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Abstract. In this work, the three-step intermixed iteration for two finite families of non-

linear mappings is introduced. We prove a strong convergence theorem for approximating

a common fixed point of a strict pseudo-contraction and strictly pseudononspreading map-

ping in a Hilbert space. Some additional results are obtained. Finally, a numerical example

in a space of real numbers is also given and illustrated.

1. Introduction

Let C be a nonempty closed convex subset of a real Hilbert space H. The fixed
point problem for the mapping T : C → C is to find x ∈ C such that

x = Tx.

We denote the fixed point set of a mapping T by Fix(T ).

Definition 1.1. Let T : C → C be a mapping. Then

(i) a mapping T is called nonexpansive if

‖Tx− Ty‖ ≤ ‖x− y‖ ,∀x, y ∈ C;
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(ii) T is said to be κ-strictly pseudo-contractive if there exists a constant κ ∈ [0, 1)
such that

‖Tx− Ty‖2 ≤ ‖x− y‖2 + κ ‖(I − T )x− (I − T )y‖2 ,∀x, y ∈ C.

Note that the class of κ-strict pseudo-contractions strictly includes the class
of nonexpansive mappings, that is, a nonexpansive mapping is a 0-strictly pseudo-
contractive mapping.

In 2008, Kohsaka and Takahashi [6] introduced a nonspreading mapping T in
Hilbert space H as follows:

(1.1) 2‖Tx− Ty‖2 ≤ ‖Tx− y‖2 + ‖x− Ty‖2,∀x, y ∈ C.

In 2009, it is shown by Iemoto and Takahashi [2] that (1.1) is equivalent to the
following equation.

‖Tx− Ty‖2 ≤ ‖x− y‖2 + 2〈x− Tx, y − Ty〉, for all x, y ∈ C.

Later, in 2011, Osilike and Isiogugu [13] proposed a κ-strictly pseudononspread-
ing mapping, that is, a mapping T : C → C is said to be a κ-strictly pseudonon-
spreading mapping if there exists κ ∈ [0, 1) such that

‖Tx−Ty‖2 ≤ ‖x−y‖2+κ‖(I−T )x−(I−T )y‖2+2〈x−Tx, y−Ty〉, for all x, y ∈ C.

Obviously, every nonspreading mapping is a κ-strictly pseudononspreading map-
ping, that is, a nonspreading mapping is a 0-stricly pseudononspreading mapping.

Many mathematicians tried to proposed iterative algorithms and proved the
strong convergence theorems for a nonspreading mapping and a strictly pseudonon-
spreading mapping in Hilbert space to find their fixed points, see, for instance,
[7, 13, 8, 1].

Over the past decades, many others have constructed various types of iterative
methods to approximate fixed points. The first one is the Mann iteration introduced
by Mann [9] in 1953 and is defined as follows:

(1.2)

{
x0 ∈ H arbitrary chosen,

xn+1 = (1− αn)xn + αnTxn,∀n ≥ 0,

where C is a nonempty closed convex subset of a normed space, T : C → C is a
mapping and the sequence {αn} is in the interval (0,1). But this algorithm has only
weak convergence. Thus, many mathematicians have been trying to modify Mann’s
iteration (1.2) and construct new iterative method to obtain the strong convergence
theorem.

By modification of Mann’s iteration (1.2), the next iteration process is referred
to as Ishikawa’s iteration process [3] which is defined recursively as follows:

(1.3)


x0 ∈ H arbitrary chosen,

yn = βnxn + (1− βn)Txn,

xn+1 = αnxn + (1− αn)Tyn,∀n ≥ 0,
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where {αn} and {βn} are real sequences in [0, 1]. He also obtain the strong conver-
gence theorem for the iterative method (1.3) converging to a fixed point of mapping
T . Observe that if βn = 1, then the Ishikawa’s iteration (1.3) reduces to the Mann’s
iteration (1.2).

In 2000, Moudafi [11] introduced the viscosity approximation method for non-
expansive mapping S as follows:
Let C be a closed convex subset of a real Hilbert space H and let S : C → C be a
nonexpansive mapping such that Fix(S) is nonempty. Let f : C → C be a contrac-
tion, that is, there exists α ∈ (0, 1) such that ‖fx− fy‖ ≤ α ‖x− y‖ ,∀x, y ∈ C,
and let {xn} be a sequence defined by

(1.4)

{
x1 ∈ C arbitrary chosen,

xn+1 = 1
1+εn

Sxn + εn
1+εn

f (xn) ,∀n ∈ N,

where {εn} ⊂ (0, 1) satisfies certain conditions. Then the sequence {xn} converges
strongly to z ∈ Fix(S), where z = PFix(S)f(z) and PFix(S) is the metric projection
of H onto Fix(S).

In 2006, using the concept of the viscosity approximation method (1.4), Marino
and Xu [10] introduced the general iterative method and obtained the strong con-
vergence theorem. Let T : H → H be a nonexpansive mapping with Fix(T ) 6= ∅.
Let f : H → H be a contractive mapping on H and let {xn} be generated by

(1.5)

{
x0 ∈ H arbitrary chosen,

xn+1 = (I − αnA)Txn + αnγf (xn) , n ≥ 0,

where {αn} is a sequence in (0, 1) satisfying the appropriate conditions. Then {xn}
converges strongly to a fixed point x̃ of T which solves the variational inequality:

〈(A− γf)x̃, x̃− z〉 ≤ 0, z ∈ Fix(T ).

In 2015, Yao et al. [18] proposed the intermixed algorithm for two strict pseu-
docontractions S and T as follows:

Algorithm 1.2. For arbitrarily given x0 ∈ C, y0 ∈ C, let the sequences {xn} and
{yn} be generated iteratively by

xn+1 = (1− βn)xn + βnPC [αnf (yn) + (1− k − αn)xn + kTxn] , n ≥ 0,

yn+1 = (1− βn) yn + βnPC [αng (xn) + (1− k − αn) yn + kSyn] , n ≥ 0,(1.6)

where T : C → C is a λ-strict pseudo-contraction, f : C → H is a ρ1-contraction
and g : C → H is a ρ2-contraction, k ∈ (0, 1− λ) is a constant and {αn}, {βn} are
two real number sequences in (0, 1).

