Commun. Korean Math. Soc. 37 (2022), No. 1, pp. 1-15
https://doi.org/10.4134/CKMS.c200428
pISSN: 1225-1763 / eISSN: 2234-3024

DECOMPOSITIONS OF GRADED MAXIMAL SUBMODULES

Fipa MoH’D

ABSTRACT. In this paper, we present different decompositions of graded
maximal submodules of a graded module. From these decompositions, we
derive decompositions of the graded Jacobson radical of a graded mod-
ule. Using these decompositions, we prove new theorems about graded
maximal submodules, improve old theorems, and give other proofs for old
theorems.

1. Introduction

Graded maximal submodules and ideals played important role in the study
of Graded Ring and Module Theory. Up to the author’s knowledge, the defini-
tion of graded maximal submodules was almost involved in any study of such
submodules. Not much attention was paid to the possibility that graded max-
imal submodules possess a special decomposition. Because knowing a special
decomposition for graded maximal submodules will lead us to a deeper study of
such modules and related concepts, the task of this paper is to introduce such a
decomposition. The decompositions permit us to prove new theorems, improve
theorems, reprove old theorems, and give a simple method to construct graded
maximal submodules and ideals.

While the second section gives a quick review for the basics of graded rings
and modules, the third section presents two decompositions for graded maxi-
mal submodules along with different applications of the decompositions. For
example, we show that the decomposition of graded maximal submodules of
graded modules over first strongly graded rings is different from the decompo-
sition of graded maximal submodules of some other modules. Also, in contrast
to maximal submodules, we show that graded maximal submodules of certain
decomposition cannot be graded direct summands unless the graded module
submits a strong restriction. In the fourth section, we use the decompositions
of the graded maximal submodules to construct decompositions for the graded
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2 F. MOH’D

Jacobson radical of a graded module and for the units of a graded ring, followed
by some applications.

2. Preliminaries

This section presents a quick review of graded rings and graded modules.
More details can be found in the references (for example [1,4,6]) and the
literature.

Let G be a group with identity e. Let R be a ring with nonzero unity 1. We
say R is graded by G if R = @geG Ry, where R, is an abelian subgroup of R,
and RyRp, C Ry, for every g,h € G. The set supp(R,G) = {g € G : Ry # 0}
is called the support of R. The set h(R) = |J,cq Ry is the set of homogeneous
elements of R. The elements of R, are called homogeneous elements of degree
g. Notice that R, is a ring with 1 € R,.

Let R be a G-graded ring with nonzero unity 1 and M a left R-module.
We say that M is a G-graded R-module if M = @geGMgv where M, is an
abelian subgroup of M, and R,M; C Mg, for every g,h € G. The support
of M, supp(M,G), and h(M) are defined similarly to supp(R,G) and h(R),
respectively. Also, the elements of M, are called homogeneous elements of
degree g.

We say that a ring R is trivially G-graded if R, = 0 for every g # e and
R. = R. The trivial gradation of a module M by G is defined in a similar way.

A G-graded ring R is first strong, if R,Ry, = Rg, for all g, h € supp(R, G) or
equivalently if 1 € RgR, -1 for all g € supp(R, G). It is not difficult to see if R
is first strong, then supp(R, G) is a subgroup of G (see [8]). If supp(R,G) = G
and R is first strong, we say R is strong (see [6]).

A G-graded R-module M is called first strongly graded if supp(R,G) is
a subgroup of G and Ry M), = My, for every (g,h) € supp(R,G) x G. If
supp(R, G) = G, we obtain the definition of strongly graded modules [7].

To avoid repetition, we assume that all underlying rings and modules are
non-trivial, and all modules are left modules.

3. Decompositions of graded maximal submodules

In this section, we present two decompositions of the gr-maximal submod-
ules. These decompositions allow us to prove many theorems, generalize dif-
ferent theorems, and reprove old theorems about gr-maximal submodules and
ideals.

Theorem 3.1. Let M be a G-graded R-module and N a G-graded R-submodule

of M. If there exists h € supp(M,G) such that N = ( D Mg> @® K where
9€G—{h}
K is a mazimal R.-submodule of My, containing Y,  Rpg-1M,, then N is
geG—{h}
a gr-mazximal R-submodule of M.
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Proof. Assume N = ( GB{ }Mg) ® K where K is a maximal R.-submodule
geG—{h

of My containing > Rp,-1My and h € supp(M,G). Then N is a G-
g€G—{h}

graded R-submodule of M. Let A be a G-graded R-submodule of M such that

N S AC M. For every g € G —{h} we have N, = M,, which yields A, = M,.

