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GLOBAL ATTRACTOR FOR A SEMILINEAR
STRONGLY DEGENERATE PARABOLIC EQUATION
WITH EXPONENTIAL NONLINEARITY
IN UNBOUNDED DOMAINS

NGUYEN XUAN Tu

ABSTRACT. We study the existence and long-time behavior of weak solu-
tions to a class of strongly degenerate semilinear parabolic equations with
exponential nonlinearities on RN . To overcome some significant difficulty
caused by the lack of compactness of the embeddings, the existence of
a global attractor is proved by combining the tail estimates method and
the asymptotic a priori estimate method.

1. Introduction

In this paper we consider the following semilinear strongly degenerate par-
abolic equation

0
(1.1) ?u — Popu+ f(X,u) + du=g(X), X =(z,9,2) €RY, t >0,

U(X,O)ZUO(X), XERNa

where A > 0,RY = RN x RNz x RN2(Ny, Ny, N3 > 1), and P, s is a strongly
degenerate operator of the form

Pogu = Dgu+ Ayu+ |z[**y|**Au, a,8 > 0.

This operator is degenerate on two intersecting surfaces x = 0 and y = 0, and
considered by Thuy and Tri [19]. It turns to be that this operator falls into the
class of Ay-Laplace operators [10].

The existence and asymptotic behavior of solutions to semilinear parabolic
equations involving this strongly degenerate operator have been addressed by
a number of authors in the last few years. One way to study the long-time
behavior of solutions is to analyze the existence and properties of a global
attractor for the continuous semigroup generated by solutions. Up to now, there
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are two main kinds of nonlinearities that have been considered in literatures.
The first one is the class of nonlinearities that is locally Lipschitzian continuous
and satisfies a Sobolev growth condition

[f(u) = f(0)l < CA+ |ul” + o) |lu =], 0<p<4/(Nap—2),

where Ny 3 = N1+ No+(a+5+1)N3, and some suitable dissipative conditions.
The second one is the class of nonlinearities that satisfies a polynomial growth

Cilul? = Cy < f(u)u < Colul? + Co, for some p > 2,

fl(u) > —¢.

Under above types of nonlinearities, following closely the approach used in [4],
Thuy and Tri [20] proved the existence of solutions and of a global attractor
for the semigroup generated by problem (1.1) in bounded domains with homo-
geneous Dirichlet boundary conditions. The regularity of the global attractor
obtained in [20] was investigated in [18]. The results in [18,20] were extended
to the case of unbounded domains in [1,5], the more delicate case due to the
lack of compactness of Sobolev embeddings. We also refer the interested reader
to [2,3,6,8,11-15,21] for some other related results. Note that in these pa-
pers, some restriction on the growth of the nonlinearity is imposed and an
exponential nonlinearity, for example f(u) = e*, does not hold.

In this paper we try to remove this restriction and we were able to prove the
existence of weak solutions and existence of a global attractor for a very large
class of nonlinearities and in the case of unbounded domains. This is the main
novelty of our paper.

To study the problem (1.1) we assume that the initial datum uy € L*(RY)
is given, the nonlinearity f and the external force g satisfy the following con-
ditions:

(F) f:RY xR — R is a continuously differentiable function satisfying

(1.2) fu(X,u) = L,

(13) J(X > —p® - C(X),

where £ > 0,0 < p < A, C1(-) € LYRN) N L2(RY) is a nonnegative
function;
(G) g € L*(RM).
It follows from (1.2) that 0 < fou (fl.(X,s)s+ £s)ds, and therefore by inte-
grating by parts, we obtain

2
(1.4) F(X,u) < f(X, u)u—&—ﬁ% for all u € R,

where F(X,u) = [, f(X,s)ds is a primitive of f.
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To study the problem (1.1) we use the weighted Sobolev space S'(RY) de-
fined as the completion of C§°(RY) in the norm

ol v, = / (P 1Vl V2 + Jaf (9 uf?)dX
- / (uf? + [V pul?)dX,
RN

with Vo su = (Vyu, Vyu, |2|[*y|PV,u).
This is a Hilbert space with respect to the following scalar product

(1, 0)) g1 @y = /RN (w0 + Vot - Vv + Vyu - Vo + 22|y 2PV .u - V.0)dX.

