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DECOMPOSITIONS OF GRADED MAXIMAL SUBMODULES

Fida Moh’d

Abstract. In this paper, we present different decompositions of graded

maximal submodules of a graded module. From these decompositions, we

derive decompositions of the graded Jacobson radical of a graded mod-
ule. Using these decompositions, we prove new theorems about graded

maximal submodules, improve old theorems, and give other proofs for old
theorems.

1. Introduction

Graded maximal submodules and ideals played important role in the study
of Graded Ring and Module Theory. Up to the author’s knowledge, the defini-
tion of graded maximal submodules was almost involved in any study of such
submodules. Not much attention was paid to the possibility that graded max-
imal submodules possess a special decomposition. Because knowing a special
decomposition for graded maximal submodules will lead us to a deeper study of
such modules and related concepts, the task of this paper is to introduce such a
decomposition. The decompositions permit us to prove new theorems, improve
theorems, reprove old theorems, and give a simple method to construct graded
maximal submodules and ideals.

While the second section gives a quick review for the basics of graded rings
and modules, the third section presents two decompositions for graded maxi-
mal submodules along with different applications of the decompositions. For
example, we show that the decomposition of graded maximal submodules of
graded modules over first strongly graded rings is different from the decompo-
sition of graded maximal submodules of some other modules. Also, in contrast
to maximal submodules, we show that graded maximal submodules of certain
decomposition cannot be graded direct summands unless the graded module
submits a strong restriction. In the fourth section, we use the decompositions
of the graded maximal submodules to construct decompositions for the graded
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Jacobson radical of a graded module and for the units of a graded ring, followed
by some applications.

2. Preliminaries

This section presents a quick review of graded rings and graded modules.
More details can be found in the references (for example [1, 4, 6]) and the
literature.

Let G be a group with identity e. Let R be a ring with nonzero unity 1. We
say R is graded by G if R =

⊕
g∈GRg, where Rg is an abelian subgroup of R,

and RgRh ⊆ Rgh for every g, h ∈ G. The set supp(R,G) = {g ∈ G : Rg 6= 0}
is called the support of R. The set h(R) =

⋃
g∈GRg is the set of homogeneous

elements of R. The elements of Rg are called homogeneous elements of degree
g. Notice that Re is a ring with 1 ∈ Re.

Let R be a G-graded ring with nonzero unity 1 and M a left R-module.
We say that M is a G-graded R-module if M =

⊕
g∈GMg, where Mg is an

abelian subgroup of M , and RgMh ⊆ Mgh for every g, h ∈ G. The support
of M , supp(M,G), and h(M) are defined similarly to supp(R,G) and h(R),
respectively. Also, the elements of Mg are called homogeneous elements of
degree g.

We say that a ring R is trivially G-graded if Rg = 0 for every g 6= e and
Re = R. The trivial gradation of a module M by G is defined in a similar way.

A G-graded ring R is first strong, if RgRh = Rgh for all g, h ∈ supp(R,G) or
equivalently if 1 ∈ RgRg−1 for all g ∈ supp(R,G). It is not difficult to see if R
is first strong, then supp(R,G) is a subgroup of G (see [8]). If supp(R,G) = G
and R is first strong, we say R is strong (see [6]).

A G-graded R-module M is called first strongly graded if supp(R,G) is
a subgroup of G and RgMh = Mgh for every (g, h) ∈ supp(R,G) × G. If
supp(R,G) = G, we obtain the definition of strongly graded modules [7].

To avoid repetition, we assume that all underlying rings and modules are
non-trivial, and all modules are left modules.

3. Decompositions of graded maximal submodules

In this section, we present two decompositions of the gr-maximal submod-
ules. These decompositions allow us to prove many theorems, generalize dif-
ferent theorems, and reprove old theorems about gr-maximal submodules and
ideals.

Theorem 3.1. Let M be a G-graded R-module and N a G-graded R-submodule

of M . If there exists h ∈ supp(M,G) such that N =

(
⊕

g∈G−{h}
Mg

)
⊕K where

K is a maximal Re-submodule of Mh containing
∑

g∈G−{h}
Rhg−1Mg, then N is

a gr-maximal R-submodule of M .
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Proof. Assume N =

(
⊕

g∈G−{h}
Mg

)
⊕K where K is a maximal Re-submodule

of Mh containing
∑

g∈G−{h}
Rhg−1Mg and h ∈ supp(M,G). Then N is a G-

graded R-submodule of M . Let A be a G-graded R-submodule of M such that
N $ A ⊆M . For every g ∈ G−{h} we have Ng = Mg, which yields Ag = Mg.
Also, we have K $ Ah ⊆Mh. However, K is a maximal Re-submodule of Mh.
So, Ah = Mh and hence A = M . As a result, N is a gr-maximal R-submodule
of M . �

The next theorem is a partial converse of Theorem 3.1. The proof requires
the following lemma which has an easy proof.

