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SEMI-INVARIANT SUBMANIFOLDS OF CODIMENSION 3
IN A COMPLEX SPACE FORM IN TERMS OF
THE STRUCTURE JACOBI OPERATOR

U-HANG K1 AND HIROYUKI KURIHARA

ABSTRACT. Let M be a semi-invariant submanifold of codimension 3
with almost contact metric structure (¢,&,7,g) in a complex space form
Mpyi1(c),c # 0. We denote by A and R the shape operator in the
direction of distinguished normal vector field and the structure Jacobi
operator with respect to the structure vector &, respectively. Suppose
that the third fundamental form ¢ satisfies dt(X,Y) = 20g(¢X,Y) for a
scalar 0(< 2¢) and any vector fields X and Y on M. In this paper, we
prove that if it satisfies ReA = AR¢ and at the same time V¢R¢ = 0 on
M, then M is a Hopf hypersurface of type (A) provided that the scalar
curvature s of M holds s — 2(n — 1)c < 0.

1. Introduction

A submanifold M is called a CR submanifold of Kaehlerian manifold M
with complex structure J if there exists a differentiable distribution A : p —
A, CT,M on M such that A is J-invariant and the complementary orthogonal
distribution A~ is totally real, where T,M denotes the tangent space at each
point p in M ([1,25]). In particular, M said to be a semi-invariant submanifold
provided that dim A+ = 1. The unit normal in JA” is called the distinguished
normal to the semi-invariant submanifold ([3,23]). In this case, M admits an
induced almost contact metric structure (¢,&,7, g). A typical example of semi-
invariant submanifold is real hypersurfaces. And new examples of nontrivial
semi-invariant submanifolds in a complex projective space P, C are constructed
in [14] and [20]. Therefore we may expect to generalize some results which are
valid in a real hypersurface to a semi-invariant submanifold.

An n dimensional complex space form M, (c) is a Kaehlerian manifold of
constant holomorphic sectional curvature 4c. As is well known, complete and
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simply connected complex space forms are isometric to a complex projective
space P, C, or a complex hyperbolic space H,,C according as ¢ > 0 or ¢ < 0.

For the real hypersurface of M, (c),c # 0, many results are known. One of
them, Takagi [21,22] classified all the homogeneous real hypersurfaces in P, C
as six model spaces which are said to be Ay, Ay, B, C, D and FE, and Cecil
and Ryan [4] and Kimura [15] proved that they are realized as the tubes of
constant radius over Kaehlerian submanifolds when the structure vector field
¢ is principal.

On the other hand, real hypersurfaces in H,C have been investigated by
Berndt [2], Montiel and Romero [16] and so on. Berndt [2] classified all real
hypersurfaces with constant principal curvature in H,,C and showed that they
are realized as the tubes of constant radius over certain submanifolds when the
structure vector field is principal. Also such kinds of tubes are said to be real
hypersurfaces of type Ag, Ay, Ay or type B.

Let M be a real hypersurface of type A; or type As in a complex projective
space P, C or that of type Ag, Ay or As in a complex hyperbolic space H,C.
Now, hereafter unless otherwise stated, such hypersurfaces are said to be of
type (A) for our convenience sake.

Characterization problems for a real hypersurface of type (A) in a complex
space form were studied by many authors ([6,7,10,11,16,18] etc.).

Two of them, we introduce the following characterization theorems due to
Okumura [18] for ¢ > 0 and Montiel and Romero [16] for ¢ < 0, respectively.

Theorem O ([18]). Let M be a real hypersurface in P,C, n > 2. If it satisfies
(1.1) 9((A6 — 64)X,Y) =0

for any vector fields X and Y, then M is locally congruent to a tube of radius
r over one of the following Kaehlerian submanifolds:

(A1) a geodesic hyperplane of radius v, where 0 < r < w/2 and r # /4,
(A2) a tube of radius r over a totally geodesic P,C for some k € {1,...,n—
2}, where 0 <1 < /2 and r # 7/4.

Theorem MR ([16]). Let M be a real hypersurface in H,C, n > 2. If it
satisfies (1.1), then M is locally congruent to one of the following hypersurface:
(Ao) a horosphere in H,C,
(A1) a geodesic hypersphere or a tube over a complex hyperplane H,_1C,
(A2) a tube over a totally geodesic H,C for some k € {1,...,n —2}.

Denoting by R the curvature tensor of the submanifold, we define the Jacobi
operator Re = R(-,&){ with respect to the structure vector {. Then R is a self
adjoint endomorphism on the tangent space of a C'R submanifold.

Using several conditions on the structure Jacobi operator R, characteri-
zation problems for real hypersurfaces of type (A) have recently studied (cf.
[7,10,11]). In the previous paper [6,7], Cho and one of the present authors gave
another characterization of real hypersurface of type (A4) in a complex space
form M, (c). Namely they prove following:
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Theorem CK ([7]). Let M be a connected real hypersurface in My(c) if it
satisfies ReA = AR and Ve¢Re = 0, then M is of type (A), where A denotes
the shape operator of M.

On the other hand, semi-invariant submanifolds of codimension 3 in a com-
plex projective space P,,11C have been studied in [5,9,12,14] and so on by
using properties of induced almost contact metric structure and those of third
fundamental form of the submanifold.

Now, let M be a semi-invariant submanifold of codimension 3 in a complex
space form M, y1(c),c¢ # 0 such that the third fundamental form ¢ satisfies
dt = 20w for a scalar 0(# 2¢), where w(X,Y) = g(¢X,Y) for any vector fields
X and Y on M. We denote by A and S the shape operator in the direction of
the distinguished normal and the Ricci tensor of M, respectively.

In the preceding work [10], it is proved that the submanifold M above is a
Hopf hypersurface in P,,C provided that A¢ = a€ and 6 — 2¢ < 0 for ¢ > 0.

Further, one of present authors and Song ([13]) proved that if it satisfies
Re¢ = ¢R¢ and at the same time S€ = g(SE, £), then M is a Hopf hypersurface
of type (A) in M,,(c) provided that the scalar curvature s of M holds s —2(n —
1)e < 0. This is a semi-invariant version of the main theorem stated in [11].

In this paper, we consider a semi-invariant submanifold of codimension 3 in
M, 4+1(c) satisfying ReA = AR, and at the same time V¢ R¢ = 0, that is, the
semi-invariant version of Theorem CK. In this case, M is a Hopf hypersurface
of type (A) in M, (c) provided that § —2c <0 for¢c>0o0rs—2(n—1)c <0
for ¢ < 0.

All manifolds in the present paper are assumed to be connected and of class
C*° and the semi-invariant are supposed to be orientable.

2. Preliminaries

Let M be a real 2(n+1)-dimensional Kaehlerian manifold with parallel com-
plex structure J and Riemannian metric tensor G. Let M be a real (2n — 1)-
dimensional Riemannian manifold immersed isometrically in M by the immer-
sion i : M — M. In the sequel we identify i(M) with M itself. We denote by
g the Riemannian metric tensor on M from that of M.

We denote by V the operator of covariant differentiation with respect to
the metric tensor G on M and by V the one on M. Then the Gauss and
Weingarten formulas are given respectively by

3
(2.1) VxY =VxY +) g(An,X,Y)N;
=1
~ 3 .
(2.2) VxNi = —AnX + > (XN,
j=1

for any vector fields X and Y tangent to M and any vector fields N1, N, and
N3 normal to M, where Ay, is called a second fundamental form with respect
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to the normal vector N;. Let V- be the induced normal connection from V to
T+M. Then above equation (2.2) implies that

3
(2.3) VN = > 1 (x)N;.
j=1

As is well-known, a submanifold M of a Kaehlerian manifold M is said to
be a CR submanifold ([1,3]) if it is endowed with a pair of mutually orthogonal
and complementally differentiable distribution (A, A1) such that for any point
p € M we have JA, = T, M, JA; - TPLM7 where T, M denotes the tangent
space of M at each point p on M. In particular, M is said to be a semi-invariant
submanifold ([3,23]) provided that dim A+ = 1 or to be a C'R submanifold with
CR dimension n — 1 ([19]). In this case the unit normal vector field in JAL
is called a distinguished normal to the semi-invariant submanifold and denote
this by C ([3,23)]).