Furthermore, under some control conditions, they proved that the iterative
sequences {xn} and {yn} defined by (1.6) converges independently to PFix(T )f (y∗)
and PFix(S)g (x∗), respectively, where x∗ ∈ Fix(T ) and y∗ ∈ Fix(S).
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Motivated by Yao et al. [18], in 2018, Suwannaut [15] introduce the S-intermixed
iteration for two finite families of nonlinear mappings without considering the con-
stant k as in the following algorithm:

Algorithm 1.3. Starting with x1, y1, z1 ∈ C, let the sequences {xn}, {yn} and
{zn} be defined by

xn+1 = (1− βn)xn + βn (αnf1 (yn) + (1− αn)Sxn) ,

yn+1 = (1− βn) yn + βn (αnf2 (xn) + (1− αn)Tyn) , n ≥ 1,(1.7)

where S, T : C → C, is a nonlinear mapping with Fix(S) ∩ Fix (T ) 6= ∅, fi : C →
C is a contractive mapping with coefficients αi; i = 1, 2 and {βn},{αn} are real
sequences in (0, 1), ∀n ≥ 1.

Under appropriate conditions, they prove a strong convergence theorem for
finding a common solution of two finite families of equilibrium problems.

Inspired by the previous work, we introduce the new iterative method called the
three-step intermixed iteration for two finite families of nonlinear mappings as the
following algorithm:

Algorithm 1.4. Starting with x1, y1, z1 ∈ C, let the sequences {xn}, {yn} and
{zn} be defined by

xn+1 = δnxn + ηnS1xn + µnPC [αnγ1f1(yn) + (I − αnA1)T1xn] ,

yn+1 = δnyn + ηnS2yn + µnPC [αnγ2f2(zn) + (I − αnA2)T2yn] ,

zn+1 = δnzn + ηnS3zn + µnPC [αnγ3f3(xn) + (I − αnA3)T3zn] , n ≥ 1,(1.8)

where Si, Ti : C → C, where i = 1, 2, 3, is nonlinear mappings with Fix(Si) ∩
Fix (Ti) 6= ∅,∀i = 1, 2, 3, fi is a contractive mapping with coefficients ξi, Ai : C → C
is a strongly positive linear bounded operator with coefficient βi > 0 and 0 < γ < β

ξ ,

where γ = maxi∈{1,2,3} γi, ξ = maxi∈{1,2,3} ξi and β = mini∈{1,2,3} βi, {δn}, {ηn},
{µn} and {αn} are real sequences in (0, 1) and δn + ηn + µn = 1,∀n ≥ 1.

Remark 1.5. From Algorithm 1.2 and 1.4, we observe that Algorithm 1.4 can be
seen as a modification and extension of Algorithm 1.2 in senses that we choose to
consider the three-step intermixed algorithm for approximating fixed points of two
finite families of nonlinear mappings and we study the general iterative method
without a constant k.

Remark 1.6. If we take Si ≡ I, γi = 1 and Ai ≡ I for i = 1, 2, 3, then the iterative
method (1.8) reduces to

xn+1 = (1− µn)xn + µn [αnf1(yn) + (1− αn)T1xn] ,

yn+1 = (1− µn) yn + µn [αnf2(zn) + (1− αn)T2yn] ,

zn+1 = (1− µn) zn + µn [αnf3(xn) + (1− αn)T3zn] .(1.9)

The iteration (1.9) is a modification and improvement of iteration (1.7) in sense
that it extends to three-step iteration for three nonlinear mappings.
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Inspired by the previous research, we introduce the three-steps intermixed itera-
tion for two finite families of nonlinear mappings. Under appropriate conditions, we
prove a strong convergence theorem for finding a common fixed point of a strictly
pseudo-contractive mapping and a strictly pseudononspreading mapping. Finally,
we give a numerical example for the main theorem in a space of real numbers.

2. Preliminaries

We denote weak convergence and strong convergence by notations 88 ⇀′′ and
88 →′′, respectively. For every x ∈ H, there is a unique nearest point PCx in C such
that

‖x− PCx‖ ≤ ‖x− y‖,∀y ∈ C.

Such an operator PC is called the metric projection of H onto C.
We now recall the following definition and well-known lemmas.

Lemma 2.1. ([16]) For a given z ∈ H and u ∈ C,

u = PCz ⇔ 〈u− z, v − u〉 ≥ 0,∀v ∈ C.

Furthermore, PC is a firmly nonexpansive mapping of H onto C and satisfies

‖PCx− PCy‖2 ≤ 〈PCx− PCy, x− y〉 ,∀x, y ∈ H.

Lemma 2.2. ([12]) Each Hilbert space H satisfies Opial’s condition, i.e., for any
sequence {xn} ⊂ H with xn ⇀ x, the inequality

lim inf
n→∞

‖xn − x‖ < lim inf
n→∞

‖xn − y‖

holds for every y ∈ H with y 6= x.

Lemma 2.3. ([13]) Let H be a real Hilbert space. Then the following results hold:

(i) For all x, y ∈ H and α ∈ [0, 1],

‖αx+ (1− α)y‖2 = α ‖x‖2 + (1− α) ‖y‖2 − α(1− α) ‖x− y‖2 ,

(ii) ‖x+ y‖2 ≤ ‖x‖2 + 2〈y, x+ y〉, for each x, y ∈ H.

Lemma 2.4. ([17]) Let {sn} be a sequence of nonnegative real numbers satisfying

sn+1 ≤ (1− αn)sn + δn,∀n ≥ 0,

where αn is a sequence in (0, 1) and {δn} is a sequence such that

(1)

∞∑
n=1

αn =∞,
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(2) lim sup
n→∞

δn
αn
≤ 0 or

∞∑
n=1

|δn| <∞.

Then, lim
n→∞

sn = 0.

Lemma 2.5. ([10]) Assume A is a strongly positive linear bounded operator on a
Hilbert space H with coefficient β > 0 and 0 < δ < ‖A‖−1. Then ‖I−δA‖ ≤ 1−δβ.