Lemma 3.2. Let M be a G-graded R-module and L an Re-submodule of Mh.
Then ⊕

g 6=h
Mg ⊕ L is a graded R-submodule of M if and only if L contains∑

g∈G−{h}
Rhg−1Mg.

Theorem 3.3. Let M be a G-graded R-module and N a gr-maximal R-sub-
module of M such that there exists h ∈ supp(M,G) with Nh 6= Mh and contains∑
g∈G−{h}

Rhg−1Mg, then Nh is a maximal Re-submodule of Mh. Moreover, N =(
⊕

g∈G−{h}
Mg

)
⊕Nh.

Proof. Suppose L is a maximal Re-submodule of Mh such that Nh $ L ⊆Mh.
By Lemma 3.2, ⊕

g 6=h
Mg ⊕ L is a graded R-submodule of M such that N $

⊕
g 6=h

Mg ⊕ L ⊆ M . Thus, N = ⊕
g 6=h

Mg ⊕ L and hence Nh = L. So, Nh is a

gr-maximal R-submodule of Mh. �

Definition 3.4. Let R be a G-graded R-module. A gr-maximal R-submodule

N of M of the form N =

(
⊕

g∈G−{h}
Mg

)
⊕ K where K is a maximal Re-

submodule of Mh containing
∑

g∈G−{h}
Rhg−1Mg and h ∈ supp(M,G) is called a

gr-maximal R-submodule of degree h.

It is obvious that there is a one-to-one correspondence between the gr-
maximal R-submodules of degree h and the maximal Re-submodules of Mh

that contain
∑

g∈G−{h}
Rhg−1Mg.

Corollary 3.5. If R is not strongly graded and
∑

g∈G−{e}
RgRg−1 $ Re, then R

has a gr-maximal ideal of degree e.

Proof. Applying Zorn’s lemma on the partial ordered set

{I : I is an ideal of Re containing
∑

g∈G−{e}
RgRg−1},
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we get that Re has a maximal ideal containing
∑

g∈G−{e}
RgRg−1 . Thus, by

Theorem 3.1 R has a gr-maximal ideal of degree e. �

Theorem 3.6. Let M be a G-graded R-module and N a gr-maximal R-sub-
module of M . There is at most one homogeneous component Nh 6= Mh of N
with the property that Nh contains

∑
g∈G−{h}

Rhg−1Mg.

Proof. Suppose that there exist at least two different components Nh 6= Mh

and Ni 6= Mi of N , where h, i ∈ supp(M,G), containing
∑

g∈G−{h}
Rhg−1Mg and∑

g∈G−{i}
Rig−1Mg, respectively. By Lemma 3.2, K = ⊕

g 6=i
Mg ⊕

∑
g∈G−{i}

Rig−1Mg

is a G-graded R-submodule of M such that N $ K $ M , which contradicts
the fact that N is gr-maximal. �

Definition 3.7 ([6]). Let M be a G-graded R-module (resp. an R-module) and
N a G-graded R-submodule (resp. a submodule) of M. We say N is a graded
simple or gr-simple (resp. simple) submodule of M , if {0} and M are the only
graded submodules (resp. submodules) of M .

Example 3.8. Let M be a non-simple R-module. Give R the trivial gradation
by Z2 and M ⊕ M the gradation M0 = M ⊕ 0 and M1 = 0 ⊕ M . Since
R1M0 = R1M1 = 0, Theorems 3.3 and 3.6 guarantee that the gr-maximal
submodules should be of some degree. Let ∆ = {(x, x) : x ∈M}. Then ∆ is a
maximal R-submodule but not a gr-maximal R-submodule because it cannot
be decomposed according to Theorem 3.3.

Definition 3.9. An R-module (resp. G-graded R-module) is called max-nested
(resp. gr-max-nested) if every submodule (resp. graded submodule) is included
in a maximal submodule (resp. gr-maximal submodule).

Max-nested modules cover a wide class of modules such as rings with unity,
finitely generated modules, Noetherian modules, multiplication modules,. . . etc
(same for gr-max-nested modules).

Theorem 3.10. Let M be a G-graded R-module such that for every h ∈
supp(M,G),

∑
g∈G−{h}

Rhg−1Mg is included in every nonzero Re-submodule of

Mh if Mh is not a simple Re-module and
∑

g∈G−{h}
Rhg−1Mg = 0 if Mh is sim-

ple. Then M is gr-max-nested if and only if Mh is max-nested, for every h ∈ G
and the only gr-maximal R-submodules of M are the gr-maximal submodules
of degree g, for all g ∈ supp(M,G).