In what follows we consider that M is a real (2n — 1)-dimensional semi-
invariant submanifold of codimension 3 in a Kaehlerian manifold M of real
dimension 2(n + 1). Then we can choose a local orthonormal frame field
{e1,..yen—1,Jer, ..., Jen_1,e0 = £, JE = C,Cy = JCq,Cs} on the tangent
bundle TM such that eq,...,e,_1, Jey,...,Jen_1,6 € TM and C,C; and
Co € T+ M where T+ M is the normal bundle. So, (2.1) can be written as

VxY =VxY +g(AX,Y)C + g(KX,Y)C, 4 g(LX,Y)C,
for any vector fields X and Y on M, where we put Ac = A, A¢c, = K, Ac, = L.

If we put lél) =1, lgl) =m, l:(f) = t, then the equations of Weingarten are also
given by

VxC = —AX +1(X)Cy +m(X)Cs,
VxCi = —KX —1(X)C + t(X)Cy,
VxCy = —LX —m(X)C —t(X)C,
because C, C; and Cy are mutually orthogonal.
Now, let ¢ be the restriction of J on M, then we have (cf. [23,24])
(2.4) JX =X +n(X)C, n(X)=g(§X), JO=-¢

for any vector field X on M. From this, we see, using Hermitian property of J,
that the aggregate (¢,&, 1, g) is an almost contact metric structure on M, that
is, we have

P*X =X +n(X)E, nE) =1, g(&,X)=n(X),
9§ =0, g(¢X,0Y)=g(X,Y)—n(X)n(Y)
for any vector fields X and Y on M. 3
In the sequel, we denote the normal components of VxC' by V)L(C . The

distinguished normal C is said to be parallel in the normal bundle if V%C =0
for any vector fields X on M, that is, from (2.3) [ and m vanish identically.
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From the Kaehler condition V.J = 0 and using the Gauss and Weingarten
formulas, we obtain from (2.4)

(2.5) Vi€ = 6AX,
(2.6) (Vx @)Y = n(Y)AX — g(AX, V),
(2.7) KX =¢LX —m(X)§,
(2.8) LX = —¢KX +1(X)¢
for any vector fields X and Y on M. From the last two relationships, we have
(2.9) 9(KE, X) = —m(X),
(2.10) g(LE, X) = U(X).

Using the frame field {eg =&, e1,...,en_1,n = P€1,...,€2p_2 = de,_1} ON
M, it follows from (2.7)—(2.10) that
(2.11) TrK =n(K¢) = —m(§), TrL =n(LE) =1(E).

Now we retake C7 and Cy, there is no loss of generality such that we may
assume TrL = 0, that is, for example if TrL # 0, then there exists a € R such
that TrK + aTrL = 0. We may retake Cy by C; + aCs.

So we have

(2.12) (¢ =0o.

Notation. To write our formulas in a convention from, in the sequel we denote
by a = n(A€), B = n(A%¢), v = n(A%¢), h = TrA, k = TrK, h(y) = Tr(*AA),
and for a function f we denote by V f the gradient vector field of f.

From (2.11) we have
(2.13) m(§) = —k.

Using (2.7) and (2.8) we have

—m(X)n(Y) + m(Y)n(X) = n(XOUSY) — n(Y)(6X).

If we put Y = ¢ in this, and take account of (2.13), then we find
(2.14) H6X) = m(X) + kn(X),
which tells us, using (2.12), that
(2.15) m(¢pX) = —1(X).

Taking the inner product with LY to (2.7) and using (2.10), we get
(2.16) g(KLX,Y)+ g(LKX,Y) = —(I(X)m(Y) + 1(Y)m(X)).

In the rest of this paper we shall suppose that M is a Kaehlerian manifold
of constant holomorphic sectional curvature 4c¢, which is called a complex space
form and denote by M,,+1(c), that is,

RX,Y)Z =c¢(G(Y,2)X —G(X,2)Y +G(JY,Z)JX
—~G(JX,2)JY —2G(JX,Y)JZ),
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where R is the curvature tensor of M, +1(c). Then the codimension reduction
theorem is given by

Theorem 2.1 ([8,19]). Let No(p) the orthogonal complement of first normal
space in Ty-M, that is, No(p) = {v € T,-M; A, = 0} and Ho(p) be the maa-
imal J-invariant subspace of No(p). If the orthogonal complement Haz(p) of
J-invariant subspace of Ho(p) in T;-M s 1nvariant under parallel translation
with respect to the normal connection and if q is the dimension of Ho(p), then
there exists a real (2n — 1+ q) dimensional totally geodesic complex space form
M2n—atq)/2(c) in My y1(c) such that M C M2y —q4q)/2(C).

Moreover equations of Gauss and Codazzi are given by
R(X.Y)Z = c(9(Y, Z)X — g(X, 2)Y + g(¢Y, Z)pX
= 9(0X, Z)¢Y —29(¢X,Y)dZ)

(2.17) + g(AY, Z2)AX — g(AX, Z)AY + g(KY, Z)KX
—g(KX,Z)KY + g(LY,Z)LX — g(LX, Z)LY,
2.18) (VxAY — (Vy A)X — (X)KY +I(Y)AX —m(X)LY +m(Y)LX

= c(n(X)pY —n(Y)pX —29(¢X,Y)E),
(2.19) (VxK)Y — (Vy K)X = —I(X)AY +I(Y)AX + ¢(X)LY — t(Y)LX,
2.20) (VxL)Y — (VyL)X

T = Cm(X)AY +m(Y)AX — t(X)KY +t(Y)KX,

where R is the Riemannian curvature tensor of M, and those of the Ricci tensor
by

(Vx)(Y) — (VyD)(X)

(2.21) =g9((AK — KA)X,Y) — m(X)t(Y) + m(Y)t(X),
(2.29) (Vxm)(Y) = (Vym)(X)

' =g((AL - LA)X,)Y) —t(X)I(Y) + t(Y)I(X),
(2.23) (Vxt)(Y) = (Vyt)(X)

=g((KL-LEK)X,Y)+1(Y)m(X) = (X)m(Y) + 2¢cg(¢X,Y).

Now, we put V¢& = U in the sequel. Then U is orthogonal to  because of
(2.5). We put

(2.24) A& = af + uW,

where W is a unit vector field orthogonal to £&. Then we have
(2.25) U= poW

by virtue of (2.5). So, W is also orthogonal to U. Further, we have
(2.26) p? =B —a
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From (2.24) and (2.25) we have

(2.27) U = — A&+ af.

If we take account of (2.5), (2.24) and the last equation, then we find
(2.28) 9(Vx&U) = pg(AW, X).

Since W is orthogonal to &, we see, using (2.5) and (2.25), that
(2.29) ng(Vx W, §€) = g(AU, X).

Differentiating (2.27) covariantly along M and using (2.5) and (2.6), we find
(2.30) (VxA) = -9V xU + g(AU + Vo, X)§ — ApAX + apAX.

Taking the inner product with £ to this and using (2.9), (2.10), (2.12), (2.18)
and (2.27), we have

(2.31) (VeA) = 2AU + Va +n(LEKE — 2n(KE)LE.
Applying (2.30) by ¢ and making use of (2.28), we obtain
(232)  G(VxA)E = ViU + ug(AW, X)€ — GAGAX — aAX + ag(A€, X)E,
which enables us to obtain
VU = ¢(VyA)E + pAPAU + aAU.

Finally, we introduce the structure Jacobi operator R with respect to the
structure vector field £ which defined by Re X = R(X, £)¢ for any vector field
X. Then we have from (2.17)

ReX = (X —n(X)§) + aAX — n(AX) AL
+n(KKX —n(KX)KE +n(L§)LX —n(LX)LE.

