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GENERALIZED KILLING STRUCTURE JACOBI OPERATOR
FOR REAL HYPERSURFACES IN COMPLEX HYPERBOLIC
TWO-PLANE GRASSMANNIANS

HyunNJIN LEE, YOUNG JIN SUH, AND CHANGHWA WOO

ABSTRACT. In this paper, first we introduce a new notion of general-
ized Killing structure Jacobi operator for a real hypersurface M in com-
plex hyperbolic two-plane Grassmannians SUz /S (U2 - Um). Next we
prove that there does not exist a Hopf real hypersurface in complex hy-
perbolic two-plane Grassmannians SUz m /S (Usz - U ) with generalized
Killing structure Jacobi operator.

1. Introduction

In 20th century, classifications with certain geometric problems for real hy-
persurfaces in complex space form or quaternionic space form were main re-
search subjects in the field of differential geometry (see [19, 20, 22]). Recently,
many kinds of geometric problems have been considered for the classification
of real hypersurfaces in the complex two-plane Grassmannians Go(C™*2) =
SUn42/S(Us-Up,) or complex hyperbolic two-plane Grassmannians G5 (C™*2)
= SUz 1/ S(Uz-Up,) (see [3,4,7,12,23,28-30]). Indeed, the complex space form
and the complex (hyperbolic) two-plane Grassmannians mentioned above can
be regarded as typical examples of Hermitian symmetric spaces.

In general, a Hermitian symmetric space M is defined by a connected com-
plex manifold with a Hermitian structure. Each point p € M is an isolated fixed
point of an involutive holomorphic isometry s, of M. A Hermitian symmetric
space M is a Riemannian symmetric space of even dimension (for more detail,
see [11]). By using this property, the classification problem of real hypersurfaces
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with shape operator in Hermitian symmetric spaces have been investigated by
Berndt and Suh [3-5,7], Martinez and Pérez [19], Pérez [21], Suh [26,27].
Certain parallelism on the other symmetric operators like Ricci operator,
structure Jacobi and normal Jacobi operators for real hypersurfaces in Hermit-
ian symmetric spaces are extensively studied. Among them, the study of Ricci
operator were considered by Lee, Suh and Woo [15], Pérez and Suh [23], Pérez,
Suh and Watanabe [24], Suh [28-30], Suh and Woo [31]. Moreover, the struc-
ture Jacobi and normal Jacobi operators for real hypersurfaces in Hermitian
symmetric spaces have been undertaken by Lee, Suh and Woo [12,16,17].
Based on these results, in this paper, we will consider a new notion of gen-
eralized Killing structure Jacobi operator for real hypersurfaces in complex
hyperbolic two-plane Grassmannians SUs ,/S(Uz - U,,). In order to do this,
we first define the Killing vector field (often called a Killing field) as follows.

Definition 1.1. Let (M, g) be a Riemannian manifold with metric g. A vector
field X is said to be a Killing field if the Lie derivative with respect to X of
the metric g vanishes, that is, Lxg = 0.

As a special case of Killing field for a real hypersurface M in a Riemannian
manifold M, we can give the notion of isometric Reeb flow, which means that
the Reeb vector field £ = —JN, where N denotes the normal vector field of
M, is Killing. By using Lie algebraic methods given in [1], [2] and [9], Berndt-
Suh [6] gave a complete classification of real hypersurfaces with isometric Reeb
flow in Hermitian symmetric spaces. In [26], Suh considered the notion of
isometric Reeb flow for real hypersurfaces in the complex hyperbolic two-plane
Grassmannians SUs ,,, /S(Us - Uy,) and give a classification theorem as follows.

Theorem A. Let M be a connected orientable real hypersurface in the complex
hyperbolic two-plane Grassmannians G5(C™2) = SUs ., /S(UxU,,), m > 3.
Then, the Reeb flow on M is isometric if and only if M is locally congruent to
an open part of

(TX) a tube around some totally geodesic SUsz p—1/S(UaUpm—1) in
SUzm /S (U2Uy,) or
(H*%) a horosphere whose center at infinity is singular.

As a generalization of such a Killing vector field, Yano (see [33-35]) defined
the notion of Killing tensor as follows.

Definition 1.2. A skew symmetric tensor field T},...;. of order r is Killing if
it satisfies

Vilﬂ2"'ir+1 + VZ'2E1...Z'T+1 =0.

Blair [8] has applied the notion of Killing tensor to a tensor field T of
type (1,1) on a Riemannian manifold M and a geodesic v defined on M. If we
denote by +' the tangent vector of the geodesic v, then T is parallel along
the geodesic « for the Killing tensor field T. Geometrically, this means that
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(V4 T)y" = 0 along a geodesic v on M. If this is the case for any geodesic on
M, we have

(VxT)X =0 orequivalently (VxT)Y + (VyT)X =0

for any vector fields X and Y on M. In this case we say that the tensor T a
Killing tensor field of type (1,1).

On the other hand, Heil, Moroianu and Semmelmann [10], Semmelmann [25]
have remarked that Killing p-tensors are symmetric p-tensor with vanishing
symmetrized covariant derivative and the existing literature on symmetric
Killing tensors is huge, especially coming from theoretical physics. Moreover,
Semmelmann [25] has asserted that a classical object of differential geometry
are Killing vector fields. These are by definition infinitesimal isometries, i.e.,
the flow of such a vector field preserves a given metric (see also Thompson [32]).

Now, we define a structure Jacobi tensor Re of type (0,2) on M given by

Re(X,Y) = g(ReX,Y),

where R is the structure Jacobi operator of type (1,1) and X, Y are vector
fields on M. Furthermore, we can also define:

Definition 1.3. The symmetric structure Jacobi tensor R of type (0,2) on M
is called generalized Killing if the equation

(1.1) (VxRe) (X, X) =9 ((VxRe) X, X) =0
holds for all vector fields X € TM.