Also, we have K ; A € My,. However, K is a maximal R.-submodule of Mj,.

So, A;, = M}, and hence A = M. As a result, N is a gr-maximal R-submodule

of M. O

The next theorem is a partial converse of Theorem 3.1. The proof requires
the following lemma which has an easy proof.

Lemma 3.2. Let M be a G-graded R-module and L an R.-submodule of My,.

Then & My @ L is a graded R-submodule of M if and only if L contains
g#h

>, Rng-1 M.
geG—{h}
Theorem 3.3. Let M be a G-graded R-module and N a gr-maximal R-sub-
module of M such that there exists h € supp(M, G) with N, # M}, and contains

Y. Rpg-1My, then Ny, is a mazimal R.-submodule of Mj,. Moreover, N =
geG—{h}

( D Mg> @® Ny,.

ge€G—{h}

Proof. Suppose L is a maximal R.-submodule of M}, such that Ny, ; L C M.

By Lemma 3.2, g Mgy ® L is a graded R-submodule of M such that N ;

g#h

&My L C M. Thus, N = © M, ® L and hence N, = L. So, N}, is a

g#h g#h

gr-maximal R-submodule of Mj,. O

Definition 3.4. Let R be a G-graded R-module. A gr-maximal R-submodule

N of M of the form N = ( ® Mg> @® K where K is a maximal R.-
geG—{h}

submodule of M}, containing > Rj,-1 My and h € supp(M, G) is called a
geG—{h}

gr-maximal R-submodule of degree h.

It is obvious that there is a one-to-one correspondence between the gr-
maximal R-submodules of degree h and the maximal R.-submodules of Mj,
that contain > Rj,-1M,.

ge€G—{h}
Corollary 3.5. If R is not strongly graded and ), RyR,-1 ; R, then R

geG—{e}
has a gr-mazimal ideal of degree e.

Proof. Applying Zorn’s lemma on the partial ordered set

{I : I is an ideal of R, containing 3 Ry R,-1},
geG—{e}
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we get that R. has a maximal ideal containing >  RgR,-:. Thus, by
geG—{e}
Theorem 3.1 R has a gr-maximal ideal of degree e. O

Theorem 3.6. Let M be a G-graded R-module and N a gr-maximal R-sub-
module of M. There is at most one homogeneous component Ny # My, of N
with the property that Ny contains Y.  Rpg—1M,.

geG—{n}
Proof. Suppose that there exist at least two different components Ny # M,
and N; # M; of N, where h,i € supp(M, G), containing >~ Rpg-1M, and

g€G—{h}
>, Rj;-1 Mg, respectively. By Lemma 3.2, K = @ My & Y R, M,
geG—{i} 971 9eG—{i}
is a G-graded R-submodule of M such that N & K G M, which contradicts
the fact that IV is gr-maximal. O

Definition 3.7 ([6]). Let M be a G-graded R-module (resp. an R-module) and
N a G-graded R-submodule (resp. a submodule) of M. We say N is a graded
simple or gr-simple (resp. simple) submodule of M, if {0} and M are the only
graded submodules (resp. submodules) of M.

Example 3.8. Let M be a non-simple R-module. Give R the trivial gradation
by Zo and M & M the gradation My = M & 0 and M; = 0@ M. Since
RiMy = R{M; = 0, Theorems 3.3 and 3.6 guarantee that the gr-maximal
submodules should be of some degree. Let A = {(z,z) : x € M}. Then A is a
maximal R-submodule but not a gr-maximal R-submodule because it cannot
be decomposed according to Theorem 3.3.

Definition 3.9. An R-module (resp. G-graded R-module) is called max-nested
(resp. gr-max-nested) if every submodule (resp. graded submodule) is included
in a maximal submodule (resp. gr-maximal submodule).

Max-nested modules cover a wide class of modules such as rings with unity,
finitely generated modules, Noetherian modules, multiplication modules,. . . etc
(same for gr-max-nested modules).

Theorem 3.10. Let M be a G-graded R-module such that for every h €
supp(M,G), >, Rpg-1M, is included in every nonzero Re-submodule of
ge€G—{h}
My, if My, is not a simple Re-module and 5, Rpg-1My = 0 if My, is sim-
geG—{h}
ple. Then M is gr-maz-nested if and only if M}, is mazx-nested, for every h € G
and the only gr-maximal R-submodules of M are the gr-mazimal submodules

of degree g, for all g € supp(M,G).