Since [ and m are dual 1-forms of L& and — K¢ respectively because of (2.9)
and (2.10), the last equation can be written as

(2.33) ReX = c(X —1(X)E) +aAX —n(AX)AE + kKX +m(X) K€ —1(X)LE,
where we have used (2.9)—(2.13).

3. The third fundamental form of semi-invariant submanifolds

In this section we will suppose that M is a semi-invariant submanifold of
codimension 3 in a complex space form M, 11(c),c # 0 and that the third
fundamental form ¢ satisfies

(3.1) dt = 20w, w(X,Y)=g(X,Y)

for any vector fields X and Y on M and a certain scalar 6, where d denotes
the exterior differential operator. Then (2.23) reformed as

G((LK — KL)X,Y) + UX)m(Y) — [(¥Y)m(X) = —2(0 — 0)g(éX,Y),
or, using (2.16)
(3-2) gLEX,Y) +U(X)m(Y) = —(0 = ¢)g(¢X,Y),
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which together with (2.9), (2.10) and (2.12) gives
(3.3) I(KX)=kl(X), m(LX)=0
for any vector X on M, that is
KLE = kLE, LKE=0.

Differentiating (3.1) covariantly along M and using (2.6) and the first Bianchi

identity, we find
(XO)w(Y,Z)+ (YO w(Z,X) + (Z0)w(X,Y) = 0,

which implies (n —2)X60 = 0. Thus, ¢ is constant if n > 2.

For the case where § = ¢ in (3.1) we have dt = 2cw. In this case, the normal

connection of M is said to be L-flat ([19]).
Replacing Y by ¢Y in (3.2) and using (2.7) and (2.15), we have

gE2XY) +m(KEX)n(Y) + UX)U(Y) = (0 = )(9(X,Y) = n(X)n(Y)).
Putting X =Y = e; in this and summing up to ¢ =0,1,...,2n — 2, we have
Tr("KK) — | K€|* + ||LE|* = 2(n — 1)(0 — o),
which together with (2.9) implies that
(34) 1K — kn @&l + | LEII* = 2(n — 1)(0 —¢),

where ||F||? = g(F, F) for any tensor field F on M. Thus, § — ¢ is nonnegative.
In the same way, we have, using (2.8), (2.12), (2.15) and (3.2), that

(3.5) —Tr("LL) — ||LE|* + | K€ — k€[> = 2(n — 1) (0 — ¢),

Lemma 3.1. Let M be a semi-invariant submanifold with L-flat normal con-
nection in My11(c),c # 0. If AL = &, then the distinguished normal C is
parallel in the normal bundle.

Proof. Since § —c = 0 was assumed, we have L = 0 and KX = kn(X)£ because
of (3.4) and (3.5). By virtue of (2.11), it follows that m(X) = —kn(X). We
also have | = 0 because of (2.10). Thus, it suffices to show that k = 0. Using
these facts, (2.21) reformed as

k(n(AX)n(Y) = n(X)n(AY)) = E(n(X)t(Y) — ¢(X)n(Y)),
which together with A¢ = af gives k(¢t(X) —t(&)n(X)) = 0. If we suppose that
k # 0 on M, then we have
(3.6) H(X) = t(&)n(X)
on this open subset. Differentiating this covariantly and using (2.5) and (3.1)
with 6 = ¢, we find

2cg(0X,Y) =1(§)g((Ap — 9A)X,Y)
by virtue of A{ = &, which implies
2¢(n —1) =t(&)(h — ).
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On the other side, since (2.20), (3.6) and k # 0, we have
n(X)AY —n(Y)AX =0,
and hence AY — n(Y)AE& = 0, which implies h — a = 0, a contradiction. Hence

k=0on M. g
From (3.3) we have LK¢ = 0 which together with (2.8) gives

(3.7) K2¢ = | K¢|%e.

Replacing Y by ¢Y in (3.2) and using (2.7), (2.9) and (3.7), we have

(3-8) KX +U(X)LE — | KEIPn(X)E = (0 — o) (X —n(X)§).

In the same way replacing X by ¢X in (3.2) and using (2.8) we have
92X, Y) + n(XULY) + m(X)m(Y) + kn(X)m(Y)
— (0 - &) (g(X, V) — n(X)n(Y).
If we put Y = £ in this, we have

(3.9) g(L2€, X) = km(X) + (| LEI* + k*)n(X).
Putting Y = K¢ in (3.2), from (2.15) and (3.3), we have
(3.10) (0 —c— | KE|*)LE = 0.

On the other hand, taking an inner product L& to (3.8) and using (3.3), we
have

(3.11) (0 —c— ||LE||* — K*)LE = 0.

Lemma 3.2. Let M be a semi-invariant submanifold of codimension 3 in
M, 11(c), ¢ # 0 satisfying dt = 20w for a scalar (£ 2¢). Then 1l = 0 on
M.

Proof. Let Qo be a set of points such that ||L&|| # 0 on M and suppose that
Qo be nonvoid. From now on we discuss our arguments on the open set )y of
M. Then, by (3.10) and (3.11) we have

(3.12) IKEIP=60—c, |LEIP+k*=6—c.
Thus (3.8) turns out to be
(3.13) K2X = (0 — )X — I(X)LE.

Differentiating (3.13) covariantly and using (2.19), (2.20) and other equa-
tions already obtained, we find (for detail, see (2.19) and (2.24) of [14])

(3.14)  (VxK)Y = (X)LY + (Y)AX + g(AX,Y)LE + ol(X)I(Y)LE,
(3.15)  (Vx))(Y) = tX)m(Y) — g(AX,KY) — kg(AX,Y)

for some smooth function o.
By (2.11) we have n(K¢) = k. Differentiating this covariantly and using
(3.14), we have

(3.16) Yk = 21(AY),
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which implies that o = 0 (for detail, see [14]). Thus (3.14) reformed as
(3.17) (VxK)Y = t(X)LY + [(Y)AX + g(AX,Y)LE.

If we differentiate (2.8) covariantly and use (2.5), (2.6), (2.7), (2.14) and the
last equation, then we find

(VxL)Y = —t(X)KY +m(Y)AX — g(AX,Y)KE,
which implies that
(3.18) 0=TrVxL = —kt(X) + 2m(AX).
Differentiating (3.16) covariantly and using (3.15), we have
X(Yk)=2((VxA)Y) +2(t(X)m(AY) — g(KAX, AY) — kg(A*X,Y))
+20(AVxY).

From which, taking the skew-symmetric part and making use of (2.14), (2.18),
(3.3), (3.9), (3.12) and (3.18), we have

(0 = 2¢)(m(X)n(Y) = m(Y)n(X)) = 0.

Thus, it follows that (6 —2¢)(m(X)+kn(X)) = 0 and hence (8 —2¢)I(X) = 0 by
virtue of (2.12) and (2.14). Therefore, by the assumption, we have [ =0. O

In the rest of this paper, we assume that M satisfies (3.1) with 8 — 2¢ # 0.
Then we have [ = 0 and hence

(3.19) m(X) = —kn(X)
because of (2.14). Hence (2.9) and (2.10) reformed respectively as
(3.20) K¢ =ke, LE=0.

It is, using (3.19), clear that (2.7), (2.8), (2.16) and (3.2) are reduced re-
spectively to

(3.21) KX = ¢LX + kn(X)E,

(3.22) LX = —¢KX,

(3.23) LK + KL =0,

(3.24) g(LKX,Y) = —(0 — ¢)g(¢X,Y).

From the last relationship, we obtain
(3.25) L*X = (6 — ¢)(X — n(X)E).

