Commun. Korean Math. Soc. 37 (2022), No. 1, pp. 177-193
https://doi.org/10.4134/CKMS.c210006
pISSN: 1225-1763 / eISSN: 2234-3024

NEW GENERALIZATION OF THE WRIGHT SERIES IN
TWO VARIABLES AND ITS PROPERTIES

ABDELMAJID BELAFHAL, SALMA CHIB, AND TALHA USMAN

ABSTRACT. The main aim of this paper is to introduce a new generaliza-
tion of the Wright series in two variables, which is expressed in terms of
Hermite polynomials. The properties of the freshly defined function in-
volving its auxiliary functions and the integral representations are estab-
lished. Furthermore, a Gauss-Hermite quadrature and Gaussian quad-
rature formulas have been established to evaluate some integral repre-
sentations of our main results and compare them with our theoretical
evaluations using graphical simulations.

1. Introduction

Over the past decades, the special functions have received a particular attention
from the mathematical physics researchers for its significance in many applica-
tions like engineering [2,3], optics communications [17,26], creation of new laser
beams [6,12,36], among many others. Some extensions of these functions as
Gamma, beta, poly-Bernoulli numbers, hypergeometric, Wright, Wright-Bessel
and Fox-Wright functions have been developed [1,4,7-11,13,18,23,27,32, 34].

In the thirties, Wright investigated, in the partitions theory, a convergent
series representation named the Wright function [40-43]. By working on the
time-fractional diffusion-wave equation, Mainardi introduced in his analysis two
auxiliary functions of the Wright type interrelated through F,(z) = vzM,(2)
to study fractional calculus and probability theory [24,25]. At the beginning
of the last century, Mittag-Leffler studied an entire function referred as E,(2)
and defined a series representation which gives a simple generalization of the
exponential function [14,28-31]. In 1905, Wiman introduced a Mittag-Leffler
function E, g(z) with two parameters [39] which is examined in the fifties by
Humbert and Agarwal [16]. In 2011, Ozergin et al. presented some generaliza-
tions of Gamma, beta and hypergeometric functions and their transformation
formulas and properties [34]. In an interesting paper that was published in
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2015, El-Shahed and Salem introduced an extension of the classical Wright
function W;’g (), Kummer confluent hypergeometric function and two auxil-
iary functions M, (z) and F,(z) [13].

A few years ago, a new type of integral expressions associated with the
generalized (Wright) hypergeometric function are established by Khan et al.
[20]. Based on the extended beta function, the extension of Wright-Bessel
function and its properties are introduced by Arshad et al. [4], while Khan
and Nizar developed an integral formula involving Wright generalized Bessel
function as well as some new integral expressions as particular cases [18].

On the other hand, based on the work of Ozergin et al. [34], Khan et al.
have recently developed a new extension of the generalized Wright function
[21] by using generalized beta function. Also, they analyzed some properties of
this new series. Lately, Khan et al. derived some properties of certain integral
formulas involving the generalized Wright function [22] and the Redheffer-type
of the inequalities including generalized Fox-Wright function are defined by
Naheed et al. [32].

This study provides some information about one of the special functions
known as Wright function that is denoted by W, g(-). This function, introduced
by Wright in 1933, is defined by the following series (see [40-42])

o0
Z?’L

(1.1) Wa5(z) = ;m

with o > —1 and B € C.

The function W, g(z), defined in the whole complex plane, is an entire func-
tion and its order is ﬁ

In 2015, El-Shahed and Salem [13] generalized the Wright function by intro-

ducing the following entire function also of order ﬁ
(1.2) WA i &
4 om+/3> Pk
where « is a real (a > —1), 8,7,0,2€ C, 5 #0, -1, =2, ..., |z| < 1, T(-) is
the gamma function and (x),, = F(ff& 7;)) is the usual Pochhammer symbol.

In a continuation of this investigation, Khan et al. [21] introduced a new
generalization of the Wright function by using the generalization of gamma
and Euler’s beta functions proposed by Ozergin et al. [34], defined by

n

B 2 By +n,A—7) (o) z
1.3 W7,5,k,o,c,d 2 — P ’ n ,
(18 W = L TR @), aan 1 B)

where a« > =1, #£0, =1, =2, ...57, 4, A\, 0, B, a € C, with z € C and |z] < 1.

The current paper introduces a new generalization of the Wright series in
two variables, which is expressed in terms of the Hermite polynomials and also
its auxiliary functions.
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For more information, on the Hermite polynomials, we suggest to refer to
[19,33,37].

