(ﬂ) are equivalent.

Proof. By a direct computation, we obtain

(16) Vu e HY(Q): Jlullyyqy < lulls < Coc ullg -
where
) 1/2
(17) Cae= (1 +Cq HVE||L°°(Q)) >0,
with Cq the constant appearing in Poincaré’s inequality, [3, Cor. 9.19]. O

To finish this section, let’s recall that, by Holder inequality, for a measurable
set A C RY such that |A| < 400, it holds

(18) Vw € LT (A) : Hw”L2(A) < |A|(p_1)/2(p+1) Hw||Lp+1(A)~

3. Multiplicity

In this section we show how the Ljusternik-Schnirelman theory provides our
multiplicity result, Theorem 2.3, in a very straightforward way. Starting in this
section we focus on the case N > 3 as the alternatives N = 1,2 are easier to
deal with.

Let F be a Banach space. We write

Sp={ACE:A=A4, A=-A0¢A}.

The genus of A € Y, denoted by «(A) is the least natural number k for
which there exists an odd function f € C(A,R*\{0}). If there is not such
k, then y(A) = +oo; and, by definition, v(#) = 0. The concept of genus,
introduced by Krasnoselskii, generalizes the notion of dimension: v(S™~!) =m
and v(S§°) = +oo, where S~ ! and S§° are the unit-spheres of R™ and Y,
an infinite-dimensional Banach space, respectively. A proof of the following
properties can be found in [16].

Proposition 3.1. Let A, B € ¥g. Then
(19) f€C(A,B) odd = ~(A)
ACB = y(4)
A compact = v(A) < 4o0.
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Remark 3.2. Let M be a C! manifold in the Banach space X and ¢ € C'(M).
Recall that (yn)nen € M is a Palais-Smale (PS) sequence if and only if
(¢(yn))nen € R is bounded and [|¢(yn)|/x« — 0 as n — 400. We say that
(M, ¢) verifies (PS) condition if and only if every (PS) sequence has a converg-
ing subsequence.

The following theorem, stated and proved in [16], is our main tool.

Theorem 3.3. Let M € X be a C! manifold of E and let f € CY(E) be even.
Suppose that (M, f) satisfy the Palais-Smale (PS) condition and let

Cr(f) = Ae}é\r}f(lv{) max f(u),

where A, (M) = {A € Xg:v(A) > k}. Let’s denote by K. the set of critical
points of f corresponding to the value c. Then
i) y(M) < Z'Y(KC) so that f|ar has at least (M) pairs of critical points;

ceR
il) if Cx(f) € R, then Ci(f) is a critical value of f. Moreover, if ¢ =

Cr(f) =+ = Crym(f), then v (K.) > m+1. In particular, if m > 1,
then K. contains infinitely many elements.

The potentials V' and V. verify the conditions of Theorem 2.11 so that, in
particular, the result holds for H. = Hy,. With the last, it is proved that the
functional J. is of class C' and satisfies the Palais-Smale condition on M,.
Then, in the context of Theorem 3.3, we write, for £k € N and € > 0,

Y = EHE, .Akﬁ = .Ak(./\/l,;-), Cke = Ck(JE) = J(ﬁ)k75) E]O, +OO[.
It’s clear that the functional J also satisfies the hypothesis of Theorem 3.3. For
k € N, we write
Y= EH(I](Q), A = A (M), ¢ = Ci(J) = J(wyg) €]0, +00l.
The proof of Theorem 2.3 is then completed by the changes of variables pre-
sented in Remarks 2.1 and 2.2.

Remark 3.4. In the coming sections, the following intermediate problem will
be useful:

(P ) {Au(x) + u(@) P ule) =0, =€,

inf

u(z) =0, r € 09°.
We put M°® = {u € H}(Q?) : [ullyp(qsy = 1}. The functional JO i M? — R,

given by J°(u) = ||“||i1},(§25) /2 also satisfies the conditions of Theorem 3.3 so
that we write, for k € N,

2 = EHé(Qé)a Ai = Ak(M6)7 C(Ii = Ck(Jé) = Jé(ﬁ;z) €0, +oof.

The function w) = (202)1/@71) W is a solution of (P2 ).
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4. Energy asymptotics

This section is devoted to the proof of Theorem 2.4, i.e., the energy asymp-
totics ¢ — ¢, as € — 0, for every k € N, where

20) e = a2 ey,
(21) ck = Alen};k max J(u).