Proof. Assume M is a gr-max-nested module. Without loss of generality, as-
sume M is not gr-simple. On one hand, let N be a gr-maximal R-submodule
of M. We distinguish among four cases.
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Case 1: Suppose Ny is 0 for every g € H, where ) # H g supp(M, G) and
N, = M, for every g € supp(M,G) — H and |H| > 1. Let h € H. Then

NG @© My G M. Since @ M, is a G-graded R-submodule of M, we get that
g#h g#h
N is not gr-maximal which is a contradiction. So this case is rejected.

Case 2: Suppose N, is 0 for every g € H, where ) # H G supp(M,G),
Ny = M, for every g € supp(M,G) — H, |H| =1, say H = {h}, and M}, is not
a simple R.-module. Let L ; My, be a nonzero R.-submodule of M. Then

NG & Mygo LG M. Since © My @ L is a G-graded R-submodule of M, we
g7#h g#h

get that IV is not gr-maximal which is a contradiction. So, again, this case is
rejected.

Case 3: Suppose N, is 0 for every g € H, where ) # H G supp(M, G), N, =
M, for every g € supp(M,G) — H, |H| =1, say H = {h}, and Mj, is a simple
R.-module. Since {0} is a maximal R.-submodule of M}, by assumptions, we
obtain N is gr-maximal of degree h. This case is accepted.

Case 4: If there exists h € supp(M,G) such that 0 # Ny # Mj. By the
assumption, Y. Rp,-1My € Nj,. Theorem 3.3 implies N is gr-maximal of

geG—{h}
degree h. This case is accepted.
The cases show that a gr-maximal submodule should be of a specific degree.
On the other hand, let h € supp(M,g) and L G M, be a nonzero R.-

submodule of Mj;,. We have K = g Mgy @ L is a G-graded R-submodule of M
g#h
such that K # M. By the assumption, there exists a gr-maximal submodule

N of M such that N D K. Thus, N is gr-maximal of degree h and hence N,
is a maximal R.-submodule of M}, containing L. From this we conclude that
M, is a max-nested R.-module, for every h € supp(M, G).

For the converse, assume M), is max-nested, for every h € G and the only
gr-maximal R-submodules of M are the gr-maximal submodules of degree g, for
all g € supp(M,G). Let 0 # L & M be a graded R-submodule. We distinguish
among four cases:

Case 1: Suppose L is 0 for every g € H, where () # H G supp(M,G) and
L, = M, for every g € supp(M,G) — H and |H| > 1. Let h € H. Then
L CN = %LMg @ K, where K = 0 if M}, is simple and K is a maximal

g

Rc-submodule of M, containing Y  Rpg-1M, if Mj, is not simple. Since
geG—{n}

N is a G-graded R-submodule of M, we get that IV is a gr-maximal submodule

containing L.

Case 2: Suppose L, is 0 for every g € H, where ) # H G supp(M,G),
L, = M, for every g € supp(M,G) — H, |H| = 1, say H = {h}, and M,
is not a simple R.-module. Since M) is max-nested, there exists K g My, a
maximal nonzero R.-submodule of M. Then N = g?hMg ® K is a G-graded

R-submodule of M of degree h containing L.
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Case 3: Suppose L, is 0 for every g € H, where () # H ; supp(M, G), Ly =
M, for every g € supp(M,G) — H, |H| =1, say H = {h}, and M}, is a simple
R.-module. Since {0} is a maximal R.-submodule of M}, by assumptions, we
obtain L itself is gr-maximal of degree h.

Case 4: If there exists h € supp(M,G) such that 0 # Lj # M;. Since
M}, is max-nested, L, C K where K is a maximal R.-submodule of M. By
assumptions and Theorem 3.3, N = gth @ K is a gr-maximal R-submodule

g

of M of degree h containing L.
From the cases above, we conclude that M is a gr-max-nested module. [

As an application of Theorem 3.10, we have the following examples.