Further, if we take account of (3.19) and the fact that I = 0, then the
structure equations (2.18)—(2.22) reformed respectively as

(VxA)Y — (Vy A)X = k(n(Y)LX — n(X)LY)

(3.27) (VxK)Y — (VyK)X = ¢(X)LY — t(Y)LX,

(3.26)
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(VxL)Y = (VyL)X
= k(n(X)AY —n(Y)AX) —t(X)KY + t(Y)K X,
(329) g((KA—-AK)X,Y) = k(n(X)t(Y) — t(X)n(Y)),
(3.30) g((LA—-AL)X,Y) = (Xk)n(X) — (Yk)n(X) + k((¢A — A) X, Y).
Putting X = ¢ in (3.29) and using (3.20), we find
(3.31) g(KALY) = kg(AS,Y) + k(t(Y) — t(§)n(Y)).

If we replace Y by ¢X in this and make use of (2.25) and (3.22), then we
get

(3.32) 9(KU, X) = k(t(¢X) — u(X)),

where u(X) = g(U, X) for any vector fields X.
Replacing X by ¢ in (3.30) and using (2.5), (3.20) and (3.22), then we find

(3.28)

(3.33) KU = (£k)¢ — VE+ kU,
which together with (3.32) gives
(3.34) Xk = (€k)n(X) + kQ2u(X) — t(¢X)).

If we replace Y by ¢Y in (3.30) and make use of (3.21) and the last rela-
tionship, then we find

g(pALX — KAX,Y)
= = K{@Y) = t)n(Y)n(X) + 2n(X)(9(AE,Y) — an(Y))
+29(AS, X)n(Y) — g(AX,Y + g(¢A9X,Y)}.
Taking the skew-symmetric part of this, we have
(3.35) PALX = —LApX.
Since 6 is constant if n > 2, differentiating (3.25) covariantly, we get
LVXL)Y + (Tx L)LY = —(8 - 0)(g(6AX, V)& + (Y )pAX),

Using the quite same method as that used to (3.17) from (3.13), we can derive
from the last equation the following;:

2L(Vx L)Y = (0 = ){2t(X)9Y = n(Y)(A¢ + ¢A)X
+9((A¢ = pA) X, YV)E — 1(X)(¢A — Ag)Y'}
— k{n(Y)(LA+ AL)X — g((AL + LA)X,Y)¢
—n(X)(LA - AL)Y},

where we have used (3.24) and (3.28). Putting Y = ¢ in this, taking the inner
product with Y and using (3.20) and (3.34), we have

(0 = )g((Ad = dA)X,Y) + (K + 0 — ) (n(X)u(Y) + u(X)n(Y))
+R{g(LA+ AL)X,Y) = k(t(6X)n(Y) + n(X)t(¢Y))} =

(3.36)

(3.37)
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In the following we consider the case where (2.24) with p = 0, that is,
we have A{ = af. Differentiating this covariantly along M, taking the inner
product with Y and using (2.5), we find

Taking the skew-symmetric part of this and using (3.20) and (3.26), we have

(3.38) — 240AX + a(A¢p + pA)X + 26X = n(X)Va — (Xa)t.
If we put X = £ in this and using the fact that A = o€, then we have
(3.39) Ya= ((a)n(Y).

From this we have X (Ya) = X(a)n(Y) + (£a)g(pAX,Y) + (a)g(&, VxY),
where we have used (2.5). Thus, if we take the skew-symmetric part of this,
then we get

X(Ea)n(Y) =Y (a)n(X) + (§a)g((Ad + 9A) X, Y) = 0.

Putting Y = ¢ in this, we get X(£a) = &(€a)n(X). Thus, the last equation
can be written as

(3.40) (§a)(Ad + ¢A) = 0.

In the next place, differentiating (3.19) covariantly and using (2.5), we find
Vxm = —(Xk) + k¢ AX, from which taking the skew-symmetric part and
making use of (2.22) with [ =0,

LAX — ALX — k(A¢p + ¢A)X = (Xk)§ — n(X)VE.
Since A = a€ was assumed, we then have
(3.41) Vk = (Ek)E
because of (3.20). From the last two relationships, it follows that
(3.42) LAX — ALX = k(A¢ + pA)X.

Differentiating (3.41) covariantly, and taking the skew-symmetric part ob-
tained, we get

(3.43) (€k)(Ag + $A)X =0,
where we have used (2.5). From this and (3.39), we can write (3.38) as
(3.44) (€k)(A%pX + cpX) = 0.

In the previous paper [14], the following proposition was proved for the case
where ¢ > 0.

Proposition 3.3. Let M be a real (2n—1)-dimensional (n > 2) semi-invariant
submanifold of codimension 3 in a complex space form Myi1(c),c # 0. If it
satisfies dt = 20w for a scalar 0 # 2¢ and p = g(A§, W) =0, then k = 0.
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Sketch of Proof. This fact was proved for ¢ > 0 (see Proposition 3.5 of [14]).
But, regardless of the sign of ¢ this one is established. However, according to
[14], only £k = 0 and £a = 0 need to be proved. We are now going to prove,
using (3.41), that &k = 0.

Now, let 27 be a set of points such that £k # 0 on M and suppose that €
be nonvoid. Then we have

(3.45) Ap+¢A=0, LA=AL

on € because of (3.42) and (3.43). We discuss our arguments on ;.
From (3.44), we have A2¢X + c¢X = 0, which connected to properties of
the almost contact metric structure yields

(3.46) A?X +cX = (a® + co)n(X)E.

Since A = af was assumed, we can write (3.37) as (6 —c¢)A¢pX + kALX = 0.
Applying this by ¢ and using (3.21), we obtain

(0 —c)AX — kAKX = o6 — ¢ — k*)n(X)E.

Combining this to (3.46), we find —kK X + (6 —c) X = (0 —c—k*)n(X)E, which
shows (n — 1)(@ — ¢) = 0. Thus we have § — ¢ = 0 if n > 2. This contradicts
Lemma 3.1. Therefore we conclude that ; = 0.

By the same way as above we can prove (o = 0 by virtue of (3.40) and
(3.45). This completes the proof. O

4. The structure Jacobi operator satisfying R¢A = AR,

We will continue our arguments under the same hypotheses dt = 20w for
a scalar 6(# 2c¢) as in Section 3. Further, we assume that R¢eA = AR¢ on a
semi-invariant submanifold of codimension 3 in M, y1(c),c # 0.

By virtue of (3.19) and (3.20) we can write (2.33) as

ReX = o(X — (X)) + aAX — n(AX)AE + kKX — E*n(X)E.
Thus, R¢A = AR¢ gives
g(A%, X)g(AE,Y) — g(A%, Y )g(AE, X)
+ (k2 + o) {g(A&, X)n(Y) — g(AE,Y)n(X)}
= kK2 (t(Y)n(X) — t(X)n(Y)),
where we have used (3.29). Putting X = £ in this, we find
(4.1) —aA%+ (B — k* — o) A¢ = K%t — {k*t(&) + a(k® + ) }¢.
Combining the last two equations, we obtain
9(A%E, X)(AE — a€) — (9(AE, X) — an(X))A%E = B(n(X) A — g(AE, X)E).
If we put X = A¢ in this, and take account of (2.26), then we have
(4.2) pPA%E = (v = Ba)AE + (8% — an)t.
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Now, let
Q={pe M;k(p) #0}.

In the rest of this section, we suppose that €2 is nonvoid. Then from Propo-
sition 3.3 and (4.2) we have

(4.3) A% = pAE + (B — pa)g,

where we have defined the function p by u?p = v— Ba. Hence, (4.1) is reformed
as

(B8 — pa = k? — ¢)(g(AE, X) — an(X)) = K> (t(X) — t(§)n(X)),
which shows

(4.4) (c+ pa — B+ EHu(X) = k*t(¢X)

From this and (3.32) we have

(4.5) KU =1U

on (2, where we have put

(4.6) kT =c+ pa—B.

Accordingly (4.3) turns out to be

(4.7) A% = pAE + (c — kT)E.
Applying (4.5) by ¢ and using (3.22), we find

(4.8) LU = prW.