By the Ljusternik-Schnirelman scheme that was used in Section 3, this means
that the k-th level sets of J. and J are topologically equivalent. Also recall
that k represents the topological characteristic of the level set, as captured by
Krasnoselskii’s genus.

Proposition 4.1. Let k € N. Then the following points hold

(22) Ve >0: Ak - Ak;’g A Ck,e <cg CQ,Eu
(23) limsup ¢ . < e,
e—0

where Cq . > 0 is given in (17).

Proof. Let € > 0. By Proposition 2.12, the norms |-||, and ||~HH(1)(Q) induce the

same topology. This immediately implies that Ay, C Ay .. Moreover, by (20),
(21) and (16),

= inf J = inf J.

Che = ,iof maxJe(u)= inf maxJe(u)
24 < C inf J =C .
o = Coe juf vey /() =Coeon

By Proposition 2.8 we have that ||V« q) — 0, as € = 0, so that (16) and
(24) imply (23). O
For the next step let’s observe that for £ € N and § > 0,

ci: inf maXJ‘S(u).
A€ A ueA

Proposition 4.2. Let k € N and 0 > 0. There exist dg,c2 > 0 such that
(25) V4 €]0, do[, Ve €]0, eal: ci < ¢k + 0.

Proof. This is the longest proof of this paper so that we shall divide it in several
steps.

i) Let ¢ > 0 and ¢ €]0,1[. By (20) there exists A,(g) € Ay such that

g
2 J.(u) < z
(26) e e(U)_Ck,e+4

By Proposition 2.8 we have that
1) Ve> 03k =) >0 c€0e = Vel <
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We choose
_ 8oc + o?
- 16C3 2
From now on we assume that ¢ €]0,eq9[. Then, by (22), (28), (27)
and (17), we get

g0 = Ff(/j) = 60(0’, k‘)

Ci,a <c+C ||Ve||Loc(Q) i

<ci+gck+g—2=(ck+g)2.
=TT e 1

Let’s denote by, = ¢, + o/4. Then, by (26) and (29), it follows that
Yov € AU(E) : Ja(v) S bk,o’7
which, by (11), implies that

Yo e Ay(e) / |Vo(x)]? de < 2by,.q,
RN

Yo e Ay(e) / Vo) - |v(z)|? de < 2bg .
RN

For p > 0, let’s denote

Voe =, inf o, Vela).

Points (15) and (V2) imply that
lim Vs . = +o0.
e—0
From (32) we get
2b.»
W) olia@man = [ lo(e)de < A2
RN\Q? d.e

In other hand, by (31) and Sobolev-Gagliardo-Niremberg inequality,
[3, Theorem 9.9], it follows that

Vo € Ag(e) ol vy < 01 F0llaan, < 020k0)2,
where 0 = 0 > 0. Therefore,
Yo € As(e) : vl @ivyas) < 0(2bk0)"/?.

Now, by (4), we choose « €]0, 1] such that 1/(p+1) = (1—a)/2+a/2*.
Then, by (35), (36) and the interpolation inequality for L%-spaces, [3,
p. 93], it follows, for v € A, (g), that

-« a
HU||Lp+1(RN\m) < ||UHL2(RN\96) HU||L2*(RN\Q5)
2 > (1-a)/2 0(2h " 1/2
< ( k, > 9&(261670)04/2 _ ( k, )

Ve Ty
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which, by (34), implies that HI}‘a)(()HUHL,,H(RN\Qé) — 0,as e — 0.
vEAs (e
Therefore, given s > 0, there exists e = €1(9, s; 0, k) €]0, e[ such that

(37) veelerl  max ol i <0

In particular, for s =1 and &1 = £1(d, 1;0, k) €]0,g0[, we get
(38) Ve €]0,é1[, Vv € Ag(e) + [[0llppri(sy 2106
iii) Now let’s pick a cut-off function ¢s € C3°(RY) such that
Ve e Q2. ps(x) =1;
Ve e RN\ Q°:  ¢s(z) =0;

(39) VreG®: 0< ¢s(z)<1;
1
Vre QP |Ves(z) < 5
for some r > 1 and
(40) G? =00\ Q¥/2,
Let’s prove that ®s : A,(g) € M. — M?®, given by
(41) @5l = 1P