Example 3.11. Let F be a field accommodated with the trivial gradation by
Z. The vector space F[z] over F is graded by (Fl[z]), = Fa™ if n = 0,1,...
and (F[z]), = 0if n = —1,-2,.... Notice that (F[z]),, n = 0,1,2,... is a
simple F-module due to being a vector subspace of dimension 1. The vector
space F'[z] is not strongly graded, therefore there is a chance of the existence of

gr-maximal subspaces. Since @ F,,_;Fz™ = 0, where j = 0,1,.... According
n#j
o]
to Theorem 3.10 the gr-maximal subspaces are M; = & > Fa", where j =
n=0
n#j
0,1,.... Actually, M; is a gr-maximal subspace of degree j.

Example 3.12. Consider the abelian group R = Z as a Z-graded module with
the trivial gradation and the abelian group M = Z,» ® Z,» where p and q are
different prime numbers, as a Z-graded Z-module with the trivial gradation.
There are only two gr-maximal submodules of M and they are of degree 0,
namely Z, ® Z,» and Z,» ® Z;. Notice the satisfaction of the two gr-maximal
submodules for the conditions in Theorem 3.1.

The proof of the following theorem is easy.

Theorem 3.13. A G-graded R-module M has at least one gr-maximal R-
submodule of degree h if and only if My has at least one maximal R,-submodule

containing Y Rpg-1Mg. Further, if Y Rjo-1Mg is a mazimal R-submodule
g#h g#h
of My, then M has a unique gr-mazximal R-submodule of degree h.

Proof. The proof is straight forward from Theorem 3.1. (]

In [2, Lemma 2.7], the authors proved that if M is a gr-finitely generated
R-module (i.e., M is spanned by finite number of homogeneous elements),
then M has a gr-maximal R-submodule. Next, we give another condition that
guarantees the existence of gr-maximal R-modules.

Theorem 3.14. Let M be a G-graded R-module such that a homogeneous
component My of M is a finitely generated R.-module, where h € supp(M, G)

such that Y.  Rpg,-1M, g My, then M has a gr-mazimal R-submodule.
geG—{h}
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Proof. Assume M, = R.x1 + - - + Rex,, where z1,...,z, are a minimal
number of elements of M, that span M. Since >  Rp,-1My C My,
g€G—{h}
then not all of xy,...,2, belong to Y Rjp,-1M, Without loss of gen-
g€G—{h}
erality, assume 21 ¢ ), Rp,-1My. Let N = Rexo + -+ + Rexy,. Then
g€G—{h}

> Rpg-1My C N and N # M;,. Now we apply Zorn’s Lemma to the set
9€G—{h}
W = {K : K is an R.-submodule of M}, containing N and 21 ¢ K}. W # ()
because N € W. If A is a chain of W, then Jy ., K is an R.-submodule of
My, containing > Rj,-1M,. Since x1 ¢ K for every K € A, we obtain

geG—{h}
1 ¢ Ugen K. Thus, [Ugep K is an upper bound of A in W. By Zorn’s
Lemma, W has a maximal element, name it A. The submodule A is a max-
imal R.-submodule of M containing >  Rj,-1M,. To see this, assume
geG—{h}

L is an R.-submodule such that A C L. Then N C L because N C A and
x1 ¢ L because L # M. So, L € W. However, A is a maximal element of
W. Therefore L C A and hence L = A. By Theorem 3.1, M has a gr-maximal
R-submodule of degree h. O

A gr-maximal submodule needs not to be gr-maximal of some degree as
shown in the following theorem.

Theorem 3.15. Strongly G-graded R-modules do not possess gr-mazximal R-
submodules of any degree.

Proof. If h € G = supp(M,G), and K is an Re-submodule of M) such that
>, Ry, 1My C K, then > M, € K C M, which gives K =

geG—{h} geG—{n}
Mjp,. Therefore, a strongly graded R-module does not possess gr-maximal R-
submodules of any degree. O

Actually, the gr-maximal submodules of graded modules over first strongly
graded rings have a different decomposition from gr-maximal submodules of a
specific degree as demonstrated in the next work.

Theorem 3.16 ([7]). Let R be a G-graded ring. Then R is first strong if and
only if every G-graded R-module is first strong.

If M is a G-graded R-module such that M, = 0, we can relabel the com-
ponents of M to produce a new gradation to M such that the e-component is
nonzero [5]. So, in the next theorem we can assume, without loss of generality,

that M, # 0.