Because of (3.24) and taking account of (4.5) and (4.8), we see that

(4.9) ™?=0-c

Thus, 7 is constant on Q if n > 2. From (3.22) we have
(4.10) LX = K¢X

because L is a symmetric tensor. If we put X = uW in (4.10) and make use of
(2.25) and (4.5), then we obtain

(4.11) uLW = 1U.
In the next step, we see from (2.24) and (4.7) that
(4.12) AW =pé&+ (p— o)W

since we have u # 0 on Q, where we have used (2.26). Differentiating this
covariantly along €, we find

(4.13) (VxAW +AVxW = (Xp)E+pVxE+X(p— o)W + (p—a)VxW.
If we take the inner product W to this and using (2.29) and (4.12), we find
(4.14) g(Vx AW, W) = —2¢9(AU, X))+ Xp— Xa
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because W is orthogonal to . Taking the inner product with £ to (4.13) and
using (2.29), we also find

(4.15) ng(Vx AW, &) = (p — 2a)g(AU, X) + p(X ),

or, using (3.26)

(4.16) w(Ve AW = (p — 2) AU + pVpu — kLW — cU.

From this and (3.26) we verify that

(4.17) w(Vw A = (p—2a)AU — 2¢U + uVp.
Putting X = ¢ in (4.14) and using (4.15), we get

(4.18) Wp==Ep—E&a.

Replacing X by ¢ in (4.13) and using (4.11) and (4.16), we find
(p—20)AU — ktU — U + pVpu + p(AVeW — (p — a) VW)

= p(Em)é + p*U + p(€p — Ea)W.

Now, it is, using (3.32) and (4.5), verified that

(4.20) tHoX) = (1 + %) u(X).

(4.19)

Replacing X by ¢.X and using properties of the almost contact metric structure,
we obtain

(4:21) HX) = HE(X) = (1+ T ) w(X),

where w(X) = g(W, X) for any vector fields X.
Using (2.24) and (3.20), we can write (3.31) as

pg(KW, X) = kpw(X) + k(H(X) — #(&)n(X)),
which together with (4.21) implies that
(4.22) KW =—1W

because of p # 0 on .
Because of (3.20), we can write (2.31) as

(4.23) (VeA) =2AU + Vau
If we put X = ¢ in (2.32) and make use of (2.24) and (2.26), then we find
B(VeA)E = VeU + B¢ — a A — AU,
which together with (4.23) yields
(4.24) VU = 30AU + aAE — BE+ ¢V
Differentiating (4.5) covariantly along €, we find
(4.25) (VxK)U+ KVxU =1VxU.
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Taking the inner product with Y to this, and taking the skew-symmetric part
with respect to X and Y, we obtain

pr(t(X)w(Y) = t(Y)w(X)) + g(KVxU,Y) = g(KVyU, X)
= T(g(VXUay) - Q(VYU, X))7
where we have used (3.27) and (4.8).

On the other hand, from (2.25) we have ¢U = —uW. Differentiating this
covariantly and using (2.6), we find

(4.26)

(4.27) g(AU, X)) — ¢V xU = (X)W + pVx W.
Putting X = ¢ in this and using (4.24), we get

(4.28) uVeW =3AU — aU + Va — (§a)f — (En)W,

which together with (4.12)

(4.29) Wa = &p.

Substituting (4.28) and (4.29) into (4.19), we obtain

3A%U — 2pAU + (ap — B — kT — c)U + AVa + %Vﬁ —pVa
= 2u(Wa) + (2a — p) ()€ + u(ép)W.

(4.30)

5. Semi-invariant submanifolds satisfying VR = 0

We will continue our arguments under the same hypotheses dt = 20w for
a scalar 0(# 2c) and R¢A = AR¢ as in Section 4. Further, we assume that
V¢Re = 0 holds on a semi-invariant submanifold of codimension 3 in M,4+1(c),
c#0.

Differentiating the first equation of Section 4 covariantly along M and using
(2.5), we find

9((VxRe)Y, Z)

= — (K +0)m(2)9(VxEY) +n(Y)9(VxE, Z)) + (Xa)g(AY, Z)
+ag((VxA)Y, Z) — g(AL, Z)(9((Vx A)E,Y) — g(ApAY, X))
= 9(ALY)(9((VxA)E, Z) — g(APAZ, X)) + (Xk)g(KY, Z)
+kg(Vx K)Y, Z) = 2k(Xk)n(Y)n(Z).

Replacing X by £ in this and using (2.5) and (4.23), we find
9((VeRe)Y, Z)
= — (B + o) )n(Z) +u(Z)n(Y)) + (£a)g(AY, Z) + ag((VeA)Y, Z)
—g(AE, Z)(39(AUY ) + Ya) — g(AE,Y)(39(AU, Z) + Za)
+ (ER)9(KY, Z) + kg(VeK)Y, Z) = 2k(ER)n(Y )n(2),
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which shows
(VeRe)X = — (K + o) (w(X)& +n(X)U) + (Ea) AX + a(VeA)X
— (BAU + Va)g(4¢,X) — (39(AU, X) + Xa) AL + (k) KX
+ k(VeK)X — 2k(Ek)n(X)E.
Thus, VeRe = 0 gives
A(VeA)X + k(VeK)X + (E0)AX + (€KX
(5.1) = (K* + o) (u(X)¢ + n(X)U) 4+ (BAU + Va)g(AE, X)
+ (39(AU, X) + Xa) A& + 2k(Ek)n(X)E.
Replacing X by ¢ in this and using (3.20), we find
(5.2) (VA + k(VeK)E = (k% + o)U + a(3AU + Va) + k(¢k)E.
Differentiating (3.20) covariantly with respect to £ and using (2.5) and (4.5),
we have (Ve K)¢ = (£k) + (k — 7)U. Thus, the equation (5.2) can be written
as
(5.3) aAU + (kT + ¢)U =0,
where we have used (3.20) and (4.23).
In the rest of this section, we suppose that ) is nonvoid.
Remark 5.1. o # 0 on .

In fact, if not, then we have o = 0 on this subset. We discuss our arguments
on such a place. Then (4.6) and (5.3) are reformed respectively as f—c+kr = 0,
k7 + ¢ =0 and hence 8 — 2¢ = 0. Therefore we have ¢ > 0.

On the other hand, from (3.33) and (4.5) we have
(5.4) Vk = (¢k)¢+ (k—1)U.

Since k7 + ¢ = 0 and 7 is some constant, we have k = const. on the set.
Thus, k — 7 = 0 and consequently 72 + ¢ = 0, a contradiction because of ¢ > 0.
Therefore o = 0 is not impossible on (2.

From (5.3) and Remark 5.1 we have

(5.5) AU =)0U, al+kr+c=0.
Remark 5.2. 7 # 0 on .

In fact, if not from (4.9) we have § — ¢ = 0. So (3.25) yields L = 0.
Consequently (3.21) is reformed as KX = kn(X)¢{. From (3.28) we also have
k(n(X)g(AY,§) =n(Y)g(AX, ) +n(X)H(Y) —n(Y)t(X)) = 0.
Putting Y = £ and 0 = a+¢(§) in this, we have ¢(X) 4+ g(A4¢, X) —on(X) = 0.

Combining the last two equations, it follows that
AX = n(X)AL + g(AE, X)€ — an(X)E,

which tells us that AU = 0, which together with (5.3) gives k7 +¢ = 0, a
contradiction. Thus, Remark 5.2 is established.
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Lemma 5.3. £\ =0 and WA =0 on Q.

Proof. Differentiating AU = AU covariantly along €2, we find
g(VxAUY) +g(AVxU,Y) = (XNu(Y) + Ag(VxU,Y),
from which, taking the skew-symmetric part,
u(kr — &) (Y Yw(X) = n(X)w(Y)) + g(AVXU,Y) - g(AVy U, X)
= (XNu(Y) = (Y u(X) + Ag(VxU,Y) - g(VyU, X)),

where we have used (2.27), (3.26) and (4.8). Replacing X by U in this and
taking account of AU = AU, we get

(5.6) AVyU — A\VyU = (UNU — V.
If we take the inner product with W and remember (4.12), then we have
(5.7) pg(VoU, &) + 2 (WA) + (p — a = Ng(VoU, W) = 0.