On the other hand, by virtue of polarization, (1.1) can be rearranged as
(12)  g((VxR)Y,Z)+g(VyRe) Z, X) +g((VzRe) X,Y) =0

for any vector fields X, Y and Z on M. We say that the structure Jacobi
operator R is cyclic parallel if it satisfies (1.2). For the sake of convenience,
(1.2) can be written as

(1.3) Sxvz9g(VxRe)Y,Z)=0

for any X, Y and Z € TM, where Sx y,z denotes the cyclic sum with respect
to the vector fields X,Y and Z. So, the notion of generalized Killing structure
Jacobi tensor of M is the same as cyclic parallel structure Jacobi operator of M.
Here, we can give the geometric meaning of the generalized Killing structure
Jacobi tensor as follows: When we consider a geodesic v with initial conditions
such that v(0) = z € M and %(0) = X. Then the structure Jacobi curvature
Re(%,%4) = g(Re?, ) is constant along the geodesic v of the vector field X (see
Semmelmann [25]).

On the other hand, a real hypersurface M in SUs ,,/S(Us - Up,) is said to
be Hopf if the shape operator A of M satisfies A = a&, a = g(AE,§), for the
Reeb vector field £ = —J N, where N denotes a unit normal vector field on M.

From such a view point, in a direction of generalized Killing structure Jacobi
operator for real hypersurfaces in G(C™*2) we gave an important result. In
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fact, recently, for a real hypersurface in Go(C™%2?) with generalized Killing
structure Jacobi operator Lee, Suh, and Woo [17] gave a classification theorem
as follows:

Theorem B. Let M be a Hopf real hypersurface in complex two-plane Grass-
mannians Go(C™+2), m > 3. Then the structure Jacobi operator Re of M is
generalized Killing if and only if M is locally congruent to an open part of a

tube of r = 7= around a totally geodesic Go(C™HL) in Go(C™+2).

Motivated by this result, it is natural to consider a generalized Killing struc-
ture Jacobi operator for real hypersurfaces M in SUs,,/S(Us - Up,). Then we
can assert the following:

Main Theorem. There does not exist a connected Hopf real hypersurface in
complex hyperbolic two-plane Grassmannians SUsz m/S(Us - Up,), m > 3, with
generalized Killing structure Jacobt operator.

On the other hand, the symmetric tensor 7" on M is said to be parallel if
the tensor T satisfies VI' = 0. If the symmetric tensor T is parallel, then T,
naturally, satisfies

Sxyv,zerm g(VxT)Y,Z) =0
for any tangent vector fields X, Y and Z on M. This is a natural generalization
of the parallel symmetric tensor 7" and can be rephrased as follows:

If the symmetric tensor T is parallel, then naturally T becomes
a generalized Killing tensor.

Consequently, it is a general notion weaker than usual parallelism. If we apply
such a relation to the structure Jacobi operator R¢ for a real hypersurface M
in SU3 ,,,/S(Us - Up,), m > 3, we can give the following result from our Main
Theorem.

Corollary. There does not exist a connected Hopf real hypersurface in complex
hyperbolic two-plane Grassmannians SUs ., /S(Us - Uy,), m > 3, with parallel
structure Jacobi operator.

2. The complex hyperbolic two-plane Grassmannian
SU2,m/SUz - Uy,)

In this section we summarize basic material about complex hyperbolic two-
plane Grassmann manifolds SUs ,,,/S(Us - Uy, ), for details we refer to [3-5,7,
26-28].

The Riemannian symmetric space SUs ,/S(Uz-Up,), which consists of all
complex two-dimensional linear subspaces in indefinite complex Euclidean space
(C’2”+2, becomes a connected, simply connected, irreducible Riemannian sym-
metric space of noncompact type and with rank two. Let G = SU,,, and
K = S(UyUy,), and denote by g and ¢ the corresponding Lie algebra of the
Lie group G and K, respectively. Let B be the Killing form of g and denote
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by p the orthogonal complement of ¢ in g with respect to B. The resulting
decomposition g = €@ p is a Cartan decomposition of g. The Cartan involution
6 € Aut(g) on suy,, is given by 6(A) = Iz, Als ,, where Iy, = (0:,1[22 0?;:1)’
I and I,,, denotes the identity (2 x 2)-matrix and (m x m)-matrix, respectively.
Then (X,Y) = —B(X,0Y) becomes a positive definite Ad(K )-invariant inner
product on g. Its restriction to p induces a metric g on SUs ,,, /S (Us-Up, ), which
is also known as the Killing metric on SUs ,, /S(Uz-U,y,). Throughout this paper
we consider SUs ,/S(Uz-U,,) together with this particular Riemannian metric
g.

The Lie algebra ¢ decomposes orthogonally into £ = sus @ su,, uy, where 1y
is the one-dimensional center of £. The adjoint action of suy on p induces the
quaternionic Kéhler structure J on SUs . /S(Usz-Usy,), and the adjoint action of

mi I O m
Z = (m+2 2 > ) SRTS]

—92;
Om,2 miJ’,lQIm

induces the Kéhler structure J on SUs ,,,/S(Us-Up,). By construction, J com-
mutes with each almost Hermitian structure J, in J for v = 1,2,3. Recall
that a canonical local basis Jp, Ja, J3 of a quaternionic Kéhler structure J con-
sists of three almost Hermitian structures Jy, Jo, Js3 in J such that J,J,11 =
Jyyo = —Jy,41J,, where the index v is to be taken modulo 3. The tensor field
JJ,, which is locally defined on SUs ., /S(Uz2-U,,), is selfadjoint and satisfies
(JJ,)? = I and tr(JJ,) = 0, where I is the identity transformation. For a
nonzero tangent vector X we define RX = {AX |A € R}, CX = RX & RJX,
and HX = RX @ JX.

We identify the tangent space T,SUs ., /S(Uz-Uy,) of SUsm/S(Us2-U,,) at
o with p in the usual way. Let a be a maximal abelian subspace of p. Since
SUz m/S(Us-Uy,) has rank two, the dimension of any such subspace is two.
Every nonzero tangent vector X € T,SUs,,/S(Us-Uy,) = p is contained in
some maximal abelian subspace of p. Generically this subspace is uniquely
determined by X, in which case X is called regular. If there exists more than
one maximal abelian subspaces of p containing X, then X is called singular.
There is a simple and useful characterization of the singular tangent vectors: A
nonzero tangent vector X € p is singular if and only if JX € JX or JX L JX.

In Section 4, we will prove that under the given condition, the normal vector
field N is singular tangent, that is, the Reeb vector field £ belongs to either
the maximal quaternionic subbundle Q or its orthogonal complement Q- (see
[17,18]).