Lemma 3.17. Suppose R is a first strongly G-graded ring and M o G-graded
R-module. Then, K is a mazimal R.-submodule of My if and only if R, K is a
mazimal Re-submodule of My, for every g € supp(M, G) and h € supp(R, G).
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Proof. Let g € supp(M,G) and h € supp(R,G) and K be a maximal R.-
submodule of M,. Let A be an R.-submodule of M}, such that Ry K ; AC
th. Thus

Rh—thK - Rh—lA C Rh—thg = R.K ; Rh—lA - Mg
= Ry-1A= Mg
= A= th.

We deuce that Ry, K is a maximal R.-submodule of Mj,. The converse is
proved in the same manner. (Il

Theorem 3.18. Let R be a first strongly G-graded ring, M o G-graded R-
module with supp(R, G) = supp(M, G), and N a G-graded R-submodule of M.

Then, N is gr-mazimal if and only if N = @© N4 where Ny is a gr-mazimal
geG
R.-submodule of M for every g € supp(M, G), and zero otherwise.

Proof. Assume N is gr-maximal. There exists h € supp(M, G) such that N, #
M. Fix g € supp(M,G). If Ny = M, then Ry,-1 Ny = Rpg-1M, which
implies by Theorem 3.16 that N}, = M), which is a contradiction. Thus, N, #
M, for every g € supp(M,G). Let g,h € supp(M, G) and assume L is an R.-
submodule of M}, such that NV, ; L C Mp,. By Theorem 3.16, Ny, = RgNj, ;

RyL € RyMy, = Mgyy,. Hence, NG @ R,L C M. Since @ R,L is a G-graded
. ‘ . o ot

R-submodule of M and N is gr-maximal, we obtain that @ RyL = M which in
geqG -’

turn implies that L = R.L = Mj,. Therefore, N, is a maximal R.-submodule
of Mj. Lemma 3.17 implies N, is a maximal R.-submodule of M, for each
h € supp(M, G).

For the converse, assume N = @& N, where N, is a gr-maximal R.-sub-
geG

module of M for every g € supp(M,G) and zero, otherwise. Let L be a
G-graded R-submodule of M such that N ; L C M. Then for each g €
supp(M,G), we have N, & L, C M,. By assumption, L, = M, for each
g € supp(M, G) and this yields L = M. thus, N is gr-maximal. ([

The following corollary follows directly from Theorem 3.18.

Corollary 3.19. Let R be a strongly G-graded ring and M a G-graded R-
module. Then a G-graded R-submodule N of M is gr-mazimal if and only if

N = @® Ny where Ny is a gr-mazimal R.-submodule of M for every g € G.
geG

A linear homomorphism f : M — M’ from a G-graded R-module M to a
G-graded R-module M’ is said to be a gr-homomorphism of degree i € G if
f(My) € M, g’”». The proof of the next theorem is straightforward from Theorem
3.1.
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Lemma 3.20. Let M be a G-graded R-module and X a mazimal R.-submodule
of My, containing >, Rpg-1M,. Then RX is gr-maximal of degree h if and

g€G—{h}
only if RgX = My, for every g # e.
Proof. Apply Theorem 3.1. (]

Definition 3.21. Let R be a G-graded ring, and M a G-graded R-module.
We say M is strongly graded at h € G, if RgMj, = My, for every g € G.

A graded module which is strongly graded at e is called a flexible graded
module (see [9]).

Theorem 3.22. Let R be a G-graded ring, M a G-graded R-module, X an

Rc-submodule of My, containing >  Rpg-1M,, where h € G. If RX is a
ge€G—{h}

gr-maximal R-submodule of degree h, then M is strongly graded at h.

Proof. Let g € G and g # e. By Lemma 3.20, we have My, O RgM), 2 Ry X =

Mgp. Thus, RgMy = Mgyp. Since Re M), = My, we obtain that M is strongly

graded at h. O

The following corollary is a direct consequence of the previous theorem.

Corollary 3.23. If M is a G-graded R-module that contains a gr-maximal
R-submodule of degree e of the form RX, where X is an R.-submodule of M.,
then M is a flexible module.

Theorem 3.24. If f : M — M is a gr-epimorphism of degree e, and N is a
gr-mazimal R-submodule of M of degree h such that f(N) # M, then f(N) is
a gr-mazimal R-submodule of M of degree h.