We also use the space S?(RY) defined as the completion of C§°(RY) in the
norm

a3y i= | G +PagulP)ix.

In a similar way, we also define the spaces S}(Q) and S?(Q2) for a bounded
domain Q in RV,

The paper is organized as follows. In Section 2, we prove the existence and
uniqueness of global weak solutions to the problem (1.1). In Section 3, we show
the existence of global attractors in various function spaces for the associated
continuous semigroup by exploiting and combining the tail estimates method
and the asymptotic a priori estimate method.

2. Existence and uniqueness of weak solutions
Definition. A function w is called a weak solution of the problem (1.1) on the
interval (0,7) if u € C([0, T]; L*(RN)) N L%(0, T; S1(RYM)), u(0) = g, and

<ut7w> - <Pa,ﬁuaw> + <f(X7 u),w> + )\<U, w> = <g7w>
for all test functions w € S*(RY) N L>(RY) and for a.e. t € (0,T).

Theorem 2.1. Assume (F) and (G) hold. Then for any ug € L*(RY) and
T > 0 given, the problem (1.1) has a unique weak solution u on the interval
(0,T). Moreover, the mapping ug + u(t) is continuous on L*(RN).

Proof. (i) Existence. We consider a sequence of problems in bounded domains

0
Fu_Pa,ﬂu+f(X7u)+)‘u:g(X)7 X:(x7y72)€BR7t>O7

21 Ju(x,t) =0, X € 9Bg, t >0,
’U,(X,O):’U,O’R(X), X € Bg,
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where Bp is the open ball of radius R > 1 centered at 0, ug r = uo¥r(|X])
and ¥g is a smooth function such that

1 if 0<r<R-1,
Yr(r)=q0<9r(r) <1 if R—1<7r<R,
0 if > R.

It was proved in [16] that for each R > 1, the problem (2.1) has a unique
weak solution up. We will show that {ug} is uniformly bounded by a constant
independent of R. We have

1d
5%\\113“%2(31%) +/B |Vapur?dX + (X up)urdX + Alurl7zp,
R

Br
= / gurdX.
Br

By (1.3), we have

1d 2 2 2
il + [ (VaunffdX + O mllunlae,

BR BR
Using the Cauchy inequality and the assumption C;(-) € L' (RY), we get
1d
gl + [ (VaunffdX + O mllualae,

1 A—p 2
< mHQHLz(BR) + THUR”LZ(BR) +C.

Therefore,

d
@HURHEP(BR) + 2/ Va,gur?dX + (X - M)HUR||2L2(BR)
Br

1
< EHQHH(JRN) +C.
Integrating from 0 to ¢, 0 <t < T, we get

t
||UR(’5)||2L2(BR)+2// |Va.pur|?dXds
0o JBg

t
(=) [ un(9)l s
1
(2.2) < ijpHgLY)HL%RN>T“+(YT4FHquR(MYDHiqBRy
Let u,;,r; — 400, be a sequence of solutions to the problem (2.1) in B,.,.
Then, by (2.2) it follows that

(2.3) {uy,} is uniformly bounded in L>(0,T; L*(B,,)) N L*(0,T; S*(B.,)).
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We extend these solutions to be defined on RY in the following way

(X)), (1X]) in B,
o )= [ 00 1X) i B,
! 0 otherwise.
By (2.3), {a,,} is a bounded sequence in
L>=(0,T; L*(RN)) n L2(0, T; SY(RY)).
Hence, there exists a subsequence of {i,, } (denoted again by ;) such that
@y, — use in L*(0,T; S*(RY)),
(2.4) Qy, = ueo in L(0,T; L2(RY)),
Po gy, = Pa gt in L?(0,T;S™H(RY)).
We will prove that u is a weak solution of the problem (1.1).