Lemma 2.6. ([4, 14]) Let C be a nonempty closed convex subset of a real Hilbert
space H and let T : C → C be a κ-strictly pseudo-contractive mapping with
Fix(T ) 6= ∅. Then, we there hold the following statement:

(i) Fix(T ) = V I(C, I − T );

(ii) For every u ∈ C and v ∈ Fix(T ),

‖PC(I −λ(I −T ))u− v‖ ≤ ‖u− v‖, for u ∈ C, v ∈ Fix(T ) and λ ∈ (0, 1−κ).

By applying Remark 2.10 in [5], we easily obtain the following result:

Lemma 2.7. Let S : C → C be a κ-strictly pseudo nonspreading mapping with
Fix(S) 6= ∅. Define T : C → C by Tx := (1 − λ)x + λSx, where λ ∈ (0, 1 − κ).
Then there hold the following statement:

(i) Fix(S) = Fix(T )

(ii) T is a quasi-nonexpansive mapping, that is,

‖Tx− y‖ ≤ ‖x− y‖, for every x ∈ C and y ∈ Fix(S).

Proof. It is clear to prove that (i) holds.
(ii) Let x ∈ H and y ∈ Fix(S). Then we derive

‖Tx− y‖2 =‖(1− λ)(x− y) + λ(Sx− y)‖2

=(1− λ)‖x− y‖2 + λ‖Sx− y‖2 − λ(1− λ)‖Sx− x‖2

≤(1− λ)‖x− y‖2 + λ
(
‖x− y‖2 + κ‖x− Sx‖2

)
− λ(1− λ)‖Sx− x‖2

=‖x− y‖2 + κλ‖x− Sx‖2 − λ(1− λ)‖Sx− x‖2

=‖x− y‖2 − λ((1− κ)− λ)‖x− Sx‖2

≤‖x− y‖2.

This implies that T is a quasi-nonexpansive mapping.
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3. Strong Convergence Theorem

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H.
For i = 1, 2, 3, let fi : C → C be a contractive mappings with a coefficient ξi and ξ =
maxi∈{1,2,3} ξi, let Si : C → C be a κi-strictly pseudo-contractive mapping and Wi :
C → C be ρi-strictly pseudo-nonspreading mapping with Ωi = Fix(Si)∩Fix(Wi) 6=
∅. For each i = 1, 2, 3, define a mapping T in : C → C by T inx = (1− ωn)x+ωnWix,
for all x ∈ C, and let Ai : C → C be a strongly positive linear bounded operator
with a coefficient βi > 0 and 0 < γ < β

ξ , where γ = maxi∈{1,2,3,} γi and β =

mini∈{1,2,3} βi. Let {xn}, {yn} and {zn} be sequences generated by x1, y1, z1 ∈ C
and 

xn+1 = δnxn + ηnPC (I − λn (I − S1))xn

+µnPC
[
αnγ1f1(yn) + (I − αnA1)T 1

nxn
]
,

yn+1 = δnyn + ηnPC (I − λn (I − S2)) yn

+µnPC
[
αnγ2f2(zn) + (I − αnA2)T 2

nyn
]
,

zn+1 = δnzn + ηnPC (I − λn (I − S3)) zn

+µnPC
[
αnγ3f3(xn) + (I − αnA3)T 3

nzn
]
,

for n ≥ 1, where {αn}, {δn}, {ηn}, {µn} ⊂ (0, 1), {λn} ⊂ (0, 1 − κ), κ =
mini∈{1,2,3}, {ωn} ⊂ (0, 1 − ρ), where ρ = mini∈{1,2,3} and δn + µn + ηn = 1
satisfying the following conditions:

(i) lim
n→∞

αn = 0 and

∞∑
n=1

αn =∞;

(ii) 0 < τ ≤ δn, ηn, µn,≤ υ < 1, for some τ, υ > 0;

(iii)

∞∑
n=1

λn <∞,

∞∑
n=1

ωn <∞;

(iv)

∞∑
n=1

|αn+1 − αn| <∞,

∞∑
n=1

|δn+1 − δn| <∞,

∞∑
n=1

|µn+1 − µn| <∞,

∞∑
n=1

|ηn+1 − ηn| <∞,

∞∑
n=1

|λn+1 − λn| <∞,

∞∑
n=1

|ωn+1 − ωn| <∞.

Then the sequences {xn}, {yn} and {zn} converge strongly to x̃ = PΩ1
((I −A1)x̃+ γf1 (ỹ)),

ỹ = PΩ2
((I −A2)ỹ + γf2 (z̃)) and z̃ = PΩ3

((I −A3)z̃ + γf3 (x̃)), respectively.

Proof. The proof of this theorem will be divided into five steps.

Step 1. We show that {xn} is bounded.
Since αn → 0 as n→∞, without loss of generality, we may assume that αn <

1
‖Ai‖ ,

for all i = 1, 2, 3 and n ∈ N.
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Let x∗ ∈ Ω1, y∗ ∈ Ω2, z∗ ∈ Ω3, β = mini∈{1,2,3} βi, ξ = maxi∈{1,2,3} ξi and
γ = maxi∈{1,2,3} γi. Then we have

‖xn+1 − x∗‖

≤
∥∥∥δn (xn − x∗) + ηn (PC (I − λn (I − S1))xn − x∗)

+ µn
(
PC
[
αnγ1f1(yn) + (I − αnA1)T 1

nxn
]
− x∗

) ∥∥∥
≤δn ‖xn − x∗‖+ ηn ‖PC (I − λn (I − S1))xn − x∗‖

+ µn
∥∥PC [αnγ1f1(yn) + (I − αnA1)T 1

nxn
]
− x∗

∥∥
≤ (1− µn) ‖xn − x∗‖+ µn

[
αn ‖γ1f1 (yn)−A1x

∗‖+ ‖I − αnA1‖
∥∥T 1

nxn − x∗
∥∥]

≤ (1− µn) ‖xn − x∗‖
+ µn [αnγ1ξ1 ‖yn − y∗‖+ αn ‖γ1f1 (y∗)−A1x

∗‖+ (1− αnβ) ‖xn − x∗‖]

≤ (1− µnαnβ) ‖xn − x∗‖+ µnαnγξ ‖yn − y∗‖+ µnαn ‖γ1f1 (y∗)−A1x
∗‖ .