Proof. Assume M is a gr-max-nested module. Without loss of generality, as-
sume M is not gr-simple. On one hand, let N be a gr-maximal R-submodule
of M . We distinguish among four cases.
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Case 1: Suppose Ng is 0 for every g ∈ H, where ∅ 6= H $ supp(M,G) and
Ng = Mg for every g ∈ supp(M,G) − H and |H| > 1. Let h ∈ H. Then
N $ ⊕

g 6=h
Mg $M . Since ⊕

g 6=h
Mg is a G-graded R-submodule of M , we get that

N is not gr-maximal which is a contradiction. So this case is rejected.
Case 2: Suppose Ng is 0 for every g ∈ H, where ∅ 6= H $ supp(M,G),

Ng = Mg for every g ∈ supp(M,G)−H, |H| = 1, say H = {h}, and Mh is not
a simple Re-module. Let L $ Mh be a nonzero Re-submodule of Mh. Then
N $ ⊕

g 6=h
Mg ⊕L $M . Since ⊕

g 6=h
Mg ⊕L is a G-graded R-submodule of M , we

get that N is not gr-maximal which is a contradiction. So, again, this case is
rejected.

Case 3: Suppose Ng is 0 for every g ∈ H, where ∅ 6= H $ supp(M,G), Ng =
Mg for every g ∈ supp(M,G)−H, |H| = 1, say H = {h}, and Mh is a simple
Re-module. Since {0} is a maximal Re-submodule of Mh, by assumptions, we
obtain N is gr-maximal of degree h. This case is accepted.

Case 4: If there exists h ∈ supp(M,G) such that 0 6= Nh 6= Mh. By the
assumption,

∑
g∈G−{h}

Rhg−1Mg ⊆ Nh. Theorem 3.3 implies N is gr-maximal of

degree h. This case is accepted.
The cases show that a gr-maximal submodule should be of a specific degree.
On the other hand, let h ∈ supp(M, g) and L $ Mh be a nonzero Re-

submodule of Mh. We have K = ⊕
g 6=h

Mg ⊕L is a G-graded R-submodule of M

such that K 6= M . By the assumption, there exists a gr-maximal submodule
N of M such that N ⊇ K. Thus, N is gr-maximal of degree h and hence Nh
is a maximal Re-submodule of Mh containing L. From this we conclude that
Mh is a max-nested Re-module, for every h ∈ supp(M,G).

For the converse, assume Mh is max-nested, for every h ∈ G and the only
gr-maximal R-submodules of M are the gr-maximal submodules of degree g, for
all g ∈ supp(M,G). Let 0 6= L $M be a graded R-submodule. We distinguish
among four cases:

Case 1: Suppose Lg is 0 for every g ∈ H, where ∅ 6= H $ supp(M,G) and
Lg = Mg for every g ∈ supp(M,G) − H and |H| > 1. Let h ∈ H. Then
L ⊆ N = ⊕

g 6=h
Mg ⊕ K, where K = 0 if Mh is simple and K is a maximal

Re-submodule of Mh containing
∑

g∈G−{h}
Rhg−1Mg if Mh is not simple. Since

N is a G-graded R-submodule of M , we get that N is a gr-maximal submodule
containing L.

Case 2: Suppose Lg is 0 for every g ∈ H, where ∅ 6= H $ supp(M,G),
Lg = Mg for every g ∈ supp(M,G) − H, |H| = 1, say H = {h}, and Mh

is not a simple Re-module. Since Mh is max-nested, there exists K $ Mh a
maximal nonzero Re-submodule of Mh. Then N = ⊕

g 6=h
Mg ⊕K is a G-graded

R-submodule of M of degree h containing L.



6 F. MOH’D

Case 3: Suppose Lg is 0 for every g ∈ H, where ∅ 6= H $ supp(M,G), Lg =
Mg for every g ∈ supp(M,G)−H, |H| = 1, say H = {h}, and Mh is a simple
Re-module. Since {0} is a maximal Re-submodule of Mh, by assumptions, we
obtain L itself is gr-maximal of degree h.

Case 4: If there exists h ∈ supp(M,G) such that 0 6= Lh 6= Mh. Since
Mh is max-nested, Lh ⊆ K where K is a maximal Re-submodule of Mh. By
assumptions and Theorem 3.3, N = ⊕

g 6=h
Mg ⊕K is a gr-maximal R-submodule

of M of degree h containing L.
From the cases above, we conclude that M is a gr-max-nested module. �

As an application of Theorem 3.10, we have the following examples.

Example 3.11. Let F be a field accommodated with the trivial gradation by
Z. The vector space F [x] over F is graded by (F [x])n = Fxn if n = 0, 1, . . .
and (F [x])n = 0 if n = −1,−2, . . .. Notice that (F [x])n, n = 0, 1, 2, . . . is a
simple F -module due to being a vector subspace of dimension 1. The vector
space F [x] is not strongly graded, therefore there is a chance of the existence of
gr-maximal subspaces. Since ⊕

n 6=j
Fn−jFx

n = 0, where j = 0, 1, . . .. According

to Theorem 3.10 the gr-maximal subspaces are Mj = ⊕
∞∑
n=0
n 6=j

Fxn, where j =

0, 1, . . .. Actually, Mj is a gr-maximal subspace of degree j.