3. Real hypersurfaces in complex hyperbolic two-plane
Grassamannian SUs ., /S(Uz - Uy,)

Let M be a real hypersurface in complex hyperbolic two-plane Grassmannian
SUz m/S(Us - Uy,), that is, a hypersurface in SUs ,,,/S(Us - Uy,) with real codi-
mension one. It implies that the normal bundle T*M of M in SUs ,,, /S(Us-Up,)
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is given T*M = span{N}, where N is a unit normal vector field of M in
SUz /S (Us - Up,). The induced Riemannian metric on M will also be denoted
by g, and V denotes the Levi-Civita connection of (M, g). As mentioned in Sec-
tion 2, complex hyperbolic two-plane Grassmannians SUs ., /S(Us - U,,) have
the K&hler structure J and quaternionic K&hler structure J = span{Jy, Jo, J3}.
From these structures, let us put

JX = ¢X+77(X)N7 Jy X = ¢VX+77V(X)N

for any tangent vector field X of a real hypersurface M in SUs ,,,/S(Us - Uy,),
where ¢ X and ¢, X denote the tangential components of JX and J, X, respec-
tively.

From the Kahler structure J of SUs,,/S(Us - Uy,) there exists an almost
contact metric structure (¢, &, n,g) induced on M in such a way that

¢*X =X +n(X)§ nE) =1, ¢£=0, and n(X)=g(X,£)

for any vector field X on M and £ = —JN. If M is orientable, then the vector
field ¢ is globally defined and said to be the induced Reeb vector field on M.

Furthermore, let Ji, Js, J3 be a canonical local basis of J. Then, each J,
induces a local almost contact metric structure (¢,,&,,7m,,9), v = 1,2,3, on
M. Tt satisfies

¢12/X =-X +nV(X)§V7 $€ =0, 7711(511) =1, and nV(X) = g(Xagl/)
for any vector field X tangent to M and &, = —J, N, v = 1,2,3. Moreover,

it is known that the almost contact metric structure J,, v = 1,2, 3 satisfies
Judvi1 = Jpp2 = —Juy1J, (v = mod 3). From this property, we get

¢V+1€l/ = 7£u+27 ¢u£u+1 = fu-‘r?a

Gu b1 X = b2 X +nup1(X)E,

¢V+1¢VX = _¢V+2X + TIV(X)§V+1~

The tangential and normal components of the commuting identity JJ, X =
J,JX give

o0, X — Q90X = ﬁu(X)f - n(X)§V and nu(¢X) = 77(¢1,X)

The last equation implies ¢,& = ¢&,,.

Moreover, from the parallelisms of Kéahler structure J and the quaternionic
Kihler structure J (i.e., VxJ =0 and VxJ, = quia(X)Jpr1 — i1 (X) a2,
respectively), together with Gauss and Weingarten formulas, it follows that

(3.1) (Vx@)Y =n(Y)AX —g(AX,Y)§, Vx&=9AX,

(de)l/)Y = —qv+1 (X)¢V+2Y+QV+2(X)¢V+1Y+77V(Y)AX_g(AXv Y)'fuv

(3.2) vXgl/ = qV+2(X)€V+1_qV+1(X)§V+2+¢VAX'
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Using the explicit expression for the Riemannian curvature tensor R of
SUz m/S(Us - U,,) in [3] the Codazzi equation takes the form

(VxAY — (Vy A)X

_ % [n(X)¢Y —(Y)oX —29(¢X, V)¢

+Z{nu )6 Y — nu (V)X —29(6,X,Y)E,}
(3.3)

+ Z {1 (6X)$,0Y — 1, (6Y )6, 60X }

+Z{n 0 (6Y) = (¥ ) (6X)}5, |

for any vector fields X and Y on M. Moreover, we have the equation of Gauss
as follows:

R(X,Y)Z

1
= — 5|9V 2)X—g(X. 2)Y +9(8Y. 2)0X ~g(6 X, Z)8Y ~29(6X. Y )02

3
+ 3 {96, 2)6u X — 9(6, X, 2)6,Y — 29(,X,Y ), Z}

v=1
3
(3.4) + Z {9(600Y, 2) 000X — 9(6,0X, Z2)$, 0V }
- Z (Y )nu(2)6u6X — n(X )0, (2) 6, Y}

—Z{n 9(6,0Y, Z) = (Y )g(6,6X, 2)} &

+ g(AY, Z)AX —g(AX, Z)AY

for any tangent vector fields X,Y and Z on M.

On the other hand, the Jacobi operator field with respect to X in a Rie-
mannian manifold M is defined by Rx = R(-,X)X, where R denotes the
Riemannian curvature tensor of M. We will call the Jacobi operator on a real
hypersruface M in M with respect to & the structure Jacobi operator on M.
Thus, from (3.4) the structure Jacobi operator R¢ of M in SUs ., /S(Us - Up,)
is given by

Re(X) = R(X,€)¢
3

(35) = 2 [x e - e —nom e}

v=1
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- 23:{39(%)(, §)0,€ +1,()9,9X ||

+aAX — n(AX)At,

where the function « is defined by a = g(A¢, €) and said to be the Reeb function
on M (see [31]).

Finally, we denote by C and Q the maximal complex and quaternionic sub-
bundle of the tangent bundle T'M on M, respectively. That is, C is the orthogo-
nal complement in 7'M of the real span of £, and Q the orthogonal complement
in TM of the real span of {£1,&2,£3}. Hereafter, unless otherwise stated, we
want to use these basic equations mentioned above frequently without referring
to them explicitly.

4. Key lemma

Let M be a Hopf real hypersurface in complex hyperbolic two-plane Grass-
mannians SUs ,,,/S(Usz - Uy,,). Hereafter, unless otherwise stated, we consider
that X and Y are any tangent vector fields on M. With the assumption of M
being Hopf, together with the Codazzi equation we obtain (see [3,15,16]):

(41) Ya= (f()é + 22771/ 77u ¢Y)
v=1
and
ApAY = (A¢ + gAY + Z{n ), + 1 () ($Y )€ }
(4.2) =t

- f<z>Y —~ {j{nu )P, + M (Y )Es + M (€)Y}

for any vector field Y on M.