Definition. A new generalization of the Wright series in two variables is de-
fined as

= 1 u”
1.4 BY° (u,v) = 2iuﬁe_”2 ——H,(v),

where H,, is the Hermite polynomial of order n and
5 (9)
(1.5) a2 (n) = oo

Y
with § #£ 0, —1, -2, ...

T(an+ B),

It is known that there are four auxiliary functions of Wright function for
0 < a < 1 which are defined as

(1.6) Mo (2) = Wegi-al(—2); MIO(z) = W22, (=2);

a —o,l—«a

(1.7) Fo(2) = Weao(—2); FI°(2) = W22 (~2).

We define two new auxiliary functions of any order a € (0,1) and for each
z # 0 as follows

o~ (Cw)" Ha(v)

(18) M) = B, o(ue) = 5
— nl a_qi1-a(n)
and
(19) Fit(u0) = B gy = 30 S0 )
— nl a_q,0(n)
where
= (9 —a(n
(1.10) i) = (PT(L = aln-+ 1)
and
(1.11) a—ao(n) = (,Y)HF( )

2. Properties of the generalized Wright function
Below, we give some properties of these series by establishing some theorems.

Theorem 2.1. Leta > —1, R(p) >00 #0, -1, =2, ..., and z, 8, v, § € C.
Then the function (1.4) can be represented by

+oo
(2.1) Bg:‘;(u, v) = / e_p22+2qZWg”g(z)dz,

— 0o
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where
1 .
and v = ﬁ.

C2ip VP

Proof. By substituting (1.2) into (2.1) one finds

(2.2)

e 242 s
I :/ e PEIREW L (2)dz

(2.3) o 1 +oo
Z 5 / Z"e P +2qzdz
n=0 & :ﬁ -0

By using the identity [5]

oo 2 2 T 1 "
2.4 / LMDz +2qde — 4 /p \/>< . ) Hn
24) —oo P\ 2t\/p

f
With %(p) > 0, (23) can be W]‘lttell as

I = O]

By taking u and v given by (2.2), Theorem 2.1 is proved. d

Remark 2.2. It is interesting to see that (2.1) can be written as

+oo 2 .
(2.6) B (u,v) :/ e E WA (2)dz.

o0

Theorem 2.3. Let o > —1, 8,7, 6 € C. Then the auxiliary functions intro-
duced earlier can be expressed as

+oo
(2.7) MY (u, ) = / eru? +’“MW( 2)dz
and

+oo vz
(2.8) fg’é(u,v):/ e4u2Jr F”’ (—2)dz.

Proof. By using (2.1) and (1.8), one finds

BY 0 — e ﬁ"‘“uz w 0 d
—a,1— a( U,U) - €au —a,1— a(z) z
— 00

(2.9) = Mg’é(’mv)

+m vz

— 00
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which proves (2.7). For (2.8), (1.9) and (2.1) is used for —a and § = 0. It is
easy to deduce the following identities

BY? o(—u,v) = F(u,v)

+oo
= 4u +”z 7 s
(2.10) 7/700 i W2, o(2)dz
+m 22 vz
:/ e T F10(—2)dz.
This completes the proof of Theorem 2.3. O
Theorem 2.4. Let 8 and 6 #0, —1, =2, .... Then (1.4) can be expressed in
two variables as
oo n l
)n (2uw)" (—u?)
(2.11) B (u,v 2l .
’ ngo a(n+2l)(5)n+2z n! I

Proof. By using the following expansion of Hermite polynomial [15]

D
1=0
(1.4) becomes
oo [n/2]
(2.13) B0 (u,v) = ZZAln
n=0 =0
where
l
(2.14) A(l,n) = (=1) u™(20)" 2

3
IH(n —20)la) 3 (n)
With the help of the identity [38] of the double summation
[n/2]

o0 o0
(2.15) ZZAln ZZAZ?H—%
n=0 1=0 n=01=0
with [z] denotes the greatest integer in x, we obtain (2.11). O

In the next theorem, we give the Mellin-Barnes contour integral representa-
tion of the generalized Wright function Bl’g

Theorem 2.5. Let a > —1, 3, v, dandz € C, § # 0, =1, =2, .... Then the
Mellin-Barnes contour integral representation of Bg’g s given by

wo o D@ ue 1 (V) T(y+t) ;
(216) U0 =5 5= | FsrorEran D Dt<\/§v)dt

where L is the Mellin-Barnes contour and D, is the parabolic function.
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Proof. By the use of Theorem 1 of [13], our (2.1) can be written as

—+oo
BZ:g(u,v) :/ e*pz2+2q2Wl’g(z)dz
r'(6) too o T(y+t) ¢
2.17 = Pz t24zg / L(—t)(—z2)"dt
2.17) 2mil (7) /,Oo ¢ * ) To+ OB rap’ D2
where u = ﬁ, and v = %.

