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b-GENERALIZED DERIVATIONS ON BANACH ALGEBRAS

HUSAIN ALHAZMI

ABSTRACT. In this paper, we show, among others, that if A is a Banach
algebra satisfying a functional identity involving a b-generalized derivation
F on A, under some mild conditions, is of the form F(z) = az for all
z € R, where a € Qy, a right Martindale quotient ring of A.

1. Introduction and results

Throughout this paper, we let A denote a prime Banach algebra over a real
or complex field with identity e, Z(A) denote center of A, M be a closed linear
subspace of A and @, right Martindale quotient ring of A. “A linear mapping
d: A— A is said to be a derivation on A if d(zy) = d(x)y + xd(y) holds
for all x;y € A”. In [9, Theorem 2|, Posner proved that “if a prime ring R
admits a nonzero derivation d such that [d(x),z] € Z(R) for all x € R, then
R is commutative”. Further, generalizations of Posner’s result can be found in
[4,14-16]. “An additive mapping F' : R — R is called a generalized derivation
of R if there exists a derivation d of R such that F(zy) = F(x)y + zd(y) for
allz,y € R”.

In [5, 6], Herstein established that “a ring R is commutative if it has no
nonzero nilpotent ideal and there is a fived integer n > 1 such that (zy)™ =
a™y™ for all x,y € R’ (see also [3]). In the case of Banach algebra, Yood
[17] sharpened these results. More precisely, he proved the following result:
“Suppose that there are non-empty open subsets G1 and Go of A such that for
each © € Gy and y € Gy there is an integer n = n(x,y) > 1 such that either
(xy)™ — z™y™ or (zy)™ — y™a™ lies in M. Then [z,y] € M for all z,y € A”.

Motivated by above results, very recently Ali and Khan[1] proved the fol-
lowing result:

Theorem 1.1. Let A be a unital prime Banach algebra and G1, G2 be open
subsets of A such that for each x € Gy, and y € Gy there is an integer m =
m(z,y) > 1. If A admits a nonzero continuous linear derivation d : A — A
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such that either d((zy)™) — a™y™ € Z(A) or d((xy)™) — y™a™ € Z(A), then
A is commutative.

Many authors have extended above result for generalized derivations, gen-
eralized skew derivations (see [2,7,10-13] and references therein).

We shall study the analogue problem on Banach algebras involving some
special class of derivations namely b-generalized derivations. We will now recall
the definition of a b-generalized derivation of A. In a recent paper [8], Kogan and
Lee proposed that “an additive map F': R — @, is called a left b-generalized
derivation, with an associated additive mapping § from R to Q,, if F(zy) =
F(z)y + bxd(y) for all z,y € R and b € Q,, where R is a prime ring and Q,
is the right Martindale quotient ring of R”. Also, they proved that, “if R is a
prime ring, then ¢ is a derivation of R”. Particularly, we say F'is a b-generalized
derivation with an associated pair (b,d). Clearly, “any generalized derivation
with an associated derivation ¢ is a b-generalized derivation with an associated
pair (1,6)”. Similarly, “the mapping @ — ax + b[z, ¢], for a,b,c € Q,, is a b-
generalized derivation with an associated pair (b, ad(c)), where ad(c)(z) = [z, (]
denotes the inner derivation of R induced by the element ¢”. More generally,
“the mapping = — ax + qzc, for a,c,q € Q,, is a b-generalized derivation with
an associated pair (q,ad(c))”. This mapping is called an inner b-generalized
derivation.

We deal with the following:

Theorem 1.2. Let A be a noncommutative unital prime Banach algebra and
G1, Go be open subsets of A such that for each x € Gy, and y € Go there
is an integer m = m(xz,y) > 1. If A admits a continuous linear b-generalized
derivation F' : A — A such that either F'((xy)™)—a™y™ € Z(A) or F((xy)™)—
yma™ € Z(A), then F(x) = ax for all x € A, where a € Q.

Theorem 1.3. Let A be a noncommutative unital prime Banach algebra and
G1, G2 be open subsets of A such that for each x € G1, and y € Go there
is an integer m = m(z,y) > 1. If A admils a continuous linear b-generalized
derivation F : A — A such that either F((zy)™)+xz™y™ € Z(A) or F((xy)™)—
yma™ € Z(A), then F(x) = ax for all x € A, where a € Q.

The following are immediate consequences of Theorem 1.2 and Theorem 1.3.

Corollary 1.4. Let A be a noncommutative unital prime Banach algebra and
G1, G2 be open subsets of A such that for each x € G1, and y € G4 there is an
integer m = m(x,y) > 1. If A admits a continuous linear generalized derivation
F : A — A such that either F((xy)™) —a™y™ € Z(A) or F((xy)™) —y™a™ €
Z(A), then F(xz) = ax for all x € A, where a € Q.