In order to consider the generalized Killing structure Jacobi operator, let us
calculate the formula (Vx R¢)Y for any tangent vector fields X and Y on M.
From (3.5) and our assumption of M being Hopf, it follows that

2(VxRe)Y
= g(PAX,Y)§ +n(Y)pAX — 20n(Y)(Vx A)E — 20m(Y)ApAX
+2n((Vx A AY +2a(Vx A)YY —2an((Vx A)Y)E—2ag(AY, pAX)E

(4.3) +Z[ (9, AX, )& — 20(Y I ($AX)E, + (V)b AX

+ 3g((f),,AX, ¢Y)¢V€ + 377(Y)77V (AX)¢V€ + 377V(¢Y)¢I/¢AX
- 30”71/ ((ZSY)W(X)SV + 4771/ (5)7711 (¢Y)AX

- 4g(AX, Y)Uu (€)¢u£ + 2nu(¢AX)¢u¢Y .
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Replacing the vector fields X and Y by Z and X in (4.3), respectively, let us
take the inner product of the obtained equation with Y. Then by using the
equation of Codazzi, we have

29((VzR¢)X,Y)
= —g(A¢X, Z)g(¢, Y)— n(X)g(A¢Y, Z)

+{2(6m(z +4Zm . (62) fg(AX,Y)
+ 37 |~ 9(40,X, 20, (V) + 20(X)m, (Y )g(A06,, Z)
3
= 2an(){ (€aIn(X)n(2) = 20(X) > mu()9(66, 2) |

+209(APAX, Z)n(Y) + 2am(X ) (AGAY, Z)

—2an(X)n(Z) { -2 Z v (£)g(¢€, Y }

- (X)g(Ad,Y, Z) +39(A¢V¢X Z)n,(¢Y)
= 3n(X)n.(#Y)g(AL,, Z) + 3n, (¢ X )g(Apg,Y, Z)
+ 3am, (X)) (@Y )n(Z) + 4n. (§)n (¢ X)g(AY, Z)

+ 4, (E)n(6Y)9(AX, Z) — 29(6,0X, Y )g(AdE, 7)|

a[zg«va)Y 2)=n(X)g(8Y, 2)=n(Z)g(¢X.Y)=20(Y)g(¢X, 2)

+ Z { 9(,Y, Z) =1, (2)g(¢ X, Y) =21, (Y )g(d X, Z)}
+ Z {m(aﬁX)g(czﬁsbyY, Z) =, (62)g9(¢n0 X, Y)}

+ Z{ Y, (¢Z) — nu(be)Tlv(Y)”(Z)H

for any tangent vector fields X, Y, and Z on M.

Now let us use the symmetric property of Vy Re, that is, g((Vy R¢)Z, X ) =
9(Z,(VyRe)X) in (4.4) and the equation of Codazzi. Then after deleting the
vector field Z from the obtained equation, we can rearrange the generalized
Killing structure Jacobi operator as follows:

0= g(pAX,Y)E +n(Y)pAX
+2n((VxA)E)AY 4+ 2a(Vx A)Y —2an((VxA)Y )¢
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—2ag(AY, pAX)E — 2an(Y)(Vx A)E — 2an(Y)ApAX
+ g(¢AY, X)§ +n(X)pAY + 2n((Vy A)§)AX
+20(Vy A)X — 20m((Vy A) X)E — 209(AX, pAY )¢
—2an(X)(Vy A)§ — 2an(X)ApAY —n(Y)A9X —n(X)AgY
3
+2(6a)g(AX,Y)E — 4(5a)g(AX, Y)Y 0y ()¢, + 2a(Vx A)Y

v=1
—an(X)eY — ag(¢X,Y)E — 20n(Y)oX — da(Sa)n(X)n(Y)E
+ 2a77( VAPAX + 2am(X)ApAY

- Z (D0 AX, V)& = 20(Y ) (9AX)E, + 0y (V) AX

+ 39(¢VAX7 ¢Y)¢V§+377(Y)77u (AX)¢V§+37]V (¢Y)¢I/¢AX
= 3am, (@Y )n(X)&, + 4 (§)m (¢Y ) AX

(4.5) =4, (§)9(AX,Y)9,€ + 277U(¢AX)¢V¢Y]
3

+> [9(6,AY, X)&, — 20(X)m, (PAY)E, + 1, (X)), AY

v=1

+39(dp AY, X ) +30(X )0, (AY ) pu.§ +3n, (0 X ) pAY
— 3am, (¢X)77(Y)§u + 4, (5)771/ (¢X)AY
— 41, (§)g(AY, X)¢,& + 21, (pAY )¢, ¢ X |

+ Z [ - 77V<Y)A¢VX + QU(X)UV(Y)A¢§V - nV(X>A¢uY

+ 30, (9Y ) Ay X — 3n(X ) (¢Y ) ALy + 31, (9 X) Add, Y
- 30”71/ (¢X)nu(y)§ + 477V(§)nu(¢X)AY
+ 477u(§)77u(¢Y)AX - 29<¢V¢X7 Y)qu)fl,]

+a Z [ —m(X)oY — g(¢, X, Y)E — 20, (V) X

+ 10, (0X )00, Y + (0,0 X, Y )pE, + 4n(X)n(Y ), (§)#E,
— (X ) (V)& — mu (¢ X)), (Y)E — dn(X)n, (§)n, (Y )E],

where we have used (3.3) and (4.1). Then, by virtue of (4.5) and basic equations

given in Section 3, we can prove the following:

Lemma 4.1. Let M be a Hopf real hypersurface in the complex hyperbolic
two-plane Grassmannian SUs ,/S(Us - Uy,), m > 3, with generalized Killing
structure Jacobi operator. Then the Reeb vector field & belongs to either the

mazimal quaternionic subbundle Q or its orthogonal complement Q.
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Proof. In order to prove this lemma, we put

(4.6) £ =n(Xo)Xo +n(&1)& such that n(Xo)n(&1) # 0

for some unit vectors Xg € Q and & € ot.

Together with (4.6) and a Hopf hypersurface condition, if a = g(A¢&,¢)
vanishes on M, then (4.1) implies n(&1)¢&1 = 0. This gives £ belongs to either
Q or Q+. So we may assume that « is non-vanishing.