B ||U¢6HLP+1(QJ)

is well defined and Lipschitz continuous. From now on we assume that
€ €]0,&1[, where &1 = min{é1, €1(6/2,1;0,k)}.
(a) By (38) we have, for v € A, (), that

1> ||v¢5||€ﬁl(m) :/ lv(z) [P da +/ |ps(z)v(x)[PHda
Q8/2 G?

p+1
(42) > / lv(z) [P da > (1 - g) > (1 —6)PH,
08/2

so that @ is well defined.
(b) Let u,v € Ay(e) € M,. Then, by (42),
1
[[®s[u] — @S[W]HH})(Q% < 1-3 IV (s (u— v))||L2(Q5)
1
(43) < 7= [195 V(= )lagan) + (e = v) Tslliagan) -
Let’s observe that (16) is still true if we replace 2 by any U C R
open and bounded. Then, by (39), we get

1/2
68 (0= Db = ( [ 030 V0= 0P

(44) < lu = vllgy sy < lu =,



254 A. AGUAS-B., J. CEVALLOS-CH., J. MAYORGA-Z., AND L. MEDINA-E.

In other hand, by (39) and (33), we have that

1/2
=) Vsl = ([ Iulo) = o(a)Vs(o) s

< (sntlwy) ([ v —wepa)

lu — o]
h 6T%/2,5
which together with (43) and (44) imply

1 1
9] = @olellyan, < 75 (1+ g ) o=l

Since u and v were chosen arbitrarily, we have proved that ®s is
Lipschitz continuous.
iv) The operator ®; is odd and continuous so that, by (19), ®5[A, ()] € A

and, consequently, ¢ < m[ix( . J°(v). Then we can pick u € Ay (¢)
veEPs[As (e

such that 7 = ®s[u] € P5[A, ()] verifies
(45) &< max J(v) < J°(T) + %

vED5[As(€)]

Now we claim that
(46) Jwe Ay (e): JN@) < Jo(w) + %
Then, points (46), (45) and (26) imply

30

3
& < J5 () +% < J.(w) + ZJ < max J.(u)+ = < cpe + o0

u€A, (¢) 4

v) To conclude we have to prove (46). Actually, we shall prove that choos-
ing w = wu is enough. By (42) we have that

2(1—6)% J°(0) < 2|5t} i () J° (D)

s u

[ U||Lp+1(m)

2
= ||¢6u||Lp+1(Q6)

HG(Q%)
(47) = / ) [V s|* + 2ugps VuVes + ¢3|Vul?] da.
First, we have thatQ
(19) | G@Vu@P < [ Vu(@)Pde < 27.0),
Second, WZ get by using (18) aid (40),
| @Vos@Ps = | w@lVoselar < g [
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1 _ 2
(49) < 5E|G5I(” 1)/(p+1) Hu||LP+1(G5)‘

Third, by using (31), (18) and Cauchy-Schwartz inequalities for RY
and L2, we have that

2
/ Qs VuV by < 2/ lul 65| [Vl [Vs| dar < 7/ | [Vu| da
Qs 08 0" Jas

1/2 1/2
(/ |Vu|2dx) (/ |u|2dx>
Gs as

<2b}w)1/2|G6|(p—1)/2(p+1) ||“||Lp+1(c;6) )

<

S

(50) <

r

(%)

From now on we assume that ¢ €]0,e3[, where, for some s, > 2r,
g9 = min{éy, €1(6, 54;0,k)}. By observing that 625 < §°« and using
(37), we get from (47), (48), (49) and (50),

(51) (1—6)2J°®) < Jo(u) + gés*’”,

where ¢ = |G®|(P=1)/(PF1) 1-2(2b,, ,)1/2|GO|(P~1)/2(P+1) | Now we assume
that & €]0,6;[ where §; = 1 —+/2/2. Then, by (51) and (30), we get

1
(52) 7(]5(@) < J(u) + 568*72’" <o+ 355*72r.

2
Then, by combining (51) and (52) we get

gas*—2T 426 J°(T) — 62 J°(v)

3¢
2
whence it’s clear that we can find §y €]0, d;[, perhaps adjusting e2, such
that (46) holds for all 6 €]0, 6o[ and € €]0,e2] . O

J2 () < J(u) +

< Jo(u) + 226572 + 4dby,

Now we are in condition to prove the convergence of critical values.

Proof of Theorem 2.4. By [7, Lemmas 3.3 & 3.4] we have, for k € N,
(53) V8>0: & <ep,
(54) Yo > 0,30, > 0,Y6 €]0,6,: cx < +o.