Example 3.12. Consider the abelian group R = Z as a Z-graded module with
the trivial gradation and the abelian group M = Zp2 ⊕ Zq2 where p and q are
different prime numbers, as a Z-graded Z-module with the trivial gradation.
There are only two gr-maximal submodules of M and they are of degree 0,
namely Zp ⊕ Zq2 and Zp2 ⊕ Zq. Notice the satisfaction of the two gr-maximal
submodules for the conditions in Theorem 3.1.

The proof of the following theorem is easy.

Theorem 3.13. A G-graded R-module M has at least one gr-maximal R-
submodule of degree h if and only if Mh has at least one maximal Re-submodule
containing

∑
g 6=h

Rhg−1Mg. Further, if
∑
g 6=h

Rhg−1Mg is a maximal Re-submodule

of Mh, then M has a unique gr-maximal R-submodule of degree h.

Proof. The proof is straight forward from Theorem 3.1. �

In [2, Lemma 2.7], the authors proved that if M is a gr-finitely generated
R-module (i.e., M is spanned by finite number of homogeneous elements),
then M has a gr-maximal R-submodule. Next, we give another condition that
guarantees the existence of gr-maximal R-modules.

Theorem 3.14. Let M be a G-graded R-module such that a homogeneous
component Mh of M is a finitely generated Re-module, where h ∈ supp(M,G)
such that

∑
g∈G−{h}

Rhg−1Mg $Mh, then M has a gr-maximal R-submodule.
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Proof. Assume Mh = Rex1 + · · · + Rexn, where x1, . . . , xn are a minimal
number of elements of Mh that span Mh. Since

∑
g∈G−{h}

Rhg−1Mg ( Mh,

then not all of x1, . . . , xn belong to
∑

g∈G−{h}
Rhg−1Mg. Without loss of gen-

erality, assume x1 /∈
∑

g∈G−{h}
Rhg−1Mg. Let N = Rex2 + · · · + Rexn. Then∑

g∈G−{h}
Rhg−1Mg ⊆ N and N 6= Mh. Now we apply Zorn’s Lemma to the set

W = {K : K is an Re-submodule of Mh containing N and x1 /∈ K}. W 6= ∅
because N ∈ W . If Λ is a chain of W , then

⋃
K∈ΛK is an Re-submodule of

Mh containing
∑

g∈G−{h}
Rhg−1Mg. Since x1 /∈ K for every K ∈ Λ, we obtain

x1 /∈
⋃
K∈ΛK. Thus,

⋃
K∈ΛK is an upper bound of Λ in W . By Zorn’s

Lemma, W has a maximal element, name it A. The submodule A is a max-
imal Re-submodule of Mh containing

∑
g∈G−{h}

Rhg−1Mg. To see this, assume

L is an Re-submodule such that A ⊆ L. Then N ⊆ L because N ⊆ A and
x1 /∈ L because L 6= Mh. So, L ∈ W . However, A is a maximal element of
W . Therefore L ⊆ A and hence L = A. By Theorem 3.1, M has a gr-maximal
R-submodule of degree h. �

A gr-maximal submodule needs not to be gr-maximal of some degree as
shown in the following theorem.

Theorem 3.15. Strongly G-graded R-modules do not possess gr-maximal R-
submodules of any degree.

Proof. If h ∈ G = supp(M,G), and K is an Re-submodule of Mh such that∑
g∈G−{h}

Rhg−1Mg ⊆ K, then
∑

g∈G−{h}
Mh ⊆ K ⊆ Mh which gives K =

Mh. Therefore, a strongly graded R-module does not possess gr-maximal R-
submodules of any degree. �

Actually, the gr-maximal submodules of graded modules over first strongly
graded rings have a different decomposition from gr-maximal submodules of a
specific degree as demonstrated in the next work.

Theorem 3.16 ([7]). Let R be a G-graded ring. Then R is first strong if and
only if every G-graded R-module is first strong.

If M is a G-graded R-module such that Me = 0, we can relabel the com-
ponents of M to produce a new gradation to M such that the e-component is
nonzero [5]. So, in the next theorem we can assume, without loss of generality,
that Me 6= 0.

Lemma 3.17. Suppose R is a first strongly G-graded ring and M a G-graded
R-module. Then, K is a maximal Re-submodule of Mg if and only if RhK is a
maximal Re-submodule of Mhg, for every g ∈ supp(M,G) and h ∈ supp(R,G).
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Proof. Let g ∈ supp(M,G) and h ∈ supp(R,G) and K be a maximal Re-
submodule of Mg. Let A be an Re-submodule of Mhg such that RhK $ A ⊆
Mhg. Thus

Rh−1RhK ( Rh−1A ⊆ Rh−1Mhg ⇒ ReK $ Rh−1A ⊆Mg

⇒ Rh−1A = Mg

⇒ A = Mhg.