Lee and Loo [14] show that if M is Hopf, then the Reeb function « is constant
along the direction of structure vector field &, that is, Ea = 0. Also in [16], we
see that £a = 0 gives the distribution Q- and the Q' -component of the Reeb
vector field £ is invariant by the shape operator A, that is,

AXy=aXy, and A& = af;.
In addition, from (4.6) and ¢& = 0, we have
oXo = —n(&1)d1Xo,
?&1 = ¢1€ = n(Xo)¢1Xo,
P16 X0 = 1(&1) Xo-
The equation (4.2) yields a4 Xo = (a®—2n%(X))¢ X, by substituting Xy € Q

instead of X. Since we assumed that the Reeb function « is non-vanishing, it

becomes
o? — 2n%(Xo)
—Y

ApXg=0¢pXy, where o=

Putting X = X and Y = ¢&; in (4.5), we have

0= an(&1)¢Xo + a1 Xo
+ 2an((Vx, A)§)&1 + 20(Vx, A)&r — 2am((Vx, A)€1)€
—20m(&1)(Vx, A)€ — 20%0m(61) Xo + an(Xo)¢ér + 3an(Xo)¢i€
+ 20m((Ve, A)§) Xo + 2a(Ve, A) Xo — 2am((Ve, A) Xo)¢
(4.7) — 2am(Xo)(Ve, A)§ — 200n(Xo)p&1
—on(§1)pXo — on(Xo)p&1 — 01 Xo + 20m(Xo)PS1
+2a(Vx, A)& — an(X) o€y — 20m(£1) 9 Xo
— 2a¢1 X — an(Xo)p&1 + 4an(Xo)n* (&1)) o
+ 202 0m(€1) Xo + 2a20n(Xo)E1.

On the other hand, taking the covariant derivative with respect to the Levi-
Civita connection V of M to the assumption of A& = a&; and using (3.2), we
get

(VxA) & = (Xa)éi +aVxé — A(Vx&)
= (Xa)&1 +a{gs(X)é — ¢2(X)& + p1AX}
—q3(X)A& + (X)) AL — Ap AX
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=40 (&) 9(0&, X)& + a{gz(X)E — q2(X)E3 + 91 AX}
— @3(X)Aby + qo( X) A3 — Agy AX.

Moreover, by using the similar method given in [13] we obtain ¢, () = ¢, (&1) =
q,(Xp) =0 for v = 2,3. Thus we have

(4.8) (VxA) & =41 (&) 9(0€, X)&1 + agrAX — Ap1 AX
and
(VxoA4) & = a{gs(Xo)§2 — q2(X0)és + ad1 Xo}
— q3(Xo0) A&z + q2(X0) A& — ao g1 Xo,
= (a? — a0)¢1 Xo,
(Vx,A) € = (Xoa)€ — (a? — ao)p X,
(Ve A) € = (L1)é — (o — ao)¢ts,
(Ve, A)Xo = (Vx,A)é-
Using (4.8) and (4.9), then (4.7) becomes
0= —an’(&)d1Xo + ap1 X + 2a(a® — ao)p1 Xo — 2an((Vx, A)é1 )€

— 2an(&1)((Xo)é + (o — ao)n(&1) 1 Xo) — 20°0n(£1) X

+ an®(Xo) 1 Xo + 3an*(Xo)¢1 Xo + 2an((Ve, A)€) Xo
(4.10)  +2a(a® — ao)p1 X — 2an((Ve, A) Xo)€ — 2an(Xo) (£10)€

+ 20m(Xo)(a® — ao)n(Xo)p1Xo — 207 0n* (Xo)d1 Xo

+ o (&)1 Xo — on*(Xo)¢1 Xo — 01 Xo + 20m° (Xo) 1 Xo

+2a(a® — ao) 1 Xo — 2an”(Xo)$1Xo + 2an(£1)*¢1 Xo — 2061 X

+ dan? (€)n* (Xo)¢1 Xo + 20°0n(€1) Xo + 2000 (Xo)é1.
Taking the inner product of (4.10) with &;, then we have

0 =2an((Vx,A)§) — 20m((Vx,A4)&1)n(61)
(4.11) —2an((Ve, A) Xo)n(&1) + 20%0n(Xo)
= 20”%0n(Xp).

Since o = % and an(Xo) # 0, (4.11) gives us
(4.12) a? = 2n*(Xo).
Taking the inner product of (4.10) with ¢; Xo, then we have
0 = —4n*(Xo) + {40® — 6ac + 5}1*(Xo) + 6a° — 6ac — 20° + 2ac0.
Since o = % and 7n%(Xo) # 0, we have

(4.13) 0 = 12n*(Xy) — 202 + 9.
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Using (4.12) and (4.13), we have

9

1°(Xo) = 3
This gives us a contradiction. So, we assert that ¢ belongs to either Q or
Q+t. O

5. The Reeb vector field £ € Q-+

Let M be a Hopf hypersurface in SUs . /S(Uz - Upy,) with generalized Killing
structure Jacobi operator. Then by Lemma 4.1 we shall make an investigation
into two cases depending on & belongs to either distribution Q' or distribution
Q, respectively. So, in this section let us consider the case ¢ € Q9 (i.e.,
JN € JN where N is a unit normal vector field on M in SUs ,,,/S(Usz - Up)).
Since @+ = span{&;, &, &3}, we may put & = &. By using this equation we
obtain:

Lemma 5.1. Let M be a Hopf hypersurface in SUs 1, /S(Usz - Up,), m > 3 and
&€ Q. Then

(1) pAX = 2n3(AX)E — 2m2(AX)Es + $1AX and

(ii) APX = 2n3(X)ALs — 2m2(X) AL + Ad1 X
Proof. Differentiating £ = &; along any direction X € TM and using (3.2), it
gives
(5.1) PAX = Vx§=Vx& = q3(X)& — 2(X)& + 914X,
Taking the inner product with £ and &3 in (5.1), respectively, gives

a3(X) =2n3(AX) and g2(X) = 2n2(AX).
Then (5.1) can be revised:
PAX = 2n3(AX)E2 — 2m2(AX)Es + p1AX.

From this, by applying the inner product with any tangent vector Y, we
have

9(PAX,Y) = 213(AX)g(&2,Y) — 2m2(AX)g(&3,Y) + 9(01 AX,Y).