Let 74 be fixed. Since r; — +o00, we can assume 7, < 7; — 1. We define
the projections in B, of i, and denote them by uy; = Lyt,,. It is clear
from (2.3) that {uy;} is bounded in L*>(0,T;L?*(B,,)) N L*(0,T;SY(B,,)).
It follows that there exists a subsequence (denoted again by wug;) such that
upj = Litly, = Upoo in L*(0,T; 5 (B,,)) and weakly-+ in L>°(0,T; L*(B,,)).
We now check that Lites = Ukoo- Indeed letting v € C§°([0,T] x By,), the
weak-* convergence in L>(0,T; L?(B,,)) gives

/ / Ly, dth—>/ / UkooVd X dt.

On the other hand, notlng that v(t, X) =0if X ¢ B,, and using (2.4) we have

/ / Lkur vdXdt — / / ur vdXdt — / / Usovd X dt,
/ / Uso0d X dt = / / LiuscvdXdt,
o JB,, o JB,,

so that Lipue = Ukeo. We claim that Lius is a weak solution in Q,, r =
[0,T] x By,. We have

1d
MW%Mw~+/ Veasuss PX + [ (X unasdX
B B,

(2.5)
+A||uk;jH%2(Brk):/; gug;dX.

Tk

Integrating (2.5) from 0 to 7', we have
T T
2/ / ‘Va)/gukjﬁdth—l—Q/ f(X, ukj)ukjdth—l-)\/ ||ukj||%2(37v )dt
0o JB,, Qry,.1 0 k

1
< ||U0,m||2L2(B%) + X”g”%%B%)
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Hence

/ f(X, Ukj)ukjdth < C.
Qry., T

We now prove that {f(X,ug;)} is bounded in L'(Q,, 7). Putting h(ux;) =
f(X, ug;) + pugj, where g > ¢. Note that h(s)s > 0 for all s € R, we have

/ ()| dX dt < / (g Yun A X dt
Qrk,T

Qrp,, 7N |ur;|>1}

+ / ()| dX dt
Qrp, 7N |uk;|<1}

< / h(ug;)ug;dX dt + sup |h(s)||@r, 7] < C.
Qry, T [s|<1

Hence it implies that {h(ug;)}, and therefore {f(X,uy;)} is bounded in
LYQr, 7). Since

Ouy;
8? = Po,purj — f(X,ugj) — Aug; + g,
we deduce that {837’;-7} is bounded in L%*(0,T;S7*(By;)) + L'(Qr,. 1), and

therefore in L*(0,7;S~(By;) + L'(Bx;)). Because S§(By;) CC L*(Byj) C
S~=Y(Byj) + L*(By;j), by the Aubin-Lions-Simon compactness lemma (see e.g.
[7], Theorem I1.5.16, p. 102), we have that {us;} is compact in L?(0, T’; L?(By;)).
Hence we may assume, up to a subsequence, that we have ur; — U a.e. in
Qr,,r and then,

/ F(X, ugy)édXdt — F(X, ukoo)6dX dt
Qry, T Qry, T
for all £ € C§°([0,7]; S~ (By;) N L>°(By;)). Hence, we obtain that upe is a
weak solution in [0,T] x B,,. Hence we get that u. is a weak solution of the
problem (1.1). Indeed, for any test function v € C§°(RY), there exists rj such
that v € C3°(By,,). Using uyeo solving (1.1) in Q,, 7, we can conclude that ue
is a weak solution of (1.1) in [0,7] x RY.

(ii) Uniqueness and continuous dependence on the initial data. Let u and v
be two weak solutions of (1.1) with initial data ug, vy € L*(RY), respectively.
Putting w = u — v, we have

P - _
(2.6) 8—;‘) — Pypgw+ f(X,u) — f(X,v) —lw+ Iw =0,

w(0) = ug — o,
where f(X,s) = f(X,s) + {s. Here, because w(t) does not belong to W :=
STRN) N L (RY), we cannot choose w(t) as a test function as in [4]. Conse-
quently, the proof will be more involved.
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We use some ideas in [9]. Let By : R — R be the truncated function

ko oifs>k
Bi(s) =1s if |s| <k,
-k ifs<—k.