By the way, (4.25) implies that ¢((VxK)U,U) = 0. Because of (3.27),
(4.8), (4.21) and the last equation gives (VyK)U = 0, which connected to
(4.4), (4.22) and Remark 5.2 yields g(W,VyU) = 0. Thus, (5.7) reformed as
ug(VoyU, &) + u2(WA) = 0. However, the first term of this vanishes identically
by virtue of (2.28), (4.12) and Remark 5.2, which shows u(WAX) = 0 and hence

WX=0.
In same the way, we verify, using (2.28) and (4.12), that
EXN=0. O
Now, if we take account of (4.9), (4.20) and Lemma 5.3, then (3.37) turns
out to be
72(Ap — ¢A)X + 7(1 — k) (w(X)E +n(X)U) + k(AL + LA)X = 0.
Putting X = A¢ in this and using (4.7), (4.11), (4.12) and (5.5), we find
(5.8) (k=7)p—a)+AXk+T7)=0
because 7 # 0 on Q.

Lemma 5.4. k=0 on €.

Proof. Applying (5.4) by W, we have Wk = 0. Differentiating the second
equation of (5.5) with respect to W and using Lemma 5.3 and above fact, we
find AW« = 0, which together with (5.5) yields (k7 + ¢)Wa = 0.

Now, £k # 0 on €, then we have kT + ¢ # 0. Thus, Wa = 0 on this subset.
We discuss our arguments on such a place. Differentiating (5.8) with respect to
W and using Lemma 5.3 and these facts, we find (k—7)Wp = 0. Since £k # 0,
we have k — 7 # 0 and hence Wp = 0. Differentiation (4.6) with respect to
W gives W3 = 0. Since Wa = 0, we see from (2.26) that Wy = 0 which
connected to (4.18) yields £p — £ = 0.
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If we differentiate (5.8) with respect to & and remember Lemma 5.3 and
the last relationship, then we obtain A 4+ p — a = 0, which together with (5.8)
yields p — a = 0. Hence (5.8) becomes A(k + 7) = 0, which implies A({k) =0
and therefore A = 0. Thus (5.5) is reformed as kT + ¢ = 0, a contradiction.
Accordingly we proved that ¢k =0 on Q. (]

Lemma 5.5. k—7 # 0 on ).

Proof. If not, then we have £ — 7 = 0 on an open subset of 2. We discuss our
argument on such a place. Then we have A = 0 because of (5.8) and Remark
5.2. So (4.6) and (5.5) turns out respectively to

(5.9) B — pa+27° =0,
(5.10) AU =0, 7°4c¢=0

which together with (4.9) gives 6 = 0.
In the next step, differentiating (4.22) covariantly, we find

I(VxE)WY) + g(KVxW,Y) +7g(VxW,Y) =0,

from which, taking the skew-symmetric part and using (3.27) and (4.11),

gu(X)u(Y) —t(V)u(X)) + g(KVxW,Y) — g(KVy W, X)

=7((VyW)X — (VxW)Y).
By the way, differentiating (2.24) covariantly and using (2.5), we find
(VxA) + ApAX = (Xa)f + agpAX + (X)W + uVx W.

If we put X = pW in this and make use of (4.12), (4.17) and (5.10), then we
find

(5.11)

p2VwW — uVu = (a? — ap — 20)U — p(Wa)é — p(Wu)W.

By (4.21) we have t¢(W) = —2u. Thus, replacing X by W in (5.11) and

making use of the last equation, we have
WKV +1Vp) = 27(u? — o® + pa + 2¢)U + 2ur(Wa)t.

If we take the inner product with U to this and take account of (4.5), then
we obtain Up = (u? — a? + pa + 2¢)p, which together with (2.26) and (5.9)
gives
(5.12) Up=2(u* + 7% + o).

On the other hand, differentiating (5.10) covariantly with respect to &, we
find (VeA)U + AV U = 0, which together with (4.3), (4.24) and (5.10) implies
that

(VeA)U + (ap — B)AE + (B — pa)€ + ApVa = 0.
Applying by ¢, we have

(5.13) (Ve AU + (ap — B)U + ¢ApVa = 0.
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Putting X =U and Y = £ in (3.26), we see
(5.14) (Vo A)E = (VeA)U
by virtue of (2.27), (3.20), (4.8) and (5.10).
From (2.30) we have
VxU 4 g(A%¢, X)¢ = ¢(Vx A)E + pAPAX + aAX — an(AX)E,

which connected to (5.10) gives VyU = ¢(VyA),. Thus, (5.14) becomes
VU = ¢(VeA)U. If we take account (5.9), (5.10) and this, then (5.13) can
be written as
VU =2cU — pApAV .
Now, taking the inner product with U to this and making use of (2.24),
(2.25), (2.27) and (4.12), then we obtain

p(Up) = 2¢p®.
From (5.12) and this, we see that u? = c. It follows from (5.10) that 72+pu2 =
0 and hence 7 = 0, a contradiction by virtue of Remark 5.2. This completes
the proof of Lemma 5.5. O

By Remark 5.2 and Lemma 5.5, we may only discuss our arguments where
7#0and k— 7 # 0 on .
By virtue of Lemma 5.4, (5.4) is reduced to

(5.15) Xk =(k—7)u(X)
for any vector fields X. Differentiating (5.15) covariantly along 2, we find
Y(XEk) = (YEu(X)+ (k—71)(9(VyU, X) + u(Vy X)).

If we take the skew-symmetric part and take account of (5.15) and Lemma 5.5,
then we obtain

(5.16) 9(VyU,X) = g(VxU,Y).

Putting Y = ¢ in this, we find ¢(V U, X) + ¢g(U, Vx&) = 0, which together
with (2.28) and (4.24) implies that

3pAU + a A — BE + ¢Va + AW = 0.
By virtue of (2.24), (2.27), (4.12) and (5.5), this is reformed as
¢Va+ (p—3\)uW =0,
which tells us that
(5.17) Va = (a)l + (p— 3N)U.

Differentiating the second equation of (5.5) with respect to £ and taking
account of Lemma 5.3 and Lemma 5.4, we find Ao = 0. But the function A
dose not vanish by virtue of (5.5), (5.15), Lemma 5.5 and Remark 5.2. Thus,
we have £a = 0 on Q. Accordingly (5.17) turns out to be

(5.18) Va = (p—3\U.
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In the next step, from (4.26) and (5.16) we have
g(KVxU,Y) = g(KVyU, X) + pr{t(X)w(Y) = t(Y)w(X)} = 0.

Putting X = ¢ in this and using (2.28), (4.24) and the fact that AU = AU, we
find

K(BAOU + aAE — BE + ¢V a) + kuAW + prt(§)W =0,
which connected to (2.24), (2.27), (4.12), (4.22) and (5.18) gives

(5.19) (&) + (p—a)(k+7) = 0.