Then, by using the symmetric (resp. skew-symmetric) property of the shape
operator A (resp. the structure tensor field ¢), we have

—9(X, AdY) = 29(X, AL3)g(&2,Y) — 29(X, A&2)9(&s,Y) — g(Y, Ag1 X)
for any tangent vector fields X and Y on M. Then it can be rewritten as below:

ApX = 2n3(X) A&y — 2ma(X) A&z + A1 X. O

From now on, by using this lemma, let us consider our classification problem
with respect to the notion of generalized Killing structure Jacobi operator of a
real hypersurface with £ € Q1 in complex hyperbolic two-plane Grassmanni-
ans SUsz /S (Us - Up,), m > 3.
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In order to do this, putting X = ¢ into (4.3), and replacing Y as X, we have
2(VeRe)X =2(§a) AX + 2a(Ve A) X — da(§a)n(X)E

3
— 4o Z {ﬂu(¢X)§u - 77V(X)¢V§}

3
+4a > {n(Om(8X)E = m(On(X)dué}

for any tangent vector field X on M.
On the other hand, putting Y = £ into (4.3), we have

2V xRe)E = pAX — 20A$AX

3
(5.3) - 3 {006, AX.008 (064X}

3
+ > {3 (AX) & — 81 (§)g(AX,€)buE )

v=1
By using these equations, we assert:
Lemma 5.2. Let M be a real hypersurface in SUs 1, /S(Us - Up,), m > 3 with
generalized Killing structure Jacobi operator. If the Reeb vector field & belongs

to the distribution QF, then the shape operator A commutes with the structure

operator ¢, that is, Ap = PA.

Proof. By our assumption ¢ € Q+, we may put £ = &;. Substituting Z = ¢
into (1.2), then the generalized Killing structure Jacobi operator Re of M
becomes

(54)  9((VxRe)Y,§) +9((VyRe) &, X) +9((VeRe) X, Y) = 0.
From (5.2) and (5.3), the equation (5.4) follows
0= 9(¢AX Y) + g(¢1AX) 4+ n2(Y)ns(AX) — n3(Y)n2(AX)

(5.5) +Z 9($uAY, €)g(&0, X) + 30, (AY)g(6,€, X)]

+Z — 4o, (6X)g(&,, V) + 4y (X)g(6,€,Y)] + 209(Ve A)X,Y)

for any vector fields X and Y on M in SUs,,/S(Us - Uy,). Then it can be
rewritten as follows:

0=¢AX + 1 AX + 2n3(AX)& — 2n2(AX)Es

(5.6) — ApX — A1 X — 2m3(X) Ao + 212(X) A3 + 20(V A) X
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By (i) (resp. (ii)) in Lemma 5.1, we have
(5.7) 0=20AX — 246X + 20(VeA)X
for any tangent vector field X on M.

On the other hand, putting X = £ into the equation of Codazzi and substi-
tute Y as X, we have

(5.8) 2(VxA)E = 2(VeA)X = ¢X + ¢1.X + 2n3(X) &2 — 2m2(X)&s.
Since M is Hopf and & € Q-+, we get

(5.9) (Vx A = (Xa)¢ + apAX — ApAX

and

(5.10)  249AX =a(Ag+ ¢A)X — X — o1.X + 2n2(X) &5 — 2n3(X)&e.
By (5.9) and (5.10), the equation (5.8) becomes
2AX)E + adpAX — aAdpX — 2(VeA)X = 0.
So, we have 2(V:A)X = 2(Xa)€ + a(pA — Ap)X. Moreover, taking the inner
product of (5.6) with ¢ and using (5.5), we have Xa = (€a)n(X). Hence, we

have o o

(VeA)X = (€aln(X)E + S6AX — T AX.
From [14], we know that {& = 0 under the condition of Hopf hypersurface.
Thus the above equation leads to

20(VeA)X = a?(pAX — ApX).

From this, the equation (5.7) becomes

0 =20AX — 246X + o?9pAX — o> ApX

= (a® 4 2)(pAX — ApX).

Since (a? + 2) is non-vanishing on M, it means that pAX — A¢pX = 0, which
completes the proof of Lemma 5.2. O

Through algebraic calculations, we see that the notion of isometric Reeb
flow is equivalent to the fact that the shape operator A of M satisfies Ap = QA.
In fact, taking the Lie derivative for the metric tensor field g of type (0,2)
along the Reeb direction ¢ and using L¢(g(X,Y)) = Ve(9(X,Y)), together
with LxY =[X,Y] =VxY — Vy X and (3.1), we obtain

0= (Leg)(X.Y)
= 9(Vx&Y) 4+ g(X, Vy¢§)
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= 9(¢SX,Y) 4+ 9(X,05Y) = g((¢S — 5¢) X, Y)

for any tangent vector fields X and Y on M. Thus, Lemma 5.2, consequently,
assures that a real hypersurface M with generalized Killing structure Jacobi
operator in complex hyperbolic two-plane Grassmannians satisfying ¢ € Q-+
has isometric Reeb flow. Therefore, by Theorem A in the introduction, we
assert that a real hypersurface M with the assumptions given in Lemma 5.2 is
locally congruent to one of the following real hypersurfaces:

(T4) a tube over a totally geodesic SUs 1n—1/S(Usz - Upp—1) in
SUz,m/S(Us - Up,)

or

(H*%) a horosphere in SUs ,,/S(Us - Uy,) whose center at infinity is singular
and of type JX € JX.

Therefore, by virtue of Lemma 5.2 we conclude that if £ € Qt, then M is of
(T%) or (H*), where M is a Hopf hypersurface in SUs ,,/S(Us - Up,), m > 3,
satisfying generalized Killing structure Jacobi operator. Such real hypersur-
faces of type (74) and (H%) in SUs ., /S(Usz - Uy,) are denoted by M4. In [5],
Berndt and Suh gave some information related to the shape operator A of (73)
and (H%) as follows.

*

Proposition A. Let M4 be a connected real hypersurface of type (T;) or (H%)
in complex hyperbolic two-plane Grassamnnian SUs ., /S(U2Uy,), m > 3. Then
one of the following statements holds:
(a) My is Hopf.
(b) The mazimal complex subbundle C of TM 4 and the mazimal quaternionic
subbundle Q of TM 4 are both invariant under the shape operator S of
My.
(¢) The normal vector field N of Ma in SUs . /S(Uz - Uy,) is singular sat-
isfying JN € JN.
(d) All eigenvalues of My are constant as follows.
o (T}) has exactly four distinct constant principal curvatures

a = 2coth(2r), g =coth(r), Ay =tanh(r), Ay =0,
and the corresponding principal curvature spaces are
T, =span{¢}, Tp = span{&2, &3}, T, = E_1, Ty, = E41.