Corollary 1.5. Let A be a unital noncommutative prime Banach algebra and
G1, G2 be open subsets of A such that for each x € G1, and y € G4 there is an
integer m = m(z,y) > 1. If A admits a nonzero continuous linear derivation
d: A — A such that either d((zy)™) — ™y™ € Z(A) or d((xy)™) — y™az™ €
Z(A), then d = 0.
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Corollary 1.6. Let A be a noncommutative unital prime Banach algebra and
G1, G2 be open subsets of A such that for each x € Gy, and y € Gy there is an
integer m = m(x,y) > 1. If A admits a continuous linear generalized derivation
F : A — A such that either F((xy)™) +z™y™ € Z(A) or F((xy)™) —y™az™ €
Z(A), then F(z) = ax for all v € A, where a € Q.

Corollary 1.7. Let A be a unital noncommutative prime Banach algebra and
G1, Gy be open subsets of A such that for each © € Gy, and y € Go there is an
integer m = m(z,y) > 1. If A admits a nonzero continuous linear derivation
d: A — A such that either d((zy)™) + ™y™ € Z(A) or d((xy)™) — y™z™ €
Z(A), then d = 0.

Recall some prominent facts which we use to prove our results:

Fact 1. Let p(t) = Y., brt" be a polynomial in real variable ¢ for infinite
values of t and each b, € A. If p(t) € M, then each b, lies in M.

Fact 2. If F is a b-generalized derivation on A, then G = F + nl;;, where
n is a positive integer and I;4 is an identity map on A, is also a b-generalized
derivation on A.

Now we are ready to prove our theorems:

Proof of Theorem 1.2. Fix x € Gy, for each n we define the set U,, ={y € A |
F((zy)™) — a™y™ € Z(A) and F((ay)") —y™z™ & Z(A)}. It is easy to show
that U, is open. Applications of Baire category theorem yield there exists a
positive integer r such that U, is not dense. Thus, for a non empty open set
G3 in Uf such that either F((zy)") —z"y" € Z(A) or F((zy)") —y 2" € Z(A)
for all y € G3. Then vy + tw € G3, where vy € G3, w € A and for adequately
least real t. Thus, we have

(1.1) F((xz(vo + tw))") — z"(vo + tw)" € Z(A)
(1.2) F((z(vg +tw))") — (vo + tw)"z" € Z(A).

Thus at least one of (1.1) and (1.2) is valid for infinitely many ¢. Suppose (1.1)
holds for these ¢. Then the expression F'((x(vo + tw))") — 2" (vg + tw)" can be
written as

F(A,o(z,v9,w)) — 2" By o(vo, w)

+ F(A,_11(z,v0,w)) — 2" Byr_1 1 (v, w)t + - - -

+ F(Ay—1(z,v0,w)) — 2" By y—1(vo, w)t"

+ F(Aor(z,v9,w)) — 2" By (vo, w)t",
where A, ;(x,vo, w) denotes the sum of all terms in which vy appears exactly ¢
times and zw appears exactly j times in the expansion of F(x(vo+tw)"), where

i and j are non-negative integers such that ¢ + j = r. Similarly, B; ;(vo, w) is
sum of all terms in which vy appears exactly ¢ times and w appears exactly j
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times in the expansion of (vg + tw)”, where ¢ and j are non-negative integers
such that i+j = r. The above expression is a polynomial in ¢ and the coefficient
of t" in this polynomial is F((xw)") — 2"w". Therefore in view of Fact 1, we
have F((zw)")—2"w" € Z(A). If (1.2) is holds for these ¢, then we are forced to
conclude that F'((zw)") —w"z" € Z(A). Thus, given x € G there is a positive
integer r depending on w such that for each w € A either F((zw)") — z"w" €
Z(A) or F((zw)")—w"x" € Z(A). Next, fix y € A and for each positive integer
k, set Vi, ={v € A | F((vy)*) — v*y* & Z(A) and F((vy)*) — y*vk ¢ Z(A)}.
Each Vj is open (as we shown above). If each Vj is dense then by the Baire
category theorem so is the intersection also but this contrary to what was shown
earlier concerning the open set G;. Hence there is an integer m > 1 and a non
empty open subset G4 in the complement of V,,. If zop € G4 and y € A, then
o + tu € G4 for all sufficiently small real ¢. Hence for positive integer m > 1
either

F(((zo + tu)y)™) — (zo + tu)™y™ € Z(A)
or

F(((zo + tu)y)™) — y™ (w0 + tu)™ € Z(A)
for each v € A and xg € G4. Arguing as above we see that either F((uy)™) —
u™y™ € Z(A) or F((uy)™) —y™u™ € Z(A) for each u € A.