On the other hand, differentiating (4.21) covariantly along 2, and taking
account of (2.5), (2.6), (4.27), (5.5) and (5.15), we find

X(#(Y)) = X(EE)n(Y) + t(§)g(¢AX,Y) + %(k — 7)pu(X)w(Y)

— (14 1) Qu(X)n(Y) = g(¢VxU.Y)) + H(VxY),
from which taking the skew-symmetric part and using (3.1),
209(9X,Y) + 15 (k = D)p(u(Y Jw(X) = u(X)w(Y)
= X(HEMY) = Y (HOM(X) + U (9(6AX,Y) — g(6AY, X))
— (14 2) @) = u(Y)n(X) = (9(6VxU,Y) = g(9Vy U, X))}

By the way, taking the inner product with Y to (2.30) and taking the skew-
symmetric part, we get

9(@VxU,Y) = g(¢VyU,X) — (p — 20) (w(X)n(Y) — w(Y)n(X))
= 2cg(¢X,Y) — 29(APAX,Y) + a(g(pAX,Y) — g(pAY, X)),

where we have used (3.20), (3.26), (5.5) and (5.18).
Combining the last two equations, it follows that

(u(Y)w(X) = u(X)w(Y))
X))

209(6X,Y) + 15 (k = )y
HOBAX.Y) — g(o4
(5.20) = X(HOMO) — Y (UEM(X
+ (1 ) {209(6X,Y) + (p = 3N (X)n(Y) = u(Y (X))
—29(A$AX,Y) +a(g($AX,Y) — g(6AY, X))}
Putting Y = ¢ in this and using (2.5) and (5.5), we find
(5:21) X&) = EEEOMX) + {t©) + (14 T) A+ a—p)fux).
Differentiating (5.19) and using (5.15), we have
TX(HE) = (@ = p)(k = T)u(X) + (k + 7)(Xa - Xp).

( Y,
( )
(p
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From this and (5.8) it follows that
(5.22) X)) = (k+7)(Xa— Xp+ du(X)).

By the way, if we differentiate (5.8) with respect to £ and make use of Lemma
5.3, Lemma 5.4, Lemma 5.5 and the fact that £& = 0, then we obtain £p = 0
and hence £(t(£)) = 0 because of (5.19) and Remark 5.2. Thus, (5.21) reformed
as

kX (4(8)) = (k + 1) {T(A + = p) = k(p — o)} u(X),
where we have used (5.19). From this and (5.22) we have

(k+7)(Va = Vp+AU) = (1 + %) {(k+7)(a—p)+7AYU,

where we have used (5.8). According to Lemma 5.5 and (5.15), it is clear that
k4 7 # 0 on Q. Thus, the last equation turns out to be

K(Va— Vp) = {(k+ )(a — p) + \(r — E)}T,
or, using (5.8),
(5.23) (k—71)(Va—Vp) =47AU.

On the other hand, differentiating (5.8) covariantly and using (5.15) and
itself, we obtain (k — 7)(Vp — Va) + (k+ 7)VA = 27AU = 0, or using (5.23),

(5.24) (k+ 7)VA = 67AU.

Finally, we are going to prove that  is empty. f weput X =U andY =W
in (5.20), then by (4.12), (5.5) and (5.8), we have

20k(k —7) + 7 (k= 7)2% + 272kt () = 20(k* =) + 23 (k+7)? =2 (k + 7).
By (2.26), (4.6), (4.9), (5.5) and (5.8), we have (k — 7)u? = 2kf. Thus, from
this, using (4.9), (5.19) and the fact that k& + 7 # 0, we have
Ok —7) — Me(p — ) = kO + N2(k + 7),
which implies that
—70(k —7) = Me(p — ) (k — 7) = N2 (k* — 12).
It follows from (5.8) that
Ok — 1) = N (k+ 7).

Differentiating this covariantly along 2, and using (5.4) and (5.24), we have
7A? = 0, which connected to Remark 5.2 gives A = 0 on Q. Thus, k7 +c =0
because of (5.5) and consequently k is constant on . Hence U = 0 by virtue of
(5.15) and Lemma 5.5. By Proposition 3.3, we conclude that & = 0 and hence
Q=0.

Developed above, we have:
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Lemma 5.6. Let M be a real (2n — 1)-dimensional (n > 2) semi-invariant
submanifold of codimension 3 in Mpi1(c), ¢ # 0 such that dt = 20w for a
scalar 0(# 2¢). If M satisfies ReA = ARe and at the same time V¢Re = 0,
then k=0 on M.

6. Theorems

In this section we will suppose that M be a real (2n — 1)-dimensional (n >
2) semi-invariant submanifold of codimension 3 in M,;1(c), ¢ # 0 such that
dt = 20w for a scalar 6(# 2c). If M satisfies ReA = AR, and at the same time
V¢Re = 0. Then by Lemma 5.6, we have k = 0 on M and hence m(X) = 0 for
any vector fields X on M because of (3.19). We also have K& = 0 by virtue of
(3.20).

Because of (4.9), we can write (3.37) and (3.8) as

(6.1) (0 —c){g((A¢ — pA) X, Y) + n(X)u(Y) + n(Y)u(X)} =0,
(6.2) K2X = (0 = o)(X —n(X)¢),

respectively.
Because of (3.33) and Lemma 5.6, we have KU = 0, which together with
(6.2) gives (6 — ¢)U = 0. Thus, (6.1) reformed as

(6.3) (0 — c)(Ad — pA)X = 0.

In what follows we assume that § — ¢ # 0 on M, then from (6.3) we have
A¢p = $A. From this fact and (3.39), the equation (3.38) can be written as

(6.4) A?X = aAX + (X — n(X)E).
Further, (3.36) turns out to be

(65)  LIVxL)Y = (0 — )(t(X)8Y — n(Y)A6X — n(X)HAY).
From (3.24), (3.25) and the assumption, we have

(6.6) LoX = KX,

which together with (3.21) gives

(6.7) Lé=—6L, Ké=—o¢K.

Differentiating (2.8) covariantly, we have n((VxL)Y) = g(AX,KY). If we
take account (3.35), (6.6) and this, then (6.5) can be written as

g(VxL)Y,Z)= - t(X)g(KY, Z) + n(X)g(AKY, Z)

(68) +n(V)g(AK X, Z) + g(AX, KY)n(Z).

In the same way using the differentiation of (6.2), we have

9(VxK)Y, Z)= t(X)g(LY, Z) — n(X)g(ALY, Z)

(6.9) —n(Y)g(ALX, Z) - g(AX, LY )n(Z).
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By Theorem 4.3 of [17], we have
(6.10) (VxA)Y = —c(n(Y)¢X +g(¢X,Y)S).

Differentiating (6.9) covariantly along M and making use of (2.5), (3.20),
(6.4), (6.8), (6.10) and itself, we find
(V2VXE)(Y) = Z(H(X)) - c(n(X)g(Z, KY)E +n(X)n(V)KZ) + T(Z, X, )

—a(n(X)n(Y)AKZ + g(AZ, KY)n(X)¢)

VX, €)ALY — g(X,$AZ)ALY — 1(Y)ALV X
Y, pAZ)ALX — g(AV ;1 X, LY )¢ — g(AX, LY )$AZ,
where T(Z, X,Y) is a certain vector field with T(Z, X,Y) = T(X, Z,Y), from

which, taking the skew-symmetric part with respect to Z and X, and making
use of (3.1), (6.3) with 7 # 0 and the Ricci identity for K,

(R(Z,X) - K)(Y)
= 209(¢Z, X)LY
—c(X)g(Z, KY)E —n(Z)g(X, KY)§
+n(Y)((X)KZ —n(Z)KX))
—a{n(Y)(n(X)AKZ —n(Z)AKX)
+9(AZ, KY)n(X)§ — g(AX, KY)n(Z)¢}
+29(Z, AX)ALY — g(Y,pAZ)ALX + g(Y pAX)ALZ
— g(AX,LY)$AZ + g(AZ, LY )$AX.