The principal curvature spaces Ty, and Ty, are complex (with respect
to J) and totally complex (with respect to J).
o (H*) has exactly three distinct constant principal curvatures

a=2, =1, A=0
with corresponding principal curvature spaces

T, = span{{}, T = span{&s, &3} © By, Th = E;.
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Here, E41 and E_; are the eigenbundles of ¢p1|g with respect to
the eigenvalues +1 and —1, respectively.
(e) The Reeb flow of M4 is isometric.

From (a) and (b) of Proposition A, we see that the model space M, is Hopf
with € € @+. So, in the remaining part of this section, by using Proposition A
let us check if the structure Jacobi operator R¢ on a real hypersurface M4 of
type (T4) (or (H*%), resp.) satisfies the condition of generalized Killing. In
order to do this, we assume that the structure Jacobi operator R¢ of My is
generalized Killing. Then, (4.5) becomes

0=g(pAX,Y){ +n(Y)pAX
+20(VxA)Y —2an((VxA)Y)E — 2a9(AY, pAX)E
—20°n(Y)pAX + g(pAY, X)E 4+ n(X)pAY
+2a(VyA)X —2an((Vy A)X)E — 2ag(AX, pAY)E
—20%(X)pAY —n(Y)ApX — n(X)ApY
+ 2a(VxA) —an(X)eY — ag(¢X,Y)E — 2an(Y)pX

+ Z ¢VAX Y - 277(Y)77V(¢AX)5V

(5'11) +771/( )¢VAX +3g(¢VAX7 ¢Y)¢u§
+3n(Y ), (AX)$,€ + 31, (6Y ) pAX

= 3am, (6Y )n(X)&y + 20, (9AX) 6, 0Y |
3

+ 3 [9(6AY, X)E, — 20(X ), (SAY)E,

v=1

+ 1, (X) ¢ AY + 39(d, AY, 0 X )9,
+ 3n(X)nu (AY ) p,.€ + 30, (¢ X)) pAY
— 3an, (¢X)n(Y )&, + 21, (pAY ), 0 X |

+ 37 [= (V) Ady X +2n(X)n, (V) AdE,

=N (X)Ad,Y + 30, (6Y)Ad, 9 X
- 377(X)77V(¢Y)A§V + 377u(¢X)A¢¢uY

- 30577V(¢X)77V(Y)§ - 29(¢V¢X7 Y)A¢§V]
3

+a Z [ (X)) Y — g(¢ X, Y)E — 20, (V) X

v=1
+ 10 (0X)00Y + 9(¢0 0 X, Y)$E,
- 77(X)77u (Y)Qbfu - nu((va)nu (Y)f] )
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where we have used that the structure vector field £ of M4 belongs to the
distribution @+ and (VxA)¢ = apAX — ApAX for any tangent vector field X
on M. Since the tangent bundle TM4 of My is given by TM4 =T, © 15 ®
E_1 ® E4q, let us consider the case Y = {(= &) € T,. Then (5.11) can be
rewritten as

0 =20AX +20(VeA)X — 249X + 202pAX — 20ApAX

(5.12)
= 200X + damp (X)&3 — dans (X)&o.

In addition, by the equation of Codazzi (5.12) gives
0= (2+2a%)pAX — (2 +22°)ApX

5.13
(5.13) 06X + by X + 2am(X)és — 2ams(X)

for any tangent vector field X on T'M 4.
Putting X = & € Tp in (5.13) gives

Bearing in mind Proposition A, in the case of (7) (resp., (H%)), we have oo =
2 coth(2r) (resp., a = 2). In both cases, we know that the Reeb function « is
non-vanishing. From this fact, (5.14) gives &5 = 0, which gives a contradiction.

Summing up these observations, we assert that the structure Jacobi operator
R¢ of real hypersurfaces My of two kinds of model spaces (7;) and (H%) in
SUsz.m /S (Us - Up,) does not satisfy the property of generalized Killing.

6. The Reeb vector field £ € Q

Let M be a Hopf real hypersurface in complex hyperbolic two-plane Grass-
mannians SUs ,,, /S (Uz-Upy,) with generalized Killing structure Jacobi operator.
Then, by virtue of Lemma 4.1 and the facts in Section 5, we know that the
Reeb vector field £ belongs to the maximal quaternionic subbundle Q of the
tangent bundle TM on M. So, in this section let us consider £ € Q (i.e.,
JN L JN). In [27], Suh gave a complete classification of Hopf real hypersur-
faces in SUs 1, /S(Uz - Up,) satisfying € € Q as follows.

Theorem C. Let M be a Hopf hypersurface in complex hyperbolic two-plane
Grassmannian SUs y, /S(Uz-Up,), m > 3, with the Reeb vector field belonging to
the mazimal quaternionic subbundle Q. Then one of the following statements
holds

(T5) M is an open part of a tube around a totally geodesic HH™ in
SUQ’Qn/S(UQUQn), m = QTL,
(Hy) M is an open part of a horosphere in SUs 1, /S(UsU,,) whose center at
infinity is singular and of type JN L JN, or
(€) The normal bundle vM of M consists of singular tangent vectors of
type JX 1 JX.
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Then by the assumption of the generalized Killing structure Jacobi operator
in our Main Theorem, a Hopf hypersurface M in SUs ,,/S(Us - Up,) is locally
congruent to an open part of one of the model spaces mentioned in Theorem C.
Hereafter, unless otherwise stated, such model spaces of type of (77), (H%) and
(&) in SUz 1, /S(Us - Uy,) are denoted by Mp.

Moreover, Berndt and Suh [3] gave some geometric properties for the model
space Mp as follows.