(3.1)

Similarly, we get

‖yn+1 − y∗‖
≤ (1− µnαnβ) ‖yn − y∗‖+ µnαnγξ ‖zn − z∗‖+ µnαn ‖γ2f2 (z∗)−A2y

∗‖(3.2)

and

‖zn+1 − z∗‖
≤ (1− µnαnβ) ‖zn − z∗‖+ µnαnγξ ‖xn − x∗‖+ µnαn ‖γ3f3 (x∗)−A3z

∗‖ .(3.3)

Combining (3.1), (3.2) and (3.3), we have

‖xn+1 − x∗‖+ ‖yn+1 − y∗‖+ ‖zn+1 − z∗‖
≤ (1− µnαn (β − γξ)) (‖xn − x∗‖+ ‖yn − y∗‖+ ‖zn − z∗‖)

+ µnαn (‖γ1f1 (y∗)−A1x
∗‖+ ‖γ2f2 (z∗)−A2y

∗‖+ ‖γ3f3 (x∗)−A3z
∗‖) .

By induction, we can derive that

‖xn − x∗‖+ ‖yn − y∗‖+ ‖zn − z∗‖

≤max
{
‖x1 − x∗‖+ ‖y1 − y∗‖+ ‖z1 − z∗‖ ,

‖γ1f1 (y∗)−A1x
∗‖+ ‖γ2f2 (z∗)−A2y

∗‖+ ‖γ3f3 (x∗)−A3z
∗‖

β − γξ

}
,

for every n ∈ N. This implies that {xn} , {yn} and {zn} are bounded.

Step 2. Claim that limn→∞ ‖xn+1 − xn‖ = 0.
First, we let

un = PC
[
αnγ1f1(yn) + (I − αnA1)T 1

nxn
]
,
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vn = PC
[
αnγ2f2(zn) + (I − αnA2)T 2

nyn
]

and

wn = PC
[
αnγ3f3(xn) + (I − αnA3)T 3

nzn
]
.

Then, observe that

‖un − un−1‖
= ‖ PC

[
αnγ1f1 (yn) + (I − αnA1)T 1

nxn
]

− PC
[
αn−1γ1f1 (yn−1) + (I − αn−1A1)T 1

n−1xn−1

]
‖

≤αnγ1 ‖f1 (yn)− f1 (yn−1)‖+ γ1 |αn − αn−1| ‖f1 (yn−1)‖
+ ‖I − αnA1‖

∥∥T 1
nxn − T 1

n−1xn−1

∥∥
+
∥∥(I − αnA1)T 1

n−1xn−1 − (I − αn−1A1)T 1
n−1xn−1

∥∥
≤αnγ1ξ1 ‖yn − yn−1‖+ γ1 |αn − αn−1| ‖f1 (yn−1)‖

+ (1− αnβ1)
(

(1− ωn) ‖xn − xn−1‖

+ |ωn − ωn−1| ‖xn−1‖+ ωn ‖W1xn −W1xn−1‖+ |ωn − ωn−1| ‖W1xn−1‖
)

+ |αn − αn−1|
∥∥A1T

1
nxn−1

∥∥
≤αnγξ ‖yn − yn−1‖+ |αn − αn−1|

(
γ ‖f1 (yn−1)‖+

∥∥A1T
1
nxn−1

∥∥)
+ (1− αnβ)

(
(1− ωn) ‖xn − xn−1‖+ |ωn − ωn−1| (‖xn−1‖+ ‖W1xn−1‖)

+ ωn ‖W1xn −W1xn−1‖
)
.(3.4)

By the definition of xn, we obtain

‖xn+1 − xn‖
≤δn ‖xn − xn−1‖+ |δn − δn−1| ‖xn−1‖

+ ηn ‖PC (I − λn(I − S1))xn − PC (I − λn−1(I − S1))xn−1‖
+ |ηn − ηn−1| ‖PC (I − λn−1(I − S1))xn−1‖+ µn ‖un − un−1‖
+ |µn − µn−1| ‖un−1‖

≤δn ‖xn − xn−1‖+ |δn − δn−1| ‖xn−1‖+ ηn ‖xn − xn−1‖
+ ηn ‖λn(I − S1)xn − λn−1(I − S1)xn−1‖
+ |ηn − ηn−1| ‖PC (I − λn−1(I − S1))xn−1‖

+ µn

[
αnγξ ‖yn − yn−1‖+ |αn − αn−1|

(
γ ‖f1 (yn−1)‖+

∥∥A1T
1
nxn−1

∥∥)
+ (1− αnβ)

(
(1− ωn) ‖xn − xn−1‖+ |ωn − ωn−1| (‖xn−1‖+ ‖W1xn−1‖)

+ ωn ‖W1xn −W1xn−1‖
)]

+ |µn − µn−1| ‖un−1‖
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≤ (1− µn) ‖xn − xn−1‖+ |δn − δn−1| ‖xn−1‖
+ ηnλn ‖(I − S1)xn − (I − S1)xn−1‖
+ ηn |λn − λn−1| ‖(I − S1)xn−1‖
+ |ηn − ηn−1| ‖PC (I − λn−1(I − S1))xn−1‖
+ µnαnγξ ‖yn − yn−1‖+ |αn − αn−1|

(
γ ‖f1 (yn−1)‖+

∥∥A1T
1
nxn−1

∥∥)
+ µn (1− αnβ) ‖xn − xn−1‖+ |ωn − ωn−1| (‖xn−1‖+ ‖W1xn−1‖)
+ ωn ‖W1xn −W1xn−1‖+ |µn − µn−1| ‖un−1‖