Consider the corresponding Nemytskii mapping By : W — W defined as follows
Bi(w)(z) = Bp(w(z)) for all z € RV,

By Lemma 2.3 in [9], we have that ||Bj(w) — w|w — 0 as k — oco. Now
multiplying the first equation in (2.6) by By(w), then integrating over RY x
(e,t), where ¢t € (0,T), we get

t d R t d R
/5 /RNds<w(s)Bk(w)(s)>dxds 7/5 /wads<Bk(w)(s)> dxzds
1 t
+ */ / Vo pw|*dzds
2Je J{werN:jw(a,s)|<k}
t
+/ / (f(X,u) - f(X,v))Bk(w)dzds
e JRN
t R t R
- é/ / wBy(w)dxds + )\/ / wBy(w)dxds = 0.
e JRN e JRN
Nothing that w%(ék(w)) = %%(Ek(w))Q, we have

| o ®Bw) e = S1Bw) O,

1 [t t ~ ~
+ */ / |Va”3w|2dxd8+/ (X, &)wByg(w)dxds
2 e J{zeRN:|w(z,s)|<k} e JRN
~ 1 ~ 1 ~
_ / w () By(w) (e — 5|1 Byw) (@) 3acem) + (£~ ) / / w By (w)dwds.
RN e JRN

Note that f/(X,s) > 0 and sBy(s) > 0 for all s € R, by letting ¢ — 0 and
k — oo in the above equality, we obtain

t
[w()1 72y < fw(O)]|72 @y + (26 - /\)/O [w(s)|72 @y ds.

Hence, by the Gronwall inequality of integral form, we get

lw(®)72@n) < l0(0)]IF2@n e

< [w(0)[[72nye® N7 for all ¢ € [0,T].

Hence, we get the continuous dependence on the initial data of the solutions,
and in particular, the uniqueness when ug = vg. (I
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3. Existence of global attractors

By Theorem 2.1, we can define a continuous semigroup S(t) : L2(RY) —
L?(RY) associated to the problem (1.1) as follows

S(t)uo = u(t),

where u(-) is the unique global weak solution of (1.1) with the initial datum wqg.
We will prove that the semigroup S(¢) has a global attractor A in the spaces
L*(RYN) and S1(RY).

3.1. Existence of bounded absorbing sets

For brevity, in the following lemmas, we give some formal calculation. The
rigorous proof is done by use of Galerkin approximations and Lemma 11.2 in
[17].

Lemma 3.1. The semigroup {S(t)}+>0 has a bounded absorbing set in L*(RY).

Proof. Multiplying the first equation in (1.1) by u, we have

1d
~4w%mwyﬁ/ wmmﬁ¢¥+/ F X, w)udX + Nl 2,
2dt RN RN

= / gudX.
RN

By (1.3), we have

(3.1)

d

—lulfa@yy +2 | [VaguldX + 200 = p)llull72 g

dt RN

(3.2) .

<2 [ gudx +C< (= p)ullam, + 5 Nl + C.
RN K

Thus, we have

d 1
%HUH%%RN) + (A= )ullfe@yy < mHgHsz(RN) +C.

Hence, thanks to the Gronwall inequality, we obtain

()22 @y < llu(O)]F2@me” A" + Ry,
where Ry = R1(\, u, C, ||g||%2(RN)). Hence, if choosing p; = 2R;, we have
(3.3) [u(®)|72@ny < p1 forall t>Ty =T(B).
This completes the proof. (I
Lemma 3.2. The semigroup {S(t)}+>0 has a bounded absorbing set in ST (RY).
Proof. By (3.2), we have

d 1
%HUH%Q(]RN) +2/RN Vapul?dX < EHQH%P(RN) +C.
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Integrating on (¢,¢+ 1) and by Lemma 3.1, we have