Proof. By the assumption, f(N,) = f(M,) = M, for every g € G — {h}. Since
F(N) # M, we obtain f(N,) # M), and it is not difficult to see that f(Nj,) is
a maximal R.-submodule of Mj,. Further,

S RugiMy= Y Ry f(Mp)=f| Y. Rug1My | € f(Na).

g€G—{h} g€G—{h} g€G—{h}
By Theorem 3.1, f(N) is a gr-maximal R-submodule of M of degree h. 0

Theorem 3.25. Let M be a G-graded R-module and N a graded R-submodule
of M. If L is a gr-mazimal R-submodule of degree h € G, then % s a
gr-mazximal R-submodule of % of degree h.

Proof. The proof follows directly by Theorem 3.24 where f : M — % is the
natural epimorphism. O

Assume M = @ M, is a G-graded R-module. Given the trivial gradation to
geG

R, by G, then M’ = @& M, is a G-graded R.-module. We call this gradation
geG

the gradation induced by the original gradation on M as an R.-submodule.
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Theorem 3.26. Let M be a G-graded R-module and K a mazximal Re-sub-
module of My. Then ( g M,y) & K is a gr-mazimal R.-submodule of M of
g#h

degree h.
Proof. The proof follows from Theorem 3.1. (|
The following corollary is a straightforward consequence of Theorem 3.26.

Corollary 3.27. Let M be a G-graded R-module and L a G-graded R-sub-
module of M. If L is a gr-mazimal R-submodule of M of degree h, then L is a
gr-mazimal R.-submodule of M’ of degree h.

The converse of the previous corollary is not necessarily true as shown in
the next example.

Example 3.28. Let G be a nontrivial group with identity e, and R a strongly
G-graded ring with unity. Then, by Theorem 3.15, the ring R does not have
gr-maximal ideals of degree e. On the other hand, since R, has a maximal
ideal, Theorem 3.26 asserts that R’ has a gr-maximal R.-submodule of degree
e.

Theorem 3.29. Let f : M — M be a gr-epimorphism of degree e. If Ker(f)
is gr-mazimal of some degree, then M is a trivially graded simple R-module.

Proof. Suppose that Ker(f) is gr-maximal of some degree. Then {0} is a gr-
maximal R-submodule of M of the same degree. By Theorem 3.1, M is gr-
simple and trivially graded by G. (I

Theorem 3.30. Let M be a G-graded R-module and N a gr-mazximal submod-
ule of M of degree h. Then % is a gr-simple R-module which is isomorphic to
My a5 an R.-modules.

Np,
EBGMQ M,

Proof. We have % = 9; ~ = © w2 Since My = N, for every g # h, we get
gec ¢ geG '

% = %:, where the symbol = means “isomorphic as an R.-modules”. [l

Let M be a G-graded R-module and N a G-graded R-submodule. We define
the set (N :g M) by (N:g M) ={r € R:rM C N}. Theset (N :g M) is a
graded ideal of R (see [3]).

Theorem 3.31. Let M be a G-graded R-module and N a graded R-submodule
of M. If N and (N :g M) are gr-mazimal of some degrees, then the degrees
coincide.

Proof. Assume N is a gr-maximal R-submodule of degree h. Then N =

( EB{ }M_,,) @ K where K is a maximal R.-submodule of M} containing
geG—{h

>,  Rpg-1Mgyand h € supp(M, G). Also, assume (N :g M) is gr-maximal
geG—{h}
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of degree o € supp(R, @). Then (N :g M) = ( EB{ }Rg> @®(N :r M), where
geG—{o
(N :gp M), is a maximal R.-submodule of R, containing > R,4-1R,. If
geG—{o}
o # h we obtain

RoM = & RyMy 1y ® RyM, 1), C %Mg oK =N,
g

g#h
which implies (N :gr M), = R, which contradicts that (N :g M), is a maximal
R.-submodule of R,. Therefore, o = h. O

Let S be a subset of a left R-module M. The annihilator of S in R is defined
to be Annp(S)={re R:rs=0, Vs S}. If S is a graded submodule of M,
then Anng(S) is a graded ideal of R [3]. It is easy to see that an R.-submodule
X of a component Mj, of graded R-module M is a G-graded R-submodule of
M if and only if g R, C Anng(X).

g#e

Definition 3.32. Let M be a G-graded R-module and N a G-graded R-sub-
module of M. We say N is a graded direct summand (or gr-direct summand)
of M, if there exists a graded R-submodule L of M such that M = N & L.

The following theorem states that a gr-maximal submodule of some degree
cannot be a gr-direct summand in a graded module unless a very strict restric-
tion is applied.