≤ (1− µnαnβ) ‖xn − xn−1‖+ µnαnγξ ‖yn − yn−1‖+ |δn − δn−1| ‖xn−1‖
+ λn ‖(I − S1)xn − (I − S1)xn−1‖+ |λn − λn−1| ‖(I − S1)xn−1‖
+ |ηn − ηn−1| ‖PC (I − λn−1(I − S1))xn−1‖
+ |αn − αn−1|

(
γ ‖f1 (yn−1)‖+

∥∥A1T
1
nxn−1

∥∥)
+ |ωn − ωn−1| (‖xn−1‖+ ‖W1xn−1‖) + ωn ‖W1xn −W1xn−1‖
+ |µn − µn−1| ‖un−1‖ .(3.5)

Using the same method as derived in (3.5), we have

‖yn+1 − yn‖
≤ (1− µnαnβ) ‖yn − yn−1‖+ µnαnγξ ‖zn − zn−1‖+ |δn − δn−1| ‖yn−1‖

+ λn ‖(I − S2)yn − (I − S2)yn−1‖+ |λn − λn−1| ‖(I − S2)yn−1‖
+ |ηn − ηn−1| ‖PC (I − λn−1(I − S2)) yn−1‖
+ |αn − αn−1|

(
γ ‖f2 (zn−1)‖+

∥∥A2T
2
nyn−1

∥∥)
+ |ωn − ωn−1| (‖yn−1‖+ ‖W2yn−1‖) + ωn ‖W2yn −W2yn−1‖
+ |µn − µn−1| ‖vn−1‖(3.6)

and

‖zn+1 − zn‖
≤ (1− µnαnβ) ‖zn − zn−1‖+ µnαnγξ ‖xn − xn−1‖+ |δn − δn−1| ‖zn−1‖

+ λn ‖(I − S3)zn − (I − S3)zn−1‖+ |λn − λn−1| ‖(I − S3)zn−1‖
+ |ηn − ηn−1| ‖PC (I − λn−1(I − S3)) zn−1‖
+ |αn − αn−1|

(
γ ‖f3 (xn−1)‖+

∥∥A3T
3
nzn−1

∥∥)
+ |ωn − ωn−1| (‖zn−1‖+ ‖W3zn−1‖) + ωn ‖W3zn −W3zn−1‖
+ |µn − µn−1| ‖wn−1‖ .(3.7)
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From (3.5), (3.6) and (3.7), then we get

‖xn+1 − xn‖+ ‖yn+1 − yn‖+ ‖zn+1 − zn‖
≤ (1− µnαn (β − γξ)) [‖xn − xn−1‖+ ‖yn − yn−1‖+ ‖zn − zn−1‖]

+ |δn − δn−1| (‖xn−1‖+ ‖yn−1‖+ ‖zn−1‖) + λn

(
‖(I − S1)xn − (I − S1)xn−1‖

+ ‖(I − S2)yn − (I − S2)yn−1‖+ ‖(I − S3)zn − (I − S3)zn−1‖
)

+ |λn − λn−1| (‖(I − S1)xn−1‖+ ‖(I − S2)yn−1‖+ ‖(I − S3)zn−1‖)

+ |ηn − ηn−1|
(
‖PC (I − λn−1(I − S1))xn−1‖+ ‖PC (I − λn−1(I − S2)) yn−1‖

+ ‖PC (I − λn−1(I − S3)) zn−1‖
)

+ |αn − αn−1|
(
γ
(
‖f1 (xn−1)‖+ ‖f2 (yn−1)‖

+ ‖f3 (zn−1)‖
)

+
(∥∥A1T

1
nxn−1

∥∥+
∥∥A2T

2
nyn−1

∥∥+
∥∥A3T

3
nzn−1

∥∥) )
+ |ωn − ωn−1|

(
(‖xn−1‖+ ‖yn−1‖+ ‖zn−1‖)

+ (‖W1xn−1‖+ ‖W2yn−1‖+ ‖W3zn−1‖)
)

+ ωn (‖W1xn −W1xn−1‖+ ‖W2yn −W2yn−1‖+ ‖W3zn −W3zn−1‖)
+ |µn − µn−1| (‖un−1‖+ ‖vn−1‖+ ‖wn−1‖) .

Applying Lemma 2.4 and the condition(iii), (iv), we can conclude that

(3.8) ‖xn+1 − xn‖ → 0, ‖yn+1 − yn‖ → 0 and ‖zn+1 − zn‖ → 0 as n→∞.

Step 3. Prove that lim
n→∞

‖un − PC (I − λn(I − S1))un‖ = lim
n→∞

∥∥un − T 1
nun

∥∥ = 0.

To show this, take ũn = αnγ1f1(yn) + (I − αnA1)T 1
nxn. Then we derive that

‖xn+1 − x∗‖2

= ‖δn (xn − x∗) + ηn (PC (I − λn(I − S1))xn − x∗) + µn (un − x∗)‖2

≤δn ‖xn − x∗‖2 + ηn ‖PC (I − λn(I − S1))xn − x∗‖2 + µn ‖un − x∗‖2

− δnηn ‖xn − PC (I − λn(I − S1))xn‖2

≤ (1− µn) ‖xn − x∗‖2 + µn
∥∥αn (γ1f1 (yn)−A1T

1
nxn

)
+
(
T 1
nxn − x∗

)∥∥2

− δnηn ‖xn − PC (I − λn(I − S1))xn‖2

≤ (1− µn) ‖xn − x∗‖2

+ µn

[ ∥∥T 1
nxn − x∗

∥∥2
+ 2αn

〈
γ1f1 (yn)−A1T

1
nxn, ũn − x∗

〉 ]
− δnηn ‖xn − PC (I − λn(I − S1))xn‖2

≤‖xn − x∗‖2 + 2µnαn
∥∥γ1f1 (yn)−A1T

1
nxn

∥∥ ‖ũn − x∗‖
− δnηn ‖xn − PC (I − λn(I − S1))xn‖2 ,
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which implies that

δnηn ‖xn − PC (I − λn(I − S1))xn‖2

≤‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + 2µnαn
∥∥γ1f1 (yn)−A1T

1
nxn

∥∥ ‖ũn − x∗‖
≤‖xn − xn+1‖ (‖xn − x∗‖+ ‖xn+1 − x∗‖)

+ 2µnαn
∥∥γ1f1 (yn)−A1T

1
nxn

∥∥ ‖ũn − x∗‖ .
By (3.8), the condition (i) and (ii), thus we get

(3.9) ‖xn − PC (I − λn(I − S1))xn‖ → 0 as n→∞.