t+1
34) [ IFapuls) [ ds < p2 = palCo . IglBagamy) for all £ 2 7o
t

Multiplying (1.1) by —P, gu and integrating over RY, we obtain

Ld

2 dt

= — [ f(X,u)|Vapsul?dX — )\/ |V a,pul?dX — / 9P pudX
RN RN RN

IVa,sull 2@y + || Po,ptell 72 g

1 1
< f/ Va,pul?dX — /\/ Va,pul?dX + S||Pagull T2y + 519072y

. . 2 2

Hence, we have
d 2 2 2

(3.5) %Hva,BunL?(RN) S U Vapulzz@ny + 19172 @y)-
Combining (3.4)-(3.5) and using the uniform Gronwall inequality, we have
(3.6) IVa,gu(t)|[72gyy < po for all t > Ty =Ty + 1.
By (3.3) and (3.6), we finish the proof. O

Lemma 3.3. Suppose (F) and (G) hold. Then for every bounded subset B in
L*(RY), there exists a constant T = T(B) > 0 such that

||ut(s)H%2(RN) < ps forall ug € B, and s> T,
where wy(s) = £ (S(t)uo)|i=s and ps is a positive constant independent of B.
Proof. By differentiating (1.1) in time, we get
st — Po gur + f1, (X, u)us + Auy = 0.

Taking the inner product of this equality with u; in L?(RY) and using (1.2),
in particular, we obtain

1d
(3.7) 5%”%“%2(1@) < Cllul| 2@y
Multiplying the first equation in (1.1) by wu;, we obtain
49 2 Aull? F(X,u)dX dX
(3.8) pn §H apull 2@y + §||u||L2(RN) + n (X, u)dX — . gu

= — [lu]|72mny <0

On the other hand, integrating (3.1) from ¢ to ¢t + 1 and using (3.3), we have
t+1
/t {VQ,WQZ(RN) + AllullZ2 @) +/RN f(X, w)udX — gudX] ds

< Hu(t)HzLQ(RN) < pp forallt>Ty.

RN
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Using the inequality (1.4), we deduce that

t+1
/t {Vmgu@%ﬂw) + )\Hu”%Q(RN) + /RN f(X, u)udX — gudX] ds

RN

t+1
> [ [IWasula + Ml + [ FOR 0
¢ 2
_ §||u||L2(RN) - /RN gUdX:| ds
t+1 1 A
> [ 31Tl + Flulan + [ PO wax
t RN

l
_/ gudX]ds—Qpl for all ¢t > T1,
RN

where we have used the inequality (3.3). Hence,

t+1 1 ) A )
/ [QIIVQ,BUIIL2<RN>+2IIuLQ(RN)+/ F(X,u)dX
(3.9) ¢ RN

14
,/ gudX} ds < (1+ =)py forallt >Ty.
RN 2
By the uniform Gronwall inequality, from (3.8) and (3.9), we deduce that

1 A
(310) *”VQ’B’LLH%Q(RN) + *”'LLH%Q(RN) +/ F(X, U)dX — g’LLdX S P3
2 2 -~ -~

for all t > Ty = T + 1. Integrating (3.8) from ¢ to ¢t + 1 and using (3.10), we
obtain

t+1
(3.11) / Hut(s)H%Z(RN)ds < ps forallt>Ts.
t

Combining (3.7) with (3.11) and using the uniform Gronwall inequality, we
have

Hut(s)HQLz(RN) <ps foralls>T; =T+ 1.
This completes the proof. O
We now show the existence of a bounded absorbing set in S2(RY).

Lemma 3.4. The semigroup {S(t)}+>0 has a bounded absorbing set in S*(RY),
i.e., there exists a constant py > 0 such that for any bounded subset B C
L?(RN), there is a Tp > 0 such that

[ Pa,su®)Z2@ny + [w()l72@yy < pa for any t > Tp,ug € B.