Theorem 3.33. Let M be a G-graded R-module, and N a maximal G-graded
R-submodule of M of degree h € G. Then
(1) If N is a gr-direct summand of M, say M = N & L, then L is a
simple R.-submodule of My and & Ry C Anng(Lyp) (or equivalently,
g#e

a gr-simple R-submodule of M).
(2) N a gr-direct summand of M if and only if Ny, is a direct summand of
My,

Proof. (1) Assume M = N @ L, where L is a graded R-submodule of M. Then
My = Ny ® L, for every g € G. If g # h, then Ny = M, which yields L, = 0.
Hence, L = Lj; which means L is an R.-submodule of Mj. Since L is a G-
graded submodule, it follows from the paragraph before Definition 3.32 that

g R, C Anng(Ly). The fact that L is a simple R.-submodule of M} (or
g#e

equivalently, a gr-simple R-submodule of M) comes from the fact that % is
isomorphic to L as an R.-modules (or equivalently as a graded modules with
isomorphism degree equal to e).

(2) The proof of this part follows directly from the proof of the previous
part. O

Part (1) of Theorem 3.33 yields the following corollaries.
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Corollary 3.34. Let M be a G-graded R-module such that M}y has no nonzero
proper simple R.-submodule. Then M does not have a gr-direct summand gr-
mazimal submodule of degree h.

In the next corollary, an element m # 0 of a left R-module M is torsion free
if rm = 0 implies r = 0.

Corollary 3.35. Let M be a torsion free G-graded R-module. Then M does
not have a gr-direct summand gr-mazimal submodule of any degree.

Example 3.36. In Example 3.11 and according to either of the above corol-
laries, F[z] does not possess a gr-maximal F-subspace which is a gr-direct
summand of F[z].

Example 3.37. Consider the ring R = Z as a Zs-graded module with the
trivial gradation and the abelian group M = Z,» & Z,» where p and ¢ are
different prime numbers, as a Zy-graded Z-module with the gradation My = Z,2
and My = Z,. There are only two gr-maximal submodules of M, namely
Zy, @ Zge of degree 0 and Z,2 @ Z, of degree 1. By Theorem 3.33, both gr-
maximal submodules are gr-direct summands of M.

Definition 3.38. Let M be a G-graded R-module. A G-graded R-submodule
N of M is called graded essential or graded large (alternatively, gr-essential or
gr-large) if N N L # 0 for every graded R-submodule L # 0 of M.

Recall that a maximal submodule is either a direct summand or a large
submodule. We prove the same result for maximal graded modules of a degree.

Theorem 3.39. A gr-maximal submodule of some degree is either gr-large or
gr-direct summand.

Proof. Let M be a G-graded R-module, N a gr-maximal R-submodule of M
of degree h. If the maximal submodule N}, is a direct summand R.-submodule
of M}, Theorem 3.33 implies NV is a gr-direct summand of M. Assume Ny, is a
large R.-submodule of M} and L # 0 a graded R-submodule of M. If L; # 0,
then Ly N Ny # 0 and hence NN L # 0. If L, # 0 for some g # h, then
LyNNyg=LsNMy=Ly#0. Thus, NNL #0. So, N is gr-large. O

4. Decompositions of the graded Jacobson radical and units

The following section is devoted to present decompositions of the gr-Jacobson
radical of a graded module in terms of the Jacobson radical of its components
and use these decompositions to develop different results.

The set of all gr-maximal R-submodules of degree g will be denoted by
9M,. Recall that the Jacobson radical J(M) (resp. the graded Jacobson radical
Jgr(M) or briefly the gr-Jacobson radical) of M is defined to be the intersection
of the maximal R-submodules of M (resp. the intersection of all gr-maximal
R-submodules of M).
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Definition 4.1. Let M be a G-graded R-module. We define the Jacobson
radical of M of degree h € G, denoted by F(M},), to be the intersection of all
maximal R.-submodules of M}, containing > Rj,-1M,.

geG—{h}

Directly from Definition 4.1 we obtain that F(Mp) is an R.-submodule of
My, and J(Mp) C F(My). Moreover, if My, does not contain maximal R,-
submodules containing > Rpg-1 M, then F(My) = M.

g€G—{h}

Theorem 4.2. Let M be a G-graded R-module whose gr-mazimal modules
possess degrees. Then Jg.(M) = @ ccF'(Mp).