Observe that

xn+1 − xn = ηn (PC (I − λn(I − S1))xn − xn) + µn (un − xn) .

This follows that

µn ‖un − xn‖ ≤ ηn ‖PC (I − λn(I − S1))xn − xn‖+ ‖xn+1 − xn‖ .

From (3.8) and (3.9), we obtain

(3.10) ‖un − xn‖ → 0 as n→∞.

Observe that

‖un − PC (I − λn(I − S1))un‖
≤‖un − xn‖+ ‖xn − PC (I − λn(I − S1))xn‖

+ ‖PC (I − λn(I − S1))xn − PC (I − λn(I − S1))un‖
≤2 ‖un − xn‖+ ‖xn − PC (I − λn(I − S1))xn‖+ λn ‖(I − S1)xn − (I − S1)un‖ .

Hence, by (3.9), (3.10) and the condition (iii), we obtain

(3.11) ‖un − PC (I − λn(I − S1))un‖ → 0 as n→∞.

Applying the same argument as (3.11), we also obtain
(3.12)
‖vn − PC (I − λn(I − S2)) vn‖ → 0 and ‖wn − PC (I − λn(I − S3))wn‖ → 0 as n→∞.

Consider

‖xn+1 − un‖ ≤ ‖xn+1 − xn‖+ ‖xn − un‖ ,

by (3.8) and (3.10), we have

(3.13) ‖xn+1 − un‖ → 0 as n→∞.
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Since∥∥xn − T 1
nxn

∥∥ ≤ ‖xn − xn+1‖+ ‖xn+1 − un‖+
∥∥un − T 1

nxn
∥∥

≤ ‖xn − xn+1‖+ ‖xn+1 − un‖+
∥∥ũn − T 1

nxn
∥∥

= ‖xn − xn+1‖+ ‖xn+1 − un‖+ αn
∥∥γ1f1 (yn)−A1T

1
nxn

∥∥ ,
from (3.8), (3.13) and the condition (i), we get

(3.14)
∥∥xn − T 1

nxn
∥∥→ 0 as n→∞.

Consider∥∥un − T 1
nun

∥∥ ≤ ‖un − xn‖+
∥∥xn − T 1

nxn
∥∥+

∥∥T 1
nxn − T 1

nun
∥∥

≤ 2 ‖un − xn‖+
∥∥xn − T 1

nxn
∥∥+ ωn ‖W1xn −W1un‖ .

Therefore, by (3.10), (3.14) and the condition (iii), we have

(3.15)
∥∥un − T 1

nun
∥∥→ 0 as n→∞.

Applying the same method as (3.15), we also have

(3.16)
∥∥vn − T 2

nvn
∥∥→ 0 and

∥∥wn − T 3
nwn

∥∥→ 0 as n→∞.

Step 4. Claim that

lim sup
n→∞

〈γ1f1 (ỹ)−A1x̃, un − x̃〉 ≤ 0, where

x̃ = PΩ1
((I −A1)x̃+ γ1f1 (ỹ)) .

First, take a subsequence {unk
} of {un} such that

(3.17) lim sup
n→∞

〈γ1f1 (ỹ)−A1x̃, un − x̃〉 = lim
k→∞

〈γ1f1 (ỹ)−A1x̃, unk
− x̃〉 .

Since {xn} is bounded, then we can assume that xnk
⇀ x̂ as k →∞. From (3.10),

we obtain unk
⇀ x̂ as k →∞.

Next, assume x̂ /∈ Fix (S1). Since Fix (S1) = Fix (PC (I − λnk
(I − S1))), then we

get x̂ 6= PC (I − λnk
(I − S1)) x̂.

By nonexpansiveness of PC , (3.11), the condition (iii) and the Opial’s condition, we
obtain

lim inf
k→∞

‖unk
− x̂‖ < lim inf

k→∞
‖unk

− PC (I − λnk
(I − S1)) x̂‖

≤ lim inf
k→∞

[
‖unk

− PC (I − λnk
(I − S1))unk

‖

+ ‖PC (I − λnk
(I − S1))unk

− PC (I − λnk
(I − S1)) x̂‖

]
≤ lim inf

k→∞

[
‖unk

− PC (I − λnk
(I − S1))unk

‖+ ‖unk
− x̂‖

+ λnk
‖(I − S1)unk

− (I − S1)x̂‖
]

= lim inf
k→∞

‖unk
− x̂‖ .
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This is a contradiction. Therefore

(3.18) x̂ ∈ Fix (S1) .

Assume that x̂ /∈ Fix (W1). Because Fix (W1) = Fix
(
T 1
nk

)
, then we have x̂ 6=

T 1
nk
x̂.

From (3.15) and the Opial’s condition, we deduce that

lim inf
k→∞

‖unk
− x̂‖ < lim inf

k→∞

∥∥unk
− T 1

nk
x̂
∥∥

≤ lim inf
k→∞

[∥∥unk
− T 1

nk
unk

∥∥+
∥∥T 1

nk
unk
− T 1

nk
x̂
∥∥]

≤ lim inf
k→∞

[ ∥∥unk
− T 1

nk
unk

∥∥+ ‖unk
− x̂‖

+ ωnk
‖(I −W1)unk

− (I −W1) x̂‖
]

= lim inf
k→∞

‖unk
− x̂‖ .

This is a contradiction. Thus we obtain

(3.19) x̂ ∈ Fix (W1) .

By (3.18) and (3.19), this yields that

(3.20) x̂ ∈ Ω1 = Fix (S1) ∩ Fix (W1) .