Proof. Taking the L%-inner product of (1.1) with —P, gu + Au, we have

[P st®)l ey + Nt aemy + A [ (X wuaX
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< 2)\/ uPy pudX —/ ut(—Pa pu + Au)dX + f(X,u)P, pudX
RN RN RN
+/ g(—Py pu+ Au)dX.
RN

Using (1.3) and integrating by parts the third term on the right-hand side, we
have

| Popu(t)| 72 @y + A1 72 gy = Auellu(®)|72 gy

< 2/\/ uPy pudX — up(— Py pu + Au)dX
RN RN

- / L) ([Vguf? + [Vyuf? + |22 y[28 | u?) dX
]RN

+ / g(=Pagu+Iu)dX + X [ Cy(X)dX.
RN RN

By the Cauchy inequality and assumption (1.2), we have
| P gt 172 vy + ()72 vy < Ol 2y +lullEs vy + 191172 gy )-
By Lemmas 3.1-3.3, there exists py > 0 such that
1Pasu(®)|F 2y + 1w 22y < pa
for all ¢ large enough. This completes the proof. (I

Next, to prove the existence of a global attractor in L2(RY) and S'(RY).
We will consider three functions ¢g, 0g,vr such that

|z[? lyl® |2?
@sz(ﬁ)v QRZQ(ﬁ), ZW(W)

with ¢, 0,y € C*[0, +00),
1
0< @3937 < ]-7 307977: 0 in [07 5]7 @3937: lin [1,+OO)

Then there exists a constant C' > 0 such that |©'(-),|6'(-)[, |/ (-)| < C.
Moreover, letting

B} = By, (0, R) X Bgn, (0, R) x Byn, (0, R1To+F)
and
Y g = RV\(Bgw, (0, R/2) x Bgn, (0, R/2) x Byny (0, R7T15 /2)).
3.2. Existence of a global attractor in LZ(RY)

Lemma 3.5. Suppose (F) and (G) hold. Then for any e > 0 and any bounded
subset B C L*(RY), there exist T = T(e, B) > 0 and K = K (¢, B) > 0 such
that for allt > T and R > K,

/ lu(X,t)]?dX < e
RN\B%
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Proof. Taking the inner product of (1.1) with (prOrvr)u in L2(RY), we get
1d
2dt RN
A [ (ontmmluPix + [ (eromm) (XX = [ (ordmin)ugdx.

]RN ]RN RN

Using (1.2) and (1.3), we have

1d

o | rommlPax + ) [ (ertmmluix
2dt Jg~ RN

(erORYR)u[?dX — (PrRORYR) ULy pudX
N
R

(3.12)
< / (prORYR)uPY pudX + / 1C1 ()X + / (erbrrm)ugdX.
]RN

>r RY

On the other hand, we have
1
(3.13) / (¢rRORVR)UPy pudX < f/ (Jul? + | Py pul?)dX,
RN 2 Jgn

and

/ (‘PRGR’YR)UQCZX:/ (prORYR)ugdX
RN S

/\—N/ 2 1 / 2
3.14 < — YrORVR)|u|"dX + —— g|*dX.
(3.14) 5 Centmmutax + it [

It follows from (3.12)-(3.14) that

G [ ertmmlaPdx + 0= n) [ (ondrm)lufax
RN RN

1
<9 / 1€y (X)X + —— / oPdX + / (luf> + | Pagul?)dX.
)\ — ,Lt ZR RN

R

(3.15)

Multiplying (3.15) by e*~#)* and then integrating over (7', t), we obtain
/ (erOrYR)|ul*dX
RN

<0 [ (onain)lu(D)PdX
R

t
+26—(>\—u)t/ e(A—u)&/ C1(X)|dX de

T R

t
+ Le—(k—u)t/ e(A—;;)g/ |g|2dXd§
A—p T R

t
_i_e—(A—u)t/ e(k—ﬂ)ﬁ/ (|u|2 -+ |Pa7ﬁu|2)dXd§
T RN

—(0— 2
<e A H)tH’U,(T)H%Q(RN) + )\,U,/Z |Cl(X)|dX
R
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1
o [ lePax
A=p)?Jx,
t
(3.16) 4ot / e / (Jul? + | Pa_sul)dX de.
T RN
Noting that for given € > 0, there is 77 = T (€) > 0 such that for all ¢ > 77,