Let o > 0 be small. We choose §, > 0 from (54). Now we take dg = do(c) > 0
and €9 = e9(0) from Proposition 4.2. Finally we put , = min{d,, do}. Then,
by using (54), (25) and (22), we have, for all § €]0,d,[ and all € €]0, 4],

ckSci—f—o§ck75+20§ck-09,5+20.

Since o was arbitrary, the last shows that ¢, . — ¢, as € — 0. (|
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5. Asymptotic profiles

In this section we prove Theorem 2.5, that is we study the asymptotic be-
haviour of the solutions of (P.) inside of .

Let’s recall that, given k € N, Theorem 2.5 states that, as ¢ — 0, the family
(wk.e)e>0 subconverges in HY(RY) to some u, € HY(RY) such that ug|q is a
solution of (Pju) and verifies J(4ix|q) = cx, where @ = (2¢;)'/ 1 Puy,.

Lemma 5.1. Let k € N. Then (W c)->0 weakly and pointwise subconverges to
some G, € HY(RN) as e — 0.

Proof. By Theorem 2.4, given o > 0, there exists ,; > 0 such that, for every
€ €]0,e01],

(55) / [|Vwk75(x)\2 + Vg(ac)\u?kg(x)ﬂ dr = 2cke < 2¢, + 0 = By o
RN

Then, by Sobolev-Gagliardo-Niremberg theorem, [3, Theorem 9.9], there is
Cn > 0 such that, for all € €]0,e,.1],

(56) il vy < CBe [ Vit o) e < C B
Let 0 < 6 < 1. Then, by Holder inequality and (56), for all € €]0,¢,4.1],
A2 A2 L2
Hwk,EHLz(QJ) < |Qé|2/N ||wk,e||L2*(Qé) < |Q§|2/N ) Hwk,s”LZ*(RN)
(57) < C% )N By .
In other hand, by (34), there exists £,,2 €]0,&,.1[ such that, for all € €]0, &, 2],

it verifies V; ' < 1. Then, by (55),

.2 Vo), . 5
(58) ||wk75||L2(]RN\Q5) < /RN\Qé W|U}k75($)‘ dx < Bk,g.

From (56), (57) and (58) it follows, for £ €]0, &, 2|, that

L2 ) )
[ e[ g1 vy = / (Vg (2)]* + [, (2) %] do
RN
(59) < Bio + CRIQV Big + Bro = Bro(2+ CX Q1Y)

By (59) and [3, Theorems 3.18 & 4.9], there exists i, € HY(RY) toward which
()0 subconverges H! (RY)-weakly and pointwise. O

Lemma 5.2. Let k € N. The function Gy is a weak solution of (Pin¢) and
verifies J(lg|q) = ck.

Proof. Let € > 0. Since Wy € M, is a critical point of .J. we have by Remark
2.1 that, for every ¢ € C3°(RY),

(60) /R Vi Vo + Vel 0] de = 20, /

N [t <[P g ¢ div.
R



SCHRODINGER EQ. WITH CRITICAL FREQUENCY FREQUENCY 257

Let ¢ € CF () and o > 0. By (57) and (58), we have, for € €]0,&, 2],

‘/E(x)wk,e¢(x)
RN

< N k,ellpz o 1012 @) 1VellLes o)

1/2
< [(1+CRIQ ™) Bo| " lllagay Vel

whence, by Proposition 2.8,

(61) Ve(z)p cp(x) =0 ase — 0.
RN

By Theorem 2.11 we have that (i c)e>0 subconverges in LPTH(RY) to .
Therefore, by (60), (61), Theorem 2.4 and the arbitrariness of ¢, we get

(62) Vo € C3°(Q) : / Vi Vedr = 2ck/ g |7~ Y dac.
Q Q

Let’s take (¢n)nen € CP(Q) that converges in LPT1(Q) to the restriction of
G to Q. Then, by replacing ¢ = ¢, in (62) and letting n — 400, we get, by
Lemma 5.1, that ¢, = J(lg|q)-

For 6, > 0 we write I's o, = {x € RN\ Q° : |y (z)| > a}. By contradiction
it’s not hard to prove that |I's | = 0 for every d, > 0, so that

(63) Gp(x) =0 for ae. z € RV \ Q,

which, by [3, Proposition 9.18], implies that dx|q € H3(2). We conclude by
this and (62). O