Since xnk
⇀ x̂ as k →∞, (3.20) and Lemma 2.1, we can derive that

lim sup
n→∞

〈γ1f1 (ỹ)−A1x̃, un − x̃〉 = lim
k→∞

〈γ1f1 (ỹ)−A1x̃, unk
− x̃〉

= 〈γ1f1 (ỹ)−A1x̃, x̂− x̃〉
= 〈γ1f1 (ỹ)−A1x̃+ x̃− x̃, x̂− x̃〉
≤ 0.(3.21)

Following the same method as (3.21), we easily obtain that
(3.22)

lim sup
n→∞

〈γ2f2 (z̃)−A2ỹ, vn − ỹ〉 ≤ 0 and lim sup
n→∞

〈γ3f3 (x̃)−A3z̃, wn − z̃〉 ≤ 0.

Step 5. Finally, Prove that the sequence {xn}, {yn} and {zn} converge strongly
to x̃ = PΩ1

((I −A1)x̃+ γ1f1 (ỹ)), ỹ = PΩ2
((I −A2)ỹ + γ2f2 (z̃)) and z̃ =

PΩ3 ((I −A3)z̃ + γ3f3 (x̃)), respectively.
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By firmly-nonexpansiveness of PC , we derive that

‖un − x̃‖2 = ‖PC ũn − x̃‖2

≤〈ũn − x̃, un − x̃〉
=
〈
αn (γ1f1 (yn)−A1x̃) + (I − αnA1)

(
T 1
nxn − x̃

)
, un − x̃

〉
=αn 〈γ1f1 (yn)−A1x̃, un − x̃〉+

〈
(I − αnA1)

(
T 1
nxn − x̃

)
, un − x̃

〉
≤αnγ1 〈f1 (yn)− f1 (ỹ) , un − x̃〉+ αn 〈γ1f1 (ỹ)−A1x̃, un − x̃〉

+
∥∥(I − αnA1)

(
T 1
nxn − x̃

)∥∥ ‖un − x̃‖
≤αnγ1ξ1 ‖yn − ỹ‖ ‖un − x̃‖+ αn 〈γ1f1 (ỹ)−A1x̃, un − x̃〉

+ (1− αnβ1) ‖xn − x̃‖ ‖un − x̃‖

≤αnγξ
2

(
‖yn − ỹ‖2 + ‖un − x̃‖2

)
+ αn 〈γ1f1 (ỹ)−A1x̃, un − x̃〉

+
1− αnβ

2

(
‖xn − x̃‖2 + ‖un − x̃‖2

)
=
αnγξ

2
‖yn − ỹ‖2 +

1− αnβ
2

‖xn − x̃‖2 +
1− αn(β − γξ)

2
‖un − x̃‖2

+ αn 〈γ1f1 (ỹ)−A1x̃, un − x̃〉 ,

which yields that

‖un − x̃‖2 ≤
αnγξ

1 + αn(β − γξ)
‖yn − ỹ‖2 +

1− αnβ
1 + αn(β − γξ)

‖xn − x̃‖2

+
2αn

1 + αn(β − γξ)
〈γ1f1 (ỹ)−A1x̃, un − x̃〉 .(3.23)

From the definition of xn and (3.23), we get

‖xn+1 − x̃‖2

≤δn ‖xn − x̃‖2 + ηn ‖PC (I − λn(I − S1))xn − x̃‖2 + µn ‖un − x̃‖2

≤ (1− µn) ‖xn − x̃‖2 + µn

[ αnγξ

1 + αn(β − γξ)
‖yn − ỹ‖2 +

1− αnβ
1 + αn(β − γξ)

‖xn − x̃‖2

+
2αn

1 + αn(β − γξ)
〈γ1f1 (ỹ)−A1x̃, un − x̃〉

]
=

(
1− µn +

µn (1− αnβ)

1 + αn(β − γξ)

)
‖xn − x̃‖2 +

µnαnγξ

1 + αn(β − γξ)
‖yn − ỹ‖2

+
2µnαn

1 + αn(β − γξ)
〈γ1f1 (ỹ)−A1x̃, un − x̃〉
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=

(
1− µn (1 + αn(β − γξ))− µn (1− αnβ)

1 + αn(β − γξ)

)
‖xn − x̃‖2 +

µnαnγξ

1 + αn(β − γξ)
‖yn − ỹ‖2

=

(
1− µnαn(2β − γξ)

1 + αn(β − γξ)

)
‖xn − x̃‖2 +

µnαnγξ

1 + αn(β − γξ)
‖yn − ỹ‖2

+
2µnαn

1 + αn(β − γξ)
〈γ1f1 (ỹ)−A1x̃, un − x̃〉 .

(3.24)

Similarly, as derived above, we also have

‖yn+1 − ỹ‖2 ≤
(

1− µnαn(2β − γξ)
1 + αn(β − γξ)

)
‖yn − ỹ‖2 +

µnαnγξ

1 + αn(β − γξ)
‖zn − z̃‖2

+
2µnαn

1 + αn(β − γξ)
〈γ2f2 (z̃)−A2ỹ, vn − ỹ〉(3.25)

and

‖zn+1 − z̃‖2 ≤
(

1− µnαn(2β − γξ)
1 + αn(β − γξ)

)
‖zn − z̃‖2 +

µnαnγξ

1 + αn(β − γξ)
‖xn − x̃‖2

+
2µnαn

1 + αn(β − γξ)
〈γ3f3 (x̃)−A3z̃, wn − z̃〉 .(3.26)

From (3.24), (3.25) and (3.26), we deduces that

‖xn+1 − x̃‖2 + ‖yn+1 − ỹ‖2 + ‖zn+1 − z̃‖2

≤
(

1− 2µnαn(β − γξ)
1 + αn(β − γξ)

)(
‖xn − x̃‖2 + ‖yn − ỹ‖2 + ‖zn − z̃‖2

)
+

2µnαn
1 + αn(β − γξ)

(
〈γ1f1 (ỹ)−A1x̃, un − x̃〉+ 〈γ2f2 (z̃)−A2ỹ, vn − ỹ〉

+ 〈γ3f3 (x̃)−A3z̃, wn − z̃〉
)
.(3.27)

By (3.21), (3.22), the condition (i) and Lemma 2.4, this implies by (3.27) that the
sequences {xn}, {yn} and {zn} converge strongly to x̃ = PΩ1

((I −A1)x̃+ γ1f1 (ỹ)),
ỹ = PΩ2 ((I −A2)ỹ + γ2f2 (z̃)) and z̃ = PΩ3 ((I −A3)z̃ + γ3f3 (x̃)), respectively.
This completes the proof.