Now let Sk, k > 1, be the set of y € A such that for each w € A either
F((wy)*) — wky* € Z(A) or F((wy)¥) — y*w* € Z(A), then the union of Sy
will be A. It can be easily prove that each Sj is closed. Hence again by Baire
category theorem some S;, [ > 1, must have a non empty open subset G5. Let
Yo € G, for all sufficiently small real ¢ and each z € A either

F((w(yo +12))') — w'(yo + t2)" € Z(A)
or

F((w(yo +t2))) = (yo + t2)'w'! € Z(A).
By earlier arguments, we have for each w, z € A either F((wz)!) —w'z! € Z(A)
or F((wz)!) — z'w! € Z(A). Next, since A is unital then, for all real ¢ either

F(((e +ta)y)") - (e +ta)"y" € Z(A)
or
F(((e + ta)y)") — y"(e + tz)" € Z(A)
for all z,y € A. Hence taking coefficient of ¢ in the expansion of above equations
and using Fact 1, we get either

n—1
(1.3) F(zy™ + Z yray™ ) —nay™ € Z(A)
k=1

or

n—1
(1.4) Fzy" + Y yray™™*) —ny"z € Z(A)
k=1
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for all z,y € A. Now, taking F[(y(e + tx))"] in instead of F[((e + tz)y)"], we
see that either

n—1

(1.5) F(y"x+ Z yFry" k) —nay™ € Z(A)
k=1

or
n—1

(1.6) F(y"z+ Y yray"™*) —ny"z € Z(A)
k=1

for all z,y € A. Then at least one of pair of equations {(1.3), (1.5)}, {(1.3),
(1.6)}, {(1.4), (1.5)} and {(1.4), (1.6)} must hold. On combining the equations
in these pairs, we get either

F(lz,y"]) € Z(A) for all z,y € A.

Or
F([z,y"]) £ n[z,y"] € Z(A) for all z,y € A.
Replacing y by e + ty in above equation and using same arguments as we
have used above, we obtain either

(1.7) F([z,y]) € Z(A) for all z,y € A.
Or
(1.8) F(z,y]) £nlz,y] € Z(A) for all z,y € A.

First we consider the case
F([z,y]) € Z(A) for all z,y € A.
This can be written as
[F([z,y]),w] =0 for all z,y,w € A.
Replacing y by yz in above relation, we obtain
[F([z,y])x + blz, y]d(z), w] = 0 for all z,y,w € A.
This implies that
(1.9)  F([z,y))lz, w] + blz, ylld(z), w] + b[[z, y], w]d(z) + [b, w][z,y]d(z) = 0
for all z,y,w € A. Replacing x by = + z, where z € Z(A), we get
(1.10)  F([z, y])[z, w] + blz, y][d(z), w] + b[lx, y], w]d(z) + [b, w][z,y]d(z) = 0
for all z,y,w € A and for all z € Z(A). In view of last two relations, we get
(0[[x, y], w] + [b, w][z, y])d(z) = 0 for all x,y,w € A and z € Z(A).
If d(z) # 0, then
(1.11) b[[z, y], w] + [b,w][z,y] =0 for all z,y,w € A.
For w = b, above relations reduce into

b[[x,y],b] = 0 for all z,y € A.
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Since b # 0, so we have [[z,y],b] = 0 for all z,y € A, and hence b € Z(A).
Using this in (1.11), we get b[[z, y], w] = 0 for all x,y, w € A. This implies A is
commutative. If d(z) = 0, then in view of (1.10), we have
F([z,y))[z, w] + blz, y]ld(z), w] = 0
for all x,y,w € A. Taking x = w in above expression gives
b[w, yl[d(w), w] =0

for all z,w € A. This further implies that either A is commutative or [d(w), w]

=0 for all w € A. In view of [9, Theorem 2], either A is commutative or d = 0.

Since A is noncommutative, so we have d = 0, i.e., F(z) = ax for all x € A.
Now we consider the case

F([z,y]) £ nlz,y] € Z(A) for all z,y € A.

In view of Fact 2, it follows that G([z,y]) € Z(A) for all 2,y € A. Proceeding
as above we get the required result. This completes the proof. O

Proof of Theorem 1.3. Proceeding same as above, we arrive at

n—1

(1.12) F(zy™ + Z yFay" ) + nay™ € Z(A)
k=1

or
n—1

(1.13) Flay"+ ) yfay™ %) —ny"z € Z(A)
k=1

for all z,y € A. Now, taking F[(y(e + tx))"] in instead of F[((e + tz)y)"], we
see that either

n—1

(1.14) F(y"z + Z yFay™ ) 4 nay™ € Z(A)
k=1

or
n—1

(1.15) F(y"z + Z yFay"F) — ny"x € Z(A)
k=1

for all z,y € A. Then at least one of pair of equations {(1.12), (1.14)}, {(1.12),
(1.15)}, {(1.13), (1.14)} and {(1.13), (1.6)} must hold. On combining the
equations in these pairs, we get either

F(lz,y"]) € Z(A) for all z,y € A, or
F([z,y"]) £n(zxoy™) € Z(A) for all z,y € A.

Replacing y by e + ty in above equation and using same arguments as we
have used above, we obtain either

(1.16) F([z,y]) € Z(A) for all z,y € A, or

(1.17) F(lz,y]) £n(zoy) € Z(A) for all z,y € A.
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Equation (1.16) is the same as (1.7). So we have the required conclusion from
above. We deal only with (1.17). Taking = y in (1.17), we obtain 2nz € Z(A)
for all x € R. This implies A is commutative. Hence the result. (I
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