We deuce that RhK is a maximal Re-submodule of Mhg. The converse is
proved in the same manner. �

Theorem 3.18. Let R be a first strongly G-graded ring, M a G-graded R-
module with supp(R,G) = supp(M,G), and N a G-graded R-submodule of M .
Then, N is gr-maximal if and only if N = ⊕

g∈G
Ng where Ng is a gr-maximal

Re-submodule of M for every g ∈ supp(M,G), and zero otherwise.

Proof. Assume N is gr-maximal. There exists h ∈ supp(M,G) such that Nh 6=
Mh. Fix g ∈ supp(M,G). If Ng = Mg, then Rhg−1Ng = Rhg−1Mg which
implies by Theorem 3.16 that Nh = Mh which is a contradiction. Thus, Ng 6=
Mg for every g ∈ supp(M,G). Let g, h ∈ supp(M,G) and assume L is an Re-
submodule of Mh such that Nh $ L ⊆Mh. By Theorem 3.16, Ngh = RgNh $
RgL ⊆ RgMh = Mgh. Hence, N $ ⊕

g∈G
RgL ⊆M . Since ⊕

g∈G
RgL is a G-graded

R-submodule of M and N is gr-maximal, we obtain that ⊕
g∈G

RgL = M which in

turn implies that L = ReL = Mh. Therefore, Nh is a maximal Re-submodule
of Mh. Lemma 3.17 implies Nh is a maximal Re-submodule of Mh, for each
h ∈ supp(M,G).

For the converse, assume N = ⊕
g∈G

Ng where Ng is a gr-maximal Re-sub-

module of M for every g ∈ supp(M,G) and zero, otherwise. Let L be a
G-graded R-submodule of M such that N $ L ⊆ M . Then for each g ∈
supp(M,G), we have Ng $ Lg ⊆ Mg. By assumption, Lg = Mg for each
g ∈ supp(M,G) and this yields L = M . thus, N is gr-maximal. �

The following corollary follows directly from Theorem 3.18.

Corollary 3.19. Let R be a strongly G-graded ring and M a G-graded R-
module. Then a G-graded R-submodule N of M is gr-maximal if and only if
N = ⊕

g∈G
Ng where Ng is a gr-maximal Re-submodule of M for every g ∈ G.

A linear homomorphism f : M → M ′ from a G-graded R-module M to a
G-graded R-module M ′ is said to be a gr-homomorphism of degree i ∈ G if
f(Mg) ⊆M ′gi. The proof of the next theorem is straightforward from Theorem
3.1.
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Lemma 3.20. Let M be a G-graded R-module and X a maximal Re-submodule
of Mh containing

∑
g∈G−{h}

Rhg−1Mg. Then RX is gr-maximal of degree h if and

only if RgX = Mgh for every g 6= e.

Proof. Apply Theorem 3.1. �

Definition 3.21. Let R be a G-graded ring, and M a G-graded R-module.
We say M is strongly graded at h ∈ G, if RgMh = Mgh for every g ∈ G.

A graded module which is strongly graded at e is called a flexible graded
module (see [9]).

Theorem 3.22. Let R be a G-graded ring, M a G-graded R-module, X an
Re-submodule of Mh containing

∑
g∈G−{h}

Rhg−1Mg, where h ∈ G. If RX is a

gr-maximal R-submodule of degree h, then M is strongly graded at h.

Proof. Let g ∈ G and g 6= e. By Lemma 3.20, we have Mgh ⊇ RgMh ⊇ RgX =
Mgh. Thus, RgMh = Mgh. Since ReMh = Mh, we obtain that M is strongly
graded at h. �

The following corollary is a direct consequence of the previous theorem.

Corollary 3.23. If M is a G-graded R-module that contains a gr-maximal
R-submodule of degree e of the form RX, where X is an Re-submodule of Me,
then M is a flexible module.

Theorem 3.24. If f : M → M̄ is a gr-epimorphism of degree e, and N is a
gr-maximal R-submodule of M of degree h such that f(N) 6= M̄ , then f(N) is
a gr-maximal R-submodule of M̄ of degree h.

Proof. By the assumption, f(Ng) = f(Mg) = M̄g for every g ∈ G−{h}. Since
f(N) 6= M̄ , we obtain f(Nh) 6= Mh and it is not difficult to see that f(Nh) is
a maximal Re-submodule of M̄h. Further,∑
g∈G−{h}

Rhg−1M̄g =
∑

g∈G−{h}

Rhg−1f(Mg) = f

 ∑
g∈G−{h}

Rhg−1Mg

 ⊆ f(Nh).