The following Corollary is a direct consequence of Theorem 3.1.

Corollary 3.2. Let C be a nonempty closed convex subset of a real Hilbert space
H. For i = 1, 2, 3, let fi : C → C be a contractive mappings with a coefficient ξi and
ξ = maxi∈1,2,3 ξi and let Wi : C → C be ρi-strictly pseudo-nonspreading mapping
with Fix(Wi) 6= ∅. Define a mapping T in : C → C by T inx = (1− ωn)x + ωnWix,
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for all x ∈ C and i = 1, 2, 3. Let {xn}, {yn} and {zn} be sequences generated by
x1, y1, z1 ∈ C and

(3.28)


xn+1 = (1− µn)xn + µn

[
αnf1(yn) + (1− αn)T 1

nxn
]
,

yn+1 = (1− µn) yn + µn
[
αnf2(zn) + (1− αn)T 2

nyn
]
,

zn+1 = (1− µn) zn + µn
[
αnf3(xn) + (1− αn)T 3

nzn
]
,

for n ≥ 1, where {αn}, {µn} ⊂ (0, 1) and {ωn} ⊂ (0, 1 − ρ), where ρ =
mini∈{1,2,3} ρi, satisfying the following conditions:

(i) lim
n→∞

αn = 0 and

∞∑
n=1

αn =∞;

(ii) 0 < τ ≤ µn,≤ υ < 1, for some τ, υ > 0;

(iii)

∞∑
n=1

ωn <∞;

(iv)

∞∑
n=1

|αn+1 − αn| <∞,

∞∑
n=1

|µn+1 − µn| <∞,

∞∑
n=1

|λn+1 − λn| <∞,

∞∑
n=1

|ωn+1 − ωn| <∞.

Then the sequences {xn}, {yn} and {zn} converge strongly to x̃ = PFix(W1)f1 (ỹ),
ỹ = PFix(W2)f2 (z̃) and z̃ = PFix(W3)f3 (x̃), respectively.

Proof. For each i = 1, 2, 3, put Si ≡ I, γi = 1 and Ai ≡ I. Then, by Theorem 3.1,
we obtain the desired result.

4. A Numerical Example

In this section, we give a numerical example to support our main theorem.

Example 4.1. For i = 1, 2, 3, let γ1 = 3, γ2 = 0.0001, γ3 = 7 and the mappings
Ai : [−5, 5]→ [−5, 5], fi : [−5, 5]→ [−5, 5], Si : [−5, 5]→ [−5, 5] and Wi : [−5, 5]→
[−5, 5] be defined by

A1x =
2x

5
, A2x =

3x

5
, A3x =

4x

5
,

f1x =
x− 100

50
, f2x =

x+ 95

20
, f3x =

x+ 50

35
,

S1x =
x− 10

3
, S2x =

x

10
, S3x =

x+ 5

2
,

W1x =
x− 25

6
, W2x =

{
−7x

8 , if 0 ≤ x ≤ 5,

x, if − 5 ≤ x < 0,
W3x =

x+ 15

4
, for all x ∈ [−5, 5]
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Let αn = 1
n0.2+1 , δn = n+2

6n+5 , ηn = 3n+2
6n+5 , µn = 2n+1

6n+5 , λn = 1
n2+100 and ωn = 1

n2+100
for every n ∈ N. Then, the sequences {xn}, {yn}, {zn} converge strongly to −5, 0,
5, respectively.
Solution. For every i = 1, 2, 3, it is obvious to check that Si is a 0-strictly pseudo-
contractive mapping, where Fix (S1) = {−5}, Fix (S2) = {0}, Fix (S3) = {5}.
Moreover, Wi is a κi-strictly pseudononspreading mapping with

Fix (W1) = {−5}, F ix (W2) =

{
{0}, if 0 ≤ x ≤ 5,

{x}, if − 5 ≤ x < 0,
F ix (W3) = {5}.

Thus, we get

Ω1 = Fix (S1) ∩ Fix (W1) = {−5}
Ω2 = Fix (S2) ∩ Fix (W2) = {0}
Ω3 = Fix (S3) ∩ Fix (W3) = {5}.

Clearly, all sequences and parameters are satisfied all conditions of Theorem 3.1.
Hence, by Theorem 3.1, we can conclude that the sequences {xn}, {yn}, {zn}
converge strongly to −5, 0, 5, respectively.
Table 1 and Figure 1 show the numerical results of sequences {xn}, {yn} and {xn}
with x1 = 0, y1 = 5, z1 = 0 and n = 100.

n xn yn zn
1 0.000000 5.000000 0.000000
2 -0.796797 4.561817 1.374887
3 -1.553784 4.159760 2.449299
4 -2.262385 3.796830 3.231195
5 -2.923918 3.470288 3.783815
...

...
...

...
50 -5.000000 0.132362 5.000000
...

...
...

...
96 -5.000000 0.008590 5.000000
97 -5.000000 0.008146 5.000000
98 -5.000000 0.007729 5.000000
99 -5.000000 0.007335 5.000000
100 -5.000000 0.006965 5.000000

Table 1: The values of {xn}, {yn} and {zn} with initial values x1 = 0, y1 = 5,
z1 = 0 and n = 100.

Remark 4.2. From the above numerical results, we can conclude that Table 1 and
Figure 1 show that the sequences {xn}, {yn} and {zn} converge independently to
−5 ∈ Ω1, 0 ∈ Ω2 and 5 ∈ Ω3, respectively, and the convergence of {xn}, {yn}, and
{zn} can be guaranteed by Theorem 3.1.
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Figure 1: An independent convergence of {xn}, {yn} and {zn} with initial
values x1 = 0, y1 = 5, z1 = 0 and n = 100.
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