Proof of Theorem 2.5. Since the injection H, C L?(R") is compact, Lemma
5.1 and point (63) imply that

(64 tim il vy = e[y -
By (23) and (63) we have that

(65) limsup/ |V, o [2dz < 2limsup g < 2¢; = / |Viig|?d.
RN RN

e—0 e—0

Points (64) and (65) provide
lim sup ||“A)k,6||H1(]RN) < ||ﬁ}<?||H1(]RN) )
e—0

so that, by [3, Proposition 3.32], we have that (. ¢ )0 subconverges in H! (RY)

to ur as € — 0. We conclude by Lemma 5.2. (|
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6. Asymptotic concentration

In this section we prove Theorem 2.6, that is, we study the asymptotic
behaviour of the solutions of (P.) outside of §2. Let’s recall that, given k € N
and § > 0, Theorem 2.6 states that, for ¢ > 0 small enough and z € RY, it
verifies

(66) [ e ()] < exp (75, - dist(z, Q‘S)) ,

C
(200) /=D

where C' = C'(N, k,p,0) > 0 and v5.. = ¥5.e(N, k,p) = —o0 as € — 0.
To this purpose let’s strengthen the assumption (V1) by requiring the fol-
lowing condition.

(V1,) For some n >0,V € C"(R").

Then, by using standard regularity arguments, [9], it follows that vy . and wy
belong to C2"(RY) and are classical solutions of (P.) and (Pj,¢), respectively.
The following L°°-estimate shall be useful.

Proposition 6.1. Let D C RN be open and connected. Assume that
Je>0,Vt>0: tf(t) <etPT!
and that w € H} () is a classical solution of the elliptic problem

Aw(z) — f(w(z)) >0, xze€D,
(67) w(zx) > 0, reD,
w(z) =0 x € 0D,

where N > 3 and p+1 €]2,2*[. Then there exists C = C(c,p, N) > 0 such that

4/[(N+2)—p(N—2)]

(68) HwHLOO(D) <C ”wHLz* (D) :

Proposition 6.1 was obtained in [7] by using the Moser iteration technique,
extending a result of [4] where, in addition, it was assumed that D is smooth
and bounded.

Lemma 6.2. Let k € N and o > 0. Then there exist €52 > 0 and K =
K(o,N,k,p) > 0 such that

(69) Ve 6]0,50’2[2 Hwk7€||L<>°(RN) < K.

The following points hold

. . ||Uk>6HLoo(JRN)
(10)  Jim vk clmy =0, and liminf ooy > 0

Proof. We pick £,2 > 0 as in the proof of Lemma 5.1. Let € €]0,¢,2[ and AT
a connected component of W~ = {z € RV : wy, . > 0}. Since wy, . is a solution
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of (P.) and V; is non-negative, it follows that

Awy () +wp (2) >0 x € A,

wge(z) >0, x € At

wg,e(x) =0, xz e dAL.
Then, by Proposition 6.1 and (56) we get

4/[(N+2)—p(N—-2 _ _
||wk75||Lm(Aj) < C Hwk’EHL/Z[*((A—S)) p( )] < 0[012\] Bk,o}z/[(N+2) p(N—2)] =K.

The arbitrariness of AT shows that |lwy .|

L (W) < K. In the same way it’s
proved that Hwk’EHLM(W;) < K, where W, = {z € RY : w; . < 0}. So we get
(69).
By (12), Remark 2.1 and (69) we have that
|og ()P < [eg(e)? KP7Y, z € RN,

whence it immediately follows the first limit of (70). The second limit of (70)
is obtained having in consideration (12) and that ||1bk,EHLp+1(RN) =1 for every

€ €]0,e42]. O

To obtain the estimate (66) we shall apply a comparison argument as in the
proof of [5, Lemma 2.7]. Given a,b > 0 and w C R smooth and bounded, it’s
known that there exists a positive solution of the problem

Ap(z) —2bp(x) =0, € RN\ w,
(71) @
p(z) = 0, as |z| = +oo,

x) = a, x € Ow,

and that, for some C' = C(a,w) > 0, it verifies
(72) Ve e RV \w: o(x) < Cexp(—bdist(z,w)).

Proof of Theorem 2.6. Let o > 0. By (34) and Lemma 6.2, we can pick €, 3 €
10, €5,2[ such that

(73) Ve €]0,e03[: V5o > K.
Then, by Lemma 6.2, (73) and (33), we get
fre(@) =Ve(@) = lwpe(@)P > Vs — K >0, z€RV\Q°.