On interchanging the order of integration in the last equation and using
(2.1), we obtain

I'(9) (—1)'T(y+t) T e

2.18) B (u,v)= / (-t dt/ P 4247 4t
(2.18) Bos(w.0)= 5000 /|, Tor e (Bran. D4 )¢ =0
With the help of the following identity [35]

+oo ; ﬁ 1 2 2 r
2.19 / gre=Fet—ire gy - VT e /88 D, ( )
( ) - (zﬂ) 5u+1 B\/E
with ®(8) > 0 and R(r) > —1, (2.4) can be written as

oo 1 t iq
2.20 / step ez, [T a2 < ) D (\/5) )
(2.20) —c0 V p Ny VP

By using the definitions of u and v given by (2.2), we obtain (2.16). This
completes the proof. O

Theorem 2.6. Let o > —1, 3,v,0andz€ C, § #0, —1, =2, .... Then Bl’g
can be represented as

5 o 2 F((S) > u™
o) Bap(u,v) = 2iuy/me™ g >nZ:o”’F<an 5 ()

1
></ 2" (1 = 2) T e
0

Proof. By the use of Theorem 2 of [13], (2.1) becomes

B (u,v) = & e 6_p22+2qzdz /1 x’y—l(l B x)éfvflw 5 (22) do
@ TP~ ) Jose 0 ’
I'(d) S S—ry—1 /+°° _pa?
2.22 = 2771 —2)°T " e e PF TN 4 (22) dz,
where
o0 Zn
2.2 Woa() =S 2
(2.23) 23 =2 T an v B)

with a > —1 and g € C.
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Hence, by using (2.4), (2.22) can be rearranged to write

(2.24)
0 — I'(9) = In ' nty—1 S—y—1
B (u,v) = T TG =) ;nlr(aner/o 2" 1 - 2)° T da,
where

e 5ty ()

By using the definitions of u and v, (2.21) is proved. This completes the proof
of Theorem 2.6. (]

Corollary 2.7. We know that (see [35])

A
Taking p =n+y, A =1andv = 0 — v, we find the following result

1
v— 1
/ 21— x)‘) ‘de = B (%, 1/) with R(p) >0, R(v) >0 and X > 0.
0

1
(2.25) / 2" 1= 2 de = B(n+v,6 — 7).
0
With the use of this last equation, one can write (2.21) as
o IND
B (u,v) = 2iu/me ™ ———2
xss?) THITO )

(2.26)

n

X ;TMHTL (v) B(n+ 7,0 — 7).

Theorem 2.8. The Mellin transform of Bg:‘; is given by
T 1—s
m {574 ()1} = Dty 5

ffb+ U’1@Mﬂﬂ(n+uw)

(=
az,% (n n! 2

(2.27)

Proof. The definition of the Mellin transform of BZ:‘; yields with the help of
(2.6)

+oo
W{Bg:g(u,v);s} :/ vs_lBg’,%(u;v)dv
0

+w +(X) 22 vz 6
= / vsfldv/ ex? W W 5(2)dz
0 —00 ’

On interchanging the order of integration in (2.28) and by using the identity

(2.28)

—+oo
(2.29) M{e s} = / v lemdy = 07T (s),
0
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we obtain
(2.30) m {Bg;g(u, v); s} = D(s)u’lL,
where
+oo 2
(2.31) I :/ z_semW;’g(z)dz.

By the use of the expansion of W;g given by (1.2) and the identity (2.29), the
last integral in (2.31) can be written as

b 1 +oo 2
L=y ———— [1 +(-1 ”‘5} / e’ a2 gt
nZ:o n!al’%(n) =) 0
(2.32) Lo 7 . ) —(mti=e) +1
_ — n —s
Sl @) )
and finally, we find (2.27). This completes the proof of Theorem 2.8. U

Theorem 2.9. Let 5 € C and m € N. Then

Bé:gl (u,v) = 1;((7;)) 2iﬁe‘”2u2_m
(2.33) X { {e(zv*“)“ — 1} Hy_p(v—u)— mi ukHlerk(v)} )
k=1

Proof. Starting from the following relation of Wol,}g and the Mittag-Leffer func-
tion [13,14]

I'(9)