By Theorem 3.1, f(N) is a gr-maximal R-submodule of M̄ of degree h. �

Theorem 3.25. Let M be a G-graded R-module and N a graded R-submodule
of M . If L is a gr-maximal R-submodule of degree h ∈ G, then L+N

N is a

gr-maximal R-submodule of M
N of degree h.

Proof. The proof follows directly by Theorem 3.24 where f : M → M
N is the

natural epimorphism. �

Assume M = ⊕
g∈G

Mg is a G-graded R-module. Given the trivial gradation to

Re by G, then M ′ = ⊕
g∈G

Mg is a G-graded Re-module. We call this gradation

the gradation induced by the original gradation on M as an Re-submodule.
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Theorem 3.26. Let M be a G-graded R-module and K a maximal Re-sub-
module of Mh. Then ( ⊕

g 6=h
Mg) ⊕ K is a gr-maximal Re-submodule of M of

degree h.

Proof. The proof follows from Theorem 3.1. �

The following corollary is a straightforward consequence of Theorem 3.26.

Corollary 3.27. Let M be a G-graded R-module and L a G-graded R-sub-
module of M . If L is a gr-maximal R-submodule of M of degree h, then L is a
gr-maximal Re-submodule of M ′ of degree h.

The converse of the previous corollary is not necessarily true as shown in
the next example.

Example 3.28. Let G be a nontrivial group with identity e, and R a strongly
G-graded ring with unity. Then, by Theorem 3.15, the ring R does not have
gr-maximal ideals of degree e. On the other hand, since Re has a maximal
ideal, Theorem 3.26 asserts that R′ has a gr-maximal Re-submodule of degree
e.

Theorem 3.29. Let f : M → M̄ be a gr-epimorphism of degree e. If Ker(f)
is gr-maximal of some degree, then M̄ is a trivially graded simple R-module.

Proof. Suppose that Ker(f) is gr-maximal of some degree. Then {0} is a gr-
maximal R-submodule of M̄ of the same degree. By Theorem 3.1, M̄ is gr-
simple and trivially graded by G. �

Theorem 3.30. Let M be a G-graded R-module and N a gr-maximal submod-
ule of M of degree h. Then M

N is a gr-simple R-module which is isomorphic to
Mh

Nh
as an Re-modules.

Proof. We have M
N =

⊕
g∈G

Mg

⊕
g∈G

Ng

∼= ⊕
g∈G

Mg

Ng
. Since Mg = Ng for every g 6= h, we get

M
N
∼= Mh

Nh
, where the symbol ∼= means “isomorphic as an Re-modules”. �

Let M be a G-graded R-module and N a G-graded R-submodule. We define
the set (N :R M) by (N :R M) = {r ∈ R : rM ⊆ N}. The set (N :R M) is a
graded ideal of R (see [3]).

Theorem 3.31. Let M be a G-graded R-module and N a graded R-submodule
of M . If N and (N :R M) are gr-maximal of some degrees, then the degrees
coincide.

Proof. Assume N is a gr-maximal R-submodule of degree h. Then N =(
⊕

g∈G−{h}
Mg

)
⊕ K where K is a maximal Re-submodule of Mh containing∑

g∈G−{h}
Rhg−1Mg and h ∈ supp(M,G). Also, assume (N :R M) is gr-maximal
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of degree σ ∈ supp(R,G). Then (N :R M) =

(
⊕

g∈G−{σ}
Rg

)
⊕(N :R M)σ where

(N :R M)σ is a maximal Re-submodule of Rσ containing
∑

g∈G−{σ}
Rσg−1Rg. If

σ 6= h we obtain

RσM = ⊕
g 6=h

RσMσ−1g ⊕RσMσ−1h ⊆ ⊕
g 6=h

Mg ⊕K = N,

which implies (N :R M)σ = Rσ which contradicts that (N :R M)σ is a maximal
Re-submodule of Rσ. Therefore, σ = h. �

Let S be a subset of a left R-module M . The annihilator of S in R is defined
to be AnnR(S) = {r ∈ R : rs = 0, ∀s ∈ S}. If S is a graded submodule of M ,
then AnnR(S) is a graded ideal of R [3]. It is easy to see that an Re-submodule
X of a component Mh of graded R-module M is a G-graded R-submodule of
M if and only if ⊕

g 6=e
Rg ⊆ AnnR(X).

Definition 3.32. Let M be a G-graded R-module and N a G-graded R-sub-
module of M. We say N is a graded direct summand (or gr-direct summand)
of M , if there exists a graded R-submodule L of M such that M = N ⊕ L.

The following theorem states that a gr-maximal submodule of some degree
cannot be a gr-direct summand in a graded module unless a very strict restric-
tion is applied.