Proposition B. Let Mp be a real hypersurface of type (T5) (resp. (Hy) or
(€)) in SUz,m/S(U2Up,), m > 3. Then one of the following statements holds:

Mp is Hopf.
The maximal complex subbundle C of TMp and the mazimal quater-
nionic subbundle Q of T Mp are both invariant under the shape operator
A Of MB .
The normal vector filed N of Mg is singular. In particular, it satisfies
JN L JN.
Mp has distinct principal curvatures as follows.

o (T3) has five (four for r = v/2tanh ™" (1/4/3) in which case a = \y)

distinct constant principal curvatures

a= \/itanh(\/ﬁr), 5 = \/iCOth(\/ir), v = 07
A= ﬁtanh(\ﬁr), Ao = \—@ coth(ﬁr),

and the corresponding principal curvature spaces are

Ta = Spa’n{g}v Tﬂ = Span{£17 627 £3}7
T, = span{¢&1, ¢Sz, pE3}-
The principal curvature spaces Tx, and T, are invariant under J
and are mapped onto each other by J. In particular, the quater-
nionic dimension of SUs p,/S(U2U,,) must be even.
(H3) has exactly three distinct constant principal curvatures
1
V2
with corresponding principal curvature spaces

Ta = Span{gv §17 521 53}7 T’y = Span{QSglv ¢£27 ¢£3}1
Thn=CNnanJa.

a:/@:\/ﬁ, 7:07 >\:

(&) has at least four distinct principal curvatures, three of which
are given by

1

a=f=v2 7=0 A=
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with corresponding principal curvature spaces

Ta - Span{§7 gla 627 53}7 T’y = Span{¢€l) ¢§27 ¢£3}7
TnCcCnNn@nJa.

If p is another (possibly nonconstant) principal curvature func-
tion, then JT,, C T\ and 3T, C Tx. Thus, the corresponding
multiplicities are

From Proposition B, we see that the model space Mp is a Hopf real hyper-
surface with € € Q in SUs,,,/S(Us - Uy,). Finally, let us check whether the
structure Jacobi operator Re of Mp satisfies (1.3).

In order to check this problem, we suppose that the structure Jacobi opera-
tor Re of Mp is generalized Killing. Since { € Q, the equation (4.5) is written
as

0= g(pAX,Y)¢ +n(Y)HAX
- 20((Vx A))AY +2a(Vx A)Y — 2an((Tx A)Y )¢
—2ag(AY, pAX)E —2an(Y)(Vx A)E — 2an(Y)ApAX
+ 9(¢AY, X)€ + n(X)pAY + 2n((Vy A)AX +2a(Vy A)X
— 2an((Vy A)X)E — 20ag(AX, AV )& — 201(X)(Vy A)E
—2an(X)APAY — n(Y)ApX — n(X)AeY
+2a(VxA)Y —an(X)eY —ag(¢X,Y)E — 2an(Y)pX

+ 2a77( JAPAX + 2an(X)ApAY

+ Z ¢VAX Y - QW(Y)UV(QSAX)EV + nu(Y)¢VAX

(6.1) +39(0v AX, 9Y) & + 3n(Y )1 (AX) 9§ + 3 (Y )9y 9AX
— 3an, (Y )n(X)& + 21, (9AX)d, ¢Y |

3
+Y [9(enAY, X)&, — 20(X)n, (BAY )&, + 1, (X)) AY

v=1

+39(0 AY, 6 X) & + 3n(X)n, (AY ) pu€ + 3, (0 X ) ¢, 9 AY
= 3an, (6 X)n(Y)& + 21, (9AY ) 4, ¢ X |

+ 30, (Y ) Adyd X — 30(X)n, (Y ) ALy, + 31, (¢ X ) Agp, Y
- 3anu(¢X)77u (Y)f - 29(¢V¢X7 Y)A¢£V]
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+a Z [ - ﬁu(X)%Y - g(¢uXa Y)fl, - 277V(Y)¢VX + nu(¢X)¢¢uY

+ g(udX, Y ), — n(X)nu (V)& — 0 (0 X)m, (Y)E]

for any tangent vector fields X and Y on T'Mp.
Putting Y = ¢ € T, into (6.1), we have

0= ¢>AX +20(VeA)X — AdX + 20(Vx A)E — 200X

+Z (6w AX,€)&) — 20, (PAX)E, + 3, (AX) €

(6.2) + (9 AL, X)E + mu(X)du AS + 39(9u AL, 9 X)h€
= 3an, (6 X)& — m (X)Ad,& + 3, (9 X) Add, €
—29(¢u 9 X, ) APS, — any, (X)du€ — ag(pu X, §)E,
+ an, (0 X)pg, € + ag(p, X, €)¢,E].

Using A¢¢, = 0 and AE, = 3¢, together with ¢¢,& = ¢, = —&, +n(£,)€ =
—&,, then (6.2) becomes

0=¢AX + 2a(V§A)X — ApX + QQ(VXA)E — 200X

(63 + (20 +30) Znu )& — 3(2a + B) Zm $X)¢

On the other hand, from the Codazzi equation and our assumption of Mp
being Hopf, we get

3

20[(V§A) = QOL(VXA)f - Oé@bX +a Z {nu ¢V§ 3771/(¢X)£V}

v=1
(6.4) = 2a2¢AX — 20 ApAX — apX

+aZ{nu )€ — 3, (0 X)E, .

Merging (6.3) and (6.4), we have
0=¢pAX — A¢X 300X + 402 pAX — 4aA¢>AX

6.5
( ) OZ-I-B an/ (bug 330l+ﬂ Znu ¢X

v=1

for any tangent vector field X on TMp.
If we put X =& € T in (6.5) and take the inner product with ¢;£, then
we have

(6.6) 46(1+a?) = 0.
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On the other hand, putting X = ¢1£ € T, in (6.5) yields

B&1 +3aéy — 3(3a + B)&1 =0,

where we have used A¢ & = 0 and ¢2&, = —¢&;. Since & is unit, this implies
B = —3a. Substituting this fact into (6.6) gives

—12a(1 + a?) = 0.

Since the Reeb function a of Mp is non-vanishing, it makes a contradiction.
In fact, the Reeb function « of Mp is given by

V2tanh(v/2r) on (T3),
a={ V2 on (H3),
v on (),

respectively.

From these facts, we conclude that real hypersurfaces Mp of types (753),
(Hpx) or (£) cannot satisfy the condition of generalized Killing structure Ja-
cobi. Therefore we obtain a non-existence theorem for the case £ € Q.

Summing up Lemma 4.1 and all the facts in Sections 5 and 6, we can assert

a non-existence result in our Main Theorem.

(1]
2]

3]
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