(2.34) W&’g(z) = WEM (2)
with

[e'e] Zk )
(2.35) E,p(z) = ;;3 ek h) with a > 0.
For 6 = m,

r

(2.36) W&;ﬁ(z) = F((Z))El,m (2),
where

m—2
(2.37) Eym(2)=2"" <ez - 2‘) '
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By using (2.1), Bcl)’g’ can be written as

r +ee
B () = T [ e e

2.38) I'(B) J oo
| _ Tm) <[1 . '”ZI>
= S
I'(B) — k!
where
+o0 5
(2.39) I = / om0t )z g,
and
+oo R
(2.40) Iy, = / plomtke—pam 424z g,
— 00

By the use of the identity (2.4), (2.38) becomes
(2.41)

x {[e(%i)/p _ 1} Hi L}ﬁ (q + ;)} - 7:2_:_12 (2i1/ﬁ>kHl_m+k (j/qﬁ) } .

Finally, if the expressions of w and v are used, it is easy to find (2.33). This
completes the proof of Theorem 2.9. (]

Theorem 2.10. Let 3, v and 6 € C, and Re (5) > 0. Then

2T s (1), u"
(2.42) BY? (u,v) = ue”" —2——H, (v).
is T3 L @0,
Proof. By the help of the following identity [13]
1 I = (v, ="
(2.43) W3(2) = ==1F> (76, ;2) = e
LT TR T (8) 2 (8),,(8), n!
Bl’g is written as
,0 _ 1 = (V)n e n_—pz2+2qz
(2.44) B (u,v) = NG ; ORGET /_Oo SMe—PE 24z,

By the use of (2.4), one finds easily (2.42). This completes the proof of Theorem
2.10. O
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Theorem 2.11. Let € C, u, v € C. Then
1-8,1—
B 7 (wv) = Boyg (u,v)

(245) N2 B . 4ulv? —duv—1 2uv + 1
:71_‘(5) (ﬁu) et )Dﬁ—l( G >7

where D is the parabolic function.

Proof. Taking « = =1,y =0 = 1 —  and using (2.1), we obtain

B 1 [t -
BY P (4, 0) = 7/ (14 2)° Lemp="+207

71’ﬂ
— LQ*(PJr?lJ)I
' (8) ’
where
+o0 5
(2.47) I= / P te Pt H2Fa)t g
— 00

With the help of (2.19) and taking v =  — 1 and r = 2i (p + ¢q), the integral
of (2.47) can be expressed as

(2.48) I = #674@3}7) Dp_4 <2Z(p+‘1)> _
(v2i)" ' psr2 V2p

The expressions of u and v used in the proof of Theorem 2.7 yield (2.45). This

completes the proof of Theorem 2.11. O
Theorem 2.12. Let v, § € C. Then
(2.49)
6
311/2,1 (u,v)

_ . —v2 v = (]‘/2 )n 2
= 2i\/Tue 1- 5ﬁunzzo 32 )H(H(S)n(%)n p Hopy1 (v)

)

Proof. To evaluate B™] 2.1

(u,v), we use the following expression [13]

(250) WP, (—2) =1— =

WL 1149 2+9 3 14+ 2445 2°
343 27 2 ) 2 127 ) ) ) ) 4 .

5
Therefore, BZ’I /2,1 Can be expressed as

A2na

)n(ll%”)n(TZ)n Ha)"

251) B (u,v) = Ay — vy i(1/2 24
e (00 = A 52 G () D

where

+oo
(2.52) A = / e P 20z,
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and
+oo 2
(2.53) A2n — / Z2n+1e—pz +2qzdz.

Using (2.4) yields the expression of these last integrals and one finds easily
(2.49). O

Theorem 2.13. Let yand § € C. Then

s, ()
(2.54) M1/2 (u,v) = 2iue ngo 0/2), (55). Hap (v) -

Proof. By taking o = 1/2 in (1.8) and using the following expression [13]

1 vy 14y § 149 22
(2.55) M35 (=2) = —=2F) ( 2r7.9 2

the result is:

7/2 i)n (_1/4)n oo 2n —pz?42¢z
(2.56) M1/2 \FZ 02, i)n p [m z"e dz,
which yields easily (2.54) by the use of (2.4). This completes the proof of
Theorem 2.13. U

Theorem 2.14. Let v € C and u, v € C. Then
MY’%H (u,v) = 2iv/mue ™"

1 < (v/2), (/)™
(2.57) x {I‘ (2/3 ) nZ:% (2/3 ) (?,_;,_,Y/3 ol Hs, (’U)