Theorem 3.33. Let M be a G-graded R-module, and N a maximal G-graded
R-submodule of M of degree h ∈ G. Then

(1) If N is a gr-direct summand of M , say M = N ⊕ L, then L is a
simple Re-submodule of Mh and ⊕

g 6=e
Rg ⊆ AnnR(Lh) (or equivalently,

a gr-simple R-submodule of M).
(2) N a gr-direct summand of M if and only if Nh is a direct summand of

Mh.

Proof. (1) Assume M = N ⊕L, where L is a graded R-submodule of M . Then
Mg = Ng ⊕ Lg for every g ∈ G. If g 6= h, then Ng = Mg which yields Lg = 0.
Hence, L = Lh which means L is an Re-submodule of Mh. Since L is a G-
graded submodule, it follows from the paragraph before Definition 3.32 that
⊕
g 6=e

Rg ⊆ AnnR(Lh). The fact that L is a simple Re-submodule of Mh (or

equivalently, a gr-simple R-submodule of M) comes from the fact that M
N is

isomorphic to L as an Re-modules (or equivalently as a graded modules with
isomorphism degree equal to e).

(2) The proof of this part follows directly from the proof of the previous
part. �

Part (1) of Theorem 3.33 yields the following corollaries.
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Corollary 3.34. Let M be a G-graded R-module such that Mh has no nonzero
proper simple Re-submodule. Then M does not have a gr-direct summand gr-
maximal submodule of degree h.

In the next corollary, an element m 6= 0 of a left R-module M is torsion free
if rm = 0 implies r = 0.

Corollary 3.35. Let M be a torsion free G-graded R-module. Then M does
not have a gr-direct summand gr-maximal submodule of any degree.

Example 3.36. In Example 3.11 and according to either of the above corol-
laries, F [x] does not possess a gr-maximal F -subspace which is a gr-direct
summand of F [x].

Example 3.37. Consider the ring R = Z as a Z2-graded module with the
trivial gradation and the abelian group M = Zp2 ⊕ Zq2 where p and q are
different prime numbers, as a Z2-graded Z-module with the gradationM0 = Zp2
and M1 = Zq2 . There are only two gr-maximal submodules of M , namely
Zp ⊕ Zq2 of degree 0 and Zp2 ⊕ Zq of degree 1. By Theorem 3.33, both gr-
maximal submodules are gr-direct summands of M .

Definition 3.38. Let M be a G-graded R-module. A G-graded R-submodule
N of M is called graded essential or graded large (alternatively, gr-essential or
gr-large) if N ∩ L 6= 0 for every graded R-submodule L 6= 0 of M .

Recall that a maximal submodule is either a direct summand or a large
submodule. We prove the same result for maximal graded modules of a degree.

Theorem 3.39. A gr-maximal submodule of some degree is either gr-large or
gr-direct summand.

Proof. Let M be a G-graded R-module, N a gr-maximal R-submodule of M
of degree h. If the maximal submodule Nh is a direct summand Re-submodule
of Mh, Theorem 3.33 implies N is a gr-direct summand of M . Assume Nh is a
large Re-submodule of Mh and L 6= 0 a graded R-submodule of M . If Lh 6= 0,
then Lh ∩ Nh 6= 0 and hence N ∩ L 6= 0. If Lg 6= 0 for some g 6= h, then
Lg ∩Ng = Lg ∩Mg = Lg 6= 0. Thus, N ∩ L 6= 0. So, N is gr-large. �

4. Decompositions of the graded Jacobson radical and units

The following section is devoted to present decompositions of the gr-Jacobson
radical of a graded module in terms of the Jacobson radical of its components
and use these decompositions to develop different results.

The set of all gr-maximal R-submodules of degree g will be denoted by
Mg. Recall that the Jacobson radical J(M) (resp. the graded Jacobson radical
Jgr(M) or briefly the gr-Jacobson radical) of M is defined to be the intersection
of the maximal R-submodules of M (resp. the intersection of all gr-maximal
R-submodules of M).
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Definition 4.1. Let M be a G-graded R-module. We define the Jacobson
radical of M of degree h ∈ G, denoted by F (Mh), to be the intersection of all
maximal Re-submodules of Mh containing

∑
g∈G−{h}

Rhg−1Mg.

Directly from Definition 4.1 we obtain that F (Mh) is an Re-submodule of
Mh and J(Mh) ⊆ F (Mh). Moreover, if Mh does not contain maximal Re-
submodules containing

∑
g∈G−{h}

Rhg−1Mg, then F (Mh) = Mh.

Theorem 4.2. Let M be a G-graded R-module whose gr-maximal modules
possess degrees. Then Jgr(M) =

⊕
g∈GF (Mh).

Proof. As a matter of fact,

Jgr(M) =
⋂
g∈G

⋂
L∈Mg

L =
⋂
g∈G

 ⊕
σ∈G−{g}

Mσ ⊕ F (Mg)

 =
⊕
g∈G

F (Mg).