Proof. As a matter of fact,

Jg,«(M):ﬂ ﬂ L:ﬂ @ M, ® F(M,) :@F(Mg)-

geG LeMy g€G \oeG—{g} geG [l

Corollary 4.3. Let M be a G-graded R-module whose gr-mazimal modules
possess degrees. Assume that F(My) = J(M,) for every g € supp(M,G).
Then, Jgr(M) = @, cqd (M), where J(My) is the Jacobson radical of My and
J(Mg) = My if My has no mazimal R.-submodules.

There were many contributions by mathematicians to find out the conditions
that guarantee the equality J,,(R)NR. = J(R.). The following corollary gives
a new condition.

Corollary 4.4. The following statements are true:
(1) Let M be a G-graded R-module whose gr-maximal modules possess de-
grees. Then, Jg.(M) N My, = F(Mp,).
(2) Let R be a G-graded ring whose gr-mazimal ideals possess degrees and
such that F(R.) = J(Re). Then Jg.(R) N Re = J(Re).

Proof. (1) The proof is directly obtained from Theorem 4.2.
(2) Since R, is a ring with unity, M. # 0. By (1), Jg.(R)NRe = J(R.). O

Let M be a G-graded R-module. Denote by M’ the module M as a G-graded
R.-module with the gradation M, = M, for every g € G and R, has the trivial
gradation by G (the gradation induced by the original gradation of M by G).

Theorem 4.5. Let M be a G-graded R-module whose gr-mazimal modules
possess degrees. Then

(1) F(Mg) = J(My) for every g € G.
(2) Jgr(M") N My = J(M;) for every g € G.
(3) Jgr(M') = @GJ(M;), where J(M,) = Mg if M, is empty of mazimal
IS
R.-submodules.

Proof. Apply Corollaries 4.3 and 4.4. (|
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Theorem 4.6. Let R be a first strongly G-graded ring, M a G-graded R-module
with supp(R, G) = supp(M, G). Then Jy (M) = ) J(M,).
o€esupp(M,G)

Proof. Let My, be the set of all gr-maximal submodules of M. By Theorem
3.18 we have

JpM)= () L= @ ~N|= I,

LeNty, LeMy, \oesupp(M,G) o€supp(M,G)

where N, is a maximal R.-submodule of M,. Il

Next, we describe the units of graded rings and give them an explicit form
when the graded ring is a gr-local ring whose unique gr-maximal ideal is of
degree e.

Lemma 4.7. Let R be a G-graded ring. Then R has a gr-mazimal ideal of
degree e if and only if Y RyRy—1 G R
g7#e

Proof. If R has a gr-maximal ideal J of degree e, by Theorem 3.1 J. is a
maximal ideal of R, containing ) RyR,-1. Therefore, > RgR,-1 & R.. Con-
versely, assume ) RgR,-1 ; RZ%eSince R, has a unity,gzé}fere exists a maximal
ideal I of R, corizéz;ning the proper ideal )  RyR,-1. Now, the ideal geRg oI
is a gr-maximal ideal of degree e by Theog;éeem 3.1. ’ (]

Theorem 4.8. Let R be a G-graded ring. If R has a homogeneous unit of
degree different from e, then R has no gr-mazimal ideals of degree e.

Proof. Assume u is a homogeneous unit of degree h # e. Then u~! is homo-

geneous of degree h™1. Thus, 1 = uu~! € R, R;,-1. This implies RyR;— =
g#e
R.. By Lemma 4.7, R cannot include gr-maximal ideals of degree e. O

Corollary 4.9. Let R be a G-graded ring. If R has at least one gr-maximal
ideal of degree e (i.e., F(R.) # Re), then all homogeneous units have degree e.

Proof. Take the contrapositive of Theorem 4.8. O

Theorem 4.10. Let R be a gr-local ring whose unique gr-maximal ideal K has

degree e. Then an element r = Y ry € R is a unit if and only if e is a unit
geG
and 74 is not a unit for every g # e.

Proof. Assume r = ) r, € R is a unit. Then r ¢ K. By Theorem 3.1,
geG
re ¢ K. Since K, is the unique maximal ideal of R., we obtain that r. is a

unit. For the converse, assume r. is a unit. By Corollary 4.9, r, is not a unit
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for every g # e and hence r, € J(R) for every g # e. Thus, > 7, € J(R)

g#e

which yields 1+ 7.t Y 7, € U(R). Now, r=r. [ 147> r, | €eU(R). O

(1]
(2]

(3]

(4]

(5]
[6]
[7]
(8]

(9]

g#e g#e
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