Putting Z = ¢e; and X = e; and summing for ¢, and using (3.1), (3.21), (3.22),
(6.3) and (6.4), we find
2n—1
(6.12) > (R(gei i) - K)(Y) = 4{c— (n — 1)0}LY + 2(h+ a) LAY,
i=0
On the other hand, from (2.17) we see, using (3.22), (6.2)—(6.4), (6.6) and
(6.7), that

2§:I(R(¢ei, e;) - K)(Y) = 4{20 — (2n + 3)c}LY — 4aLAY,
i=0
which connected to (6.12) implies that
(h4+3a)LAX =2{(n+1)0 — 2(n + 2)c} LX,
which together with (3.25) yields
(h+3a)(9(AX,Y) —an(X)n(Y)) = 2{(n + 1) — 2(n 4 2)c}(X — n(X)n(Y)).
If we put X =Y = ¢; and summing up to¢=0,1,...,2n — 2, we have

(h+3a)(h—a)=4(n—1{(n+1)0 —2(n + 2)c},

—g(
—g(

(6.11)
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which implies
(6.13) (h —a)* +4a(h — a) =4,
where we have put 6 = 4(n — 1){(n + 1)0 — 2(n + 2)c}.
Since we have TrL =0 =TrK, K =0 = L{ and A = &, if we put X = ¢,

Y =Z =e; in (6.8) and (6.9), and summing up to i = 0,1,...,2n — 2, then we
have

(6.14) Tr(AK) =0, Tr(AL)=0,
respectively, and hence
(6.15) Tr(A?K) =0, Tr(A’L)=0

by virtue of (6.4).
If we put Y = ¢;, Z = Ae; in (6.11) and summing up toi =0,1,...,2n—2,
then from (6.14) and (6.15) we have
2n—1
> (R(Ae;, X) - K)(e;) = (20 — 30* — 4c) AKX — 3caK X.
=0
By (2.17), (6.14) and (6.15) we have
2n—1
Z (R(Aei, X) - K)(e;) = (8¢ — 20 + h(2)) AKX — {(0 — 2¢)(h — a) — ca} K X.
i=0
Thus, above two equations gives
(40 — 12¢ — hz) — 3¢*) AKX = {4dcar — (0 — 2¢)(h — @) } K X,
which connected to (6.2) yields
(6.16) (40 — 12¢ — h(gy — 3a*)(h — ) = 2(n — 1){4dca — (6 — 2¢)(h — a)}.

Since we have from (6.4)

(6.17) h(g) = ah+2(n —1)c,
if we combine (6.13) to (6.16), then we obtain
(6.18) (0 —3c)(h — a) =2a(n—1)(0 — 2c).

If c<0orf—2c<0forc>0,then # —3c # 0 because 6 — ¢ is nonnegative.
So we can write (6.18) as

2(n—1)
0 — 3c
Substituting this into (6.13), we have
4(n —1)(0 — 2¢)a*{(n +1)0 — 2(n + 2)c} = (0 — 3¢)?.
Thus, it follows that
(6.19) {a®(0 —2¢) — (0 — 3¢)*H(n +1)(0 — 2¢) — 2¢} = 0.

h—a= (0 — 2¢)a.
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For the case where ¢ > 0 if § — 2¢ < 0, then we have (n+1)(6 —2¢) —2¢ < 0
and hence it follows from (6.19) that 8 = 3¢ and a = 0, a contradiction. Hence,
we conclude that § = ¢ on M because our discussions were in the case where
0 # ¢, that is, the normal connection of M is L-flat. Therefore from (3.25) and
(6.2) we have K = L = 0. Thus, we have

Lemma 6.1. Let M be a real (2n — 1)-dimensional (n > 2) semi-invariant
submanifold of codimension 3 satisfying dt = 20w for a certain scalar 0(< 2¢)
in a complex projective space P, 1C. If M satisfies Ve Re = 0 and at the same
time AR¢ = R¢A, then K = L = 0 and the normal connection of M is L-flat.

From (2.17), the Ricci tensor S is given by
SX =c{(2n+1)X —3n(X)¢} + hAX — A%X,
because of k£ = 0. Thus, the scalar curvature s of M is given by
s=4(n" = 1)c+ h* — hy — 4(n —1)(8 — ¢),
where we have used (3.25) and (6.2), which together with (6.17) gives
(6.20) s=2(n—-1)2n+1)c—4(n—1)(0 — ¢) + h(h — a).
If we assume ¢ < 0, then by (3.5) we have (n 4+ 1)(6 — 2¢) — 2¢ > 0. Thus,
it follows from (6.19) that a?(6 — 2¢) = (6 — 3¢)?, which connected to (6.18)
gives a(h —a) = 2(n — 1)(0 — 3¢). Hence (6.13) is reformed as
h(h—a)=2(n—-1)2n—-1)(0 —c¢) — 2(n — 1)c.
Thus, the scalar curvature s is given by
(6.21) s=2(n—1)2n—-3)(0 —c) +2(n — 1)c.
Hence if we assume s — 2(n — 1)c < 0, then by (3.4) we have § — ¢ = 0, a

contradiction.
Therefore we conclude that:

Lemma 6.2. Let M be a real (2n — 1)-dimensional (n > 2) semi-invariant
submanifold of codimension 3 satisfying dt = 20w for a scalar 6 in a complex
hyperbolic space Hp41C. If M satisfies VeRe = 0 and at the same time AR¢ =
R¢A, then K = L =0 and the normal connection of M is L-flat provided that
the scalar curvature s of M holds s —2(n — 1)c < 0.

As a consequence of Lemma 6.1, we have K = L = 0 and VC = 0, namely
V+C = 0 for any vector field X on M. Hence, Ha(p) appeared in Theorem 2.1
is spanned by the distinguished normal C, and C' is parallel in normal bundle.
Thus, by Theorem 2.1 we have:

Theorem 6.3. Let M be a real (2n — 1)-dimensional (n > 2) semi-invariant
submanifold of codimension 3 in a complex space form M,y1(c), ¢ # 0 such
that the third fundamental form t satisfies dt = 20w for a scalar 0, where
w(X,)Y) = g(¢X,Y) for any vector fields X and Y on M. If M satisfies
RcA = ARe and at the same time VeRe = 0, then M is a real hypersurface
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in a complex space form M,(c), ¢ # 0 provided that 6 — 2¢ < 0 for ¢ > 0, or
s <2(n—1)c¢ for c<0.
From Lemma 6.1, 6.2 we can write (5.1) as
a(VeA)X + (§a)AX = c(u(X)E+n(X)U) +n(AX)(BAU + Va)
+ (39(AU, X) + X ) AE.

Here, the distinguished normal C' can be regarded as a unit normal vector field
N on M in M, (c). Thus, the second fundamental form A with respect to C
can also be regarded as that of N. Using (3.26) with k¥ = 0 and (6.22), we can
verify that U = 0, that is, A£ = a& (see [7]). So « is a constant and hence
a(VeA)X = 0 because of (6.22), which together with (2.6) and (3.36) yield

a(A¢p — pA) = 0 and hence A = 0 or Ap = ¢pA. Therefore, owing to Theorem
6.3 and Theorem O, we have:

(6.22)

Theorem 6.4. Let M be a real (2n — 1)-dimensional (n > 2) semi-invariant
submanifold of codimension 3 in a complex projective space P, 11C such that the
third fundamental form t satisfies dt = 20w for a certain scalar (< 2¢), where
w(X,Y) = g(¢X,Y) for any vector fields X and Y on M, and M satisfies
ReA = AR¢ if n(AE) # 0. Then VeRe = 0 holds on M if and only if M is
locally congruent to one of the following hypersurface:

(A1) a geodesic hyperplane of radius r, where 0 < r < w/2 and r # /4,

(A2) a tube of radius r over a totally geodesic PyC for some k € {1,...,n—

2}, where 0 <1 < 7/2 and r # 7/4.

In the same way as above, we verify from Lemma 6.2 and Theorem MR

Theorem 6.5. Let M be a real (2n — 1)-dimensional (n > 2) semi-invariant
submanifold of codimension 3 satisfying dt = 20w for a scalar 0 in a complex
hyperbolic space H,11C, where w(X,Y) = g(¢X,Y) for any vector fields X
and Y on M, and satisfies ReA = AR¢. Then V¢Re = 0 holds on M if and
only if M 1is locally congruent to one of the following hypersurface provided that
the scalar curvature s of M holds s —2(n — 1)c < 0:

(Ao) a horosphere in H,C,

(A1) a geodesic hypersphere or a tube over a complex hyperplane H,_1C,

(A2) a tube over a totally geodesic HC for some k € {1,...,n— 2}.
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