�

Corollary 4.3. Let M be a G-graded R-module whose gr-maximal modules
possess degrees. Assume that F (Mg) = J(Mg) for every g ∈ supp(M,G).
Then, Jgr(M) =

⊕
g∈GJ(Mg), where J(Mg) is the Jacobson radical of Mg and

J(Mg) = Mg if Mg has no maximal Re-submodules.

There were many contributions by mathematicians to find out the conditions
that guarantee the equality Jgr(R)∩Re = J(Re). The following corollary gives
a new condition.

Corollary 4.4. The following statements are true:

(1) Let M be a G-graded R-module whose gr-maximal modules possess de-
grees. Then, Jgr(M) ∩Mh = F (Mh).

(2) Let R be a G-graded ring whose gr-maximal ideals possess degrees and
such that F (Re) = J(Re). Then Jgr(R) ∩Re = J(Re).

Proof. (1) The proof is directly obtained from Theorem 4.2.
(2) Since Re is a ring with unity, Me 6= ∅. By (1), Jgr(R)∩Re = J(Re). �

Let M be a G-graded R-module. Denote by M ′ the module M as a G-graded
Re-module with the gradation M ′g = Mg for every g ∈ G and Re has the trivial
gradation by G (the gradation induced by the original gradation of M by G).

Theorem 4.5. Let M be a G-graded R-module whose gr-maximal modules
possess degrees. Then

(1) F (M ′g) = J(M ′g) for every g ∈ G.
(2) Jgr(M

′) ∩M ′g = J(M ′g) for every g ∈ G.
(3) Jgr(M

′) = ⊕
g∈G

J(M ′g), where J(M ′g) = M ′g if M ′g is empty of maximal

Re-submodules.

Proof. Apply Corollaries 4.3 and 4.4. �
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Theorem 4.6. Let R be a first strongly G-graded ring, M a G-graded R-module
with supp(R,G) = supp(M,G). Then Jgr(M) =

⊕
σ∈supp(M,G)

J(Mσ).

Proof. Let Mgr be the set of all gr-maximal submodules of M . By Theorem
3.18 we have

Jgr(M) =
⋂

L∈Mgr

L =
⋂

L∈Mgr

 ⊕
σ∈supp(M,G)

Nσ

 =
⊕

σ∈supp(M,G)

J(Mσ),

where Nσ is a maximal Re-submodule of Mσ. �

Next, we describe the units of graded rings and give them an explicit form
when the graded ring is a gr-local ring whose unique gr-maximal ideal is of
degree e.

Lemma 4.7. Let R be a G-graded ring. Then R has a gr-maximal ideal of
degree e if and only if

∑
g 6=e

RgRg−1 $ Re

Proof. If R has a gr-maximal ideal J of degree e, by Theorem 3.1 Je is a
maximal ideal of Re containing

∑
g 6=e

RgRg−1 . Therefore,
∑
g 6=e

RgRg−1 $ Re. Con-

versely, assume
∑
g 6=e

RgRg−1 $ Re. Since Re has a unity, there exists a maximal

ideal I of Re containing the proper ideal
∑
g 6=e

RgRg−1 . Now, the ideal ⊕
g 6=e

Rg ⊕ I

is a gr-maximal ideal of degree e by Theorem 3.1. �

Theorem 4.8. Let R be a G-graded ring. If R has a homogeneous unit of
degree different from e, then R has no gr-maximal ideals of degree e.

Proof. Assume u is a homogeneous unit of degree h 6= e. Then u−1 is homo-
geneous of degree h−1. Thus, 1 = uu−1 ∈ RhRh−1 . This implies

∑
g 6=e

RgRg−1 =

Re. By Lemma 4.7, R cannot include gr-maximal ideals of degree e. �

Corollary 4.9. Let R be a G-graded ring. If R has at least one gr-maximal
ideal of degree e (i.e., F (Re) 6= Re), then all homogeneous units have degree e.

Proof. Take the contrapositive of Theorem 4.8. �

Theorem 4.10. Let R be a gr-local ring whose unique gr-maximal ideal K has
degree e. Then an element r =

∑
g∈G

rg ∈ R is a unit if and only if re is a unit

and rg is not a unit for every g 6= e.

Proof. Assume r =
∑
g∈G

rg ∈ R is a unit. Then r /∈ K. By Theorem 3.1,

re /∈ Ke. Since Ke is the unique maximal ideal of Re, we obtain that re is a
unit. For the converse, assume re is a unit. By Corollary 4.9, rg is not a unit
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for every g 6= e and hence rg ∈ J(R) for every g 6= e. Thus,
∑
g 6=e

rg ∈ J(R)

which yields 1 + r−1
e

∑
g 6=e

rg ∈ U(R). Now, r = re

(
1 + r−1

e

∑
g 6=e

rg

)
∈ U(R). �
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