)n
0 (1+’Y)

yu . 3n
*<v+1>r<1/3>z<4/3><%>n nl H3"“(”)}'

Proof. Applying the following relation [13]

1 v 2 3+46 23
M“/“/Jrl - - B[ Ll.Z22T7.Z
s (2 r2/3)" 2(2’37 3 ’27)
(2.58)
024

&

B <1+7.4 4—&-6'23)
(v+Dr(1/3)"

on (2.1) and using (1.6), we obtain for a = % and § =y +1

(2.59)

v,y +1 1 - (7
MIA™ w0 = 5375 2 o)

1 n
( /27) /+OO Z3ne—pz2+2qzdz

2 n
(ﬂ) n!

1 n
( /27) /+OO 23n+1€7p22+2qzd2.

— 00

— 00
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With the help of the identity (2.4), this last equation becomes
(2.60)

Y+ () = et’/p \/Tp 7/2 (orgprs )" i

M1/3 ( u, ) - nz% ( : ) ol H3n (ﬁ)
v T 1S (), (Vaeee)” i

( ) ( /3) 21\[712% (4/3) (4+’Y) nl H3n+1 (\/]5> .

After some simplifications (2.57) is obtained. Thus, the proof of Theorem 2.14
is complete. ([

3. Graphical simulations of B'Y’ﬁ(u, v)

In this section, some numerical simulations of Theorems 2.1 and 2.6 are
performed with respect to the variable u in order to show an agreement between
the series and integral representations as well as the effect of some parameters
in the evolution of Bz‘; (u,v). Below, the used numerical methods are: Gauss-
Hermite quadrature and Gaussian quadrature.

Evaluation of Theorem 2.1

Fig. 1 illustrates a graphical simulation of (1.4) and (2.1) vs. the variable
u. The parameters are chosen as v = 5, § = 2 and v = 2. Fig. 1 shows that
the obtained results are similar. Note that (2.1) is evaluated in this case by
Gauss-Hermite quadrature method.

% Analytical method
4.5 Gauss-Hermite quadrature method | /4
at 71
35r o
s
— #
z 3
g
wa25f
23
2 2r
151
1h
051
0
0 0.2 04 0.6 0.8 1

FIGURE 1. Representation of B'y (U
ated from (1.4) and (2.1) with 3= 3 and a = —3.

The figures below display (1.4) for various values of 8 and «. The other
parameters are similar of these in Fig. 1. For Fig. 2(A-B), one can note that,
when o = —%, the quantity Bl:g (u,v) takes a large value with the increases of
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the parameters 8, and when the parameter « takes a positive value it changes
its behaviour.

;:; 5 ,/ ;i 02
: P ’j s 0.05 - _,:'"’///
"U 02 ;’4 " 0.6 0.8 1 ()U _;'—2 04 n 0.6 0.8 1
(a) (B)
FIGURE 2. Tllustration of Bg7g(u7v) in terms of u evaluated
. 1
from (1.4) with three values of 8 for (A) a = —3 and (B)
o =2.

Evaluation of Theorem 2.5

Fig. 3 presents a numerical representation of (1.4) and (2.17). The expression

(2.17) is solved by using Gaussian quadrature method. The parameters are
taken as vy =6, § = %, a= —% and v = 2. The results show a good agreement

between the numerical and analytical formulas.

+  Analytical method
Gaussian quadrature method | 7|

0.6 f

0 0.2 04 0.6 0.8 1

FIGURE 3. Representation of Bg:g(u,v) in terms of u evalu-
ated from (1.4) and (2.17) with 6 = 7.

Fig. 4 shows the evolution of Bg:g(m v) established in (1.4) with three values
of § and ~.
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78 .
o (u,v)l
=
=
N

B
N

0 0.2 04 0.6 08 1

FIGURE 4. Tlustration of Bg:‘;(u,v) in terms of u evaluated
from (1.4) for 6 = 7,9 and 11, with (A) v = 0.1, (B) v = 0.3
and (C) v =6.

From these plots, the conclusion is: when $(y) — 0, there is no effect of
the parameter 8 on the evolution of Bl’g (u,v), but when ~ is equal to six, the

quantity Bl’g (u,v) increases with increasing 4.

4. Conclusion

This study has investigated a new generalization of the Wright series in two
variables. The properties of these functions are derived and some integral trans-
forms, with known special functions, are provided. We have illustrated some
graphical representations of some results by using numerical and analytical
methods to show the agreement between the series and integral representa-
tions.
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