Now we take ¢, a solution of (71) withw = Q% a = K and b= (V5. — K)/2 =
—7s.¢, SO that, by (71),

Ap(@) = fre(2)p(z) <0, =€ RV\Q°,

go(x) :Ka xG@Q‘s,

0,

o) — as |z| = +o0,
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whence, since wy, ¢ is a solution of (PL),

Alp(z) = wie(2)] = fre(@)[p(2) — we(x)] =0, z€RV\Q,

o(x) — wi.(z) >0, x € 09°,

p(r) — wy,e(x) =0, as |z| — +oo.
Therefore, by [9, Theorem 3.1], it holds wy, . < ¢(x) for every z € RN \ Q°. In

the same way it’s proved that —p(z) < wy, . for every z € RN\ Q% whence, by
(72), it follows that

C :
(74) Ve e RV\Q°:  |wpo(2)] < p(x) < ers) exp (75, dist(, Q‘s)) ,

where C = C(K,$) = C(o,N,k,p,0) > 0. Finally, we obtain (66) by fixing
o > 0 small and enlarging C' > 0 so to make it independent of o and in a way
that makes (74) valid for z € Q°. O

7. Asymptotic behavior on the boundary

For completeness of the document, in this last part we present a scheme of
the proof of Theorem 2.7:

(75) Vk e N: Ehg(l) max |wg.e(z)| = 0.

This is a kind of uniform estimate on 02 that was first found in [7] and whose
guidelines we introduce.

As in Theorem 3.3, K., denotes the set of critical points of J that share the
critical level cy.

Proof of Theorem 2.7. Let’s choose §; > 0 such that, for every § €0, 4], the
sets Qs = {x € Q: dist(z,00Q) > 6} and Us = Q° \ Qs are non-empty. We also
denote Us + = {z € Us : Twy (x) > 0}.

i) First we prove that for any p > 0 there exists J,, €]0, 61 such that
(76) V6 €]0,0ul: Mwkellpoe v,y < Hes + by

where H, 5 = max{|wy -(z)| : © € OUs}.
Take > 0 and 4 €]0, 6;[. We have that

) {:I:Aw;m(x) + [wp e (@) P wge(z) >0, =€ Uss,

W, (x) >0, x € 0Us +.

Then, by writing d)k,e(x) = wg,—He 5 and V(z) = _|wk,6(x)|p_l(He,6+
ore(T)), we get
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Therefore, by Alexandroff’s Maximum Principle (see e.g. [11]) and
Holder inequality, we get, for ¢; = ¢1 (N, diam(Q2)) > 0,

Wk, oo = Sup Wk, e\T

R

< Vo llovw,

< Cl|U51+|1/NC}27*1 |:Hs,6 + ||¢k’,€||Loo(U5,+):| .
Therefore, by choosing d,, €]0, J1[ small enough, we get
V6 6]07 5#[: ”wk,EHLoo(U&” < He s+ p.
Dealing with problem (M™) in a similar way and, perhaps, adjusting
0, we get

V0 €]0,0u[: — llwkellpooqw, ) = meigéfi wre(z) < —He s — p1.

By (77) and (78) we obtain (76).
Let’s observe that the following inequality follows from (76),

max [wp.e(2)| < Hep = max{he 5, he s},

where iLE’g = max,cgns |w;i€(x)| and iL&g = maxXgzeoq, |Wk(x)|. By
Theorem 2.6, we get that h. 5 — 0 as € — 0. Therefore to conclude
(75) it is enough to show that

hes =0 ase—0.

By Theorem 2.5, there exist u € K., and (ep)nen CJ0,+00[ such
that €, = 0 and wy ¢, — ux in H! (RN) and pointwise as n — 4o00.

Let a > 0 small so that (99;)® = {z € RV : dist(z,0Qs) < a} is
contained in int(€2). Since the convergence of wy, ., to uy is uniform on
each compact subregion of 2, we can find n, = n.(a) € N such that,
for n > ny,

(67
||wk75n (.T) - uk(m)HLOO((aQJ)a) < 5

Here the compactness of the critical level set K., is a key to find n,
depending only on «. Points (63) and (80) and the arbitrariness of «
imply that (79) holds for ¢ €]0,,[ small enough.

O
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