(3.17) e A w(T) |72 vy <

NG

Since C1(-) € L*(RY), there exists K; = K1(e) > 0 such that for all R > K1,

2
|01(X)|dX <

€
3.18 — < -

On the other hand, since g € L?(RY), there is K5 = Ka(€) > K such that for
all R > Ko,

1 €
3.19 7/ gl?dx < -.
(3.19) e ZR\ | 1

For the last term on the right-hand side of (3.16), it follows from Lemma 3.4
that there is 75 > 0 such that for all £ > T5,

(3.20) [ (X O + Pasu(X ORI < .
Therefore, there is K3 = K3(¢) > Ko such that for all R > K3 and ¢ > Ty,
t
(3.21) e~ (=t / =g ( / (Jul? + | Pa_pul?)dX ) < <.
Ty RN 4

Let T = max{T1, Tz}, then by (3.16)-(3.21) we find that for all R > K > K3
andt > T,

/ (PrORVR)|u(X,t)]?dX <,
RN

and hence for all R> K and t > T,
Lo mopax < [ entmmlu(XoPix < e
RN\B, RN
which completes the proof. O

Now, we show the asymptotic compactness of S(¢) in L%(RY).

Lemma 3.6. Suppose that (F) and (G) hold. Then S(t) is asymptotically
compact in L2(RN), that is, for any bounded sequence {x,} C L*(RY) and any
sequence ty, > 0, t, — 00, {S(tn)xn} has a convergent subsequence with respect
to the topology of L*(RY).



436 N. X. TU

Proof. We use the uniform estimate on the tails of solutions to establish the

precompactness of {un(t,)} := {S(tn)zn}, that is, we prove that for every

e > 0, the sequence {uy(t,)} has a finite covering of balls of radii less than e.
Given K > 0, denote

B} = By, (0, K) X Bgn, (0, K) X Bgn, (0, K1t+8) and B§. = RV\Bj},.

Then, by Lemma 3.5, for the given ¢ > 0, there exist K = K(e) > 0 and
T =T(e) > 0 such that for t > T,

llun ()] L2(Bs.) < €.
Since t,, — 00, there is Ny = Nj(e) > 0 such that ¢, > T for all n > N; and
hence we obtain that, for all n > Ny,
(3'22) Hun(tn)HLQ(Bf() <e
By Lemma 3.2, there exist C' > 0 and Ny > 0 such that for all n > No,
||un(tn)||sl(B;<) <C.

Since compactness of the embedding S'(Bj) < L?*(Bj) (see [19]), the se-
quence {u,(t,)} is precompact in L?*(Bj). Therefore, for the given e > 0,
{un(tn)} has a finite covering in L?(Bj) of balls of radii less than e, which
along with (3.22) shows that {u,(t,)} has a finite covering in L2(R") of balls
of radii less than €, and thus {u,,(¢,)} is precompact in L?(R™). O

We are now ready to prove the existence of a global attractor in L2(RY).

Theorem 3.7. Suppose that (F) and (G) hold. Then the semigroup S(t) gen-
erated by the problem (1.1) has a global attractor Ar» in L?(RY).
Proof. Denote

B ={u:|lullz@y) < p1},
where p; is the positive constant in the proof of Lemma 3.1. Then B is a
bounded absorbing set for S(¢) in L2(R"). In addition, S(¢) is asymptotically
compact in L?(RY) since Lemma 3.6. Thus, we get the conclusion. O

3.3. Existence of a global attractor in S*(RY)

Lemma 3.8. Suppose that (F) and (G) hold. Then for any ¢ > 0 and any
bounded subset B C L*(RY), there exist T = T(e, B) >0 and K = K(¢,B) > 0
such that for allt > T and R > K,

/ |Va,5u|2dX <e.
RN\ B3,

Proof. Taking the inner product of (1.1) with —(prOrYR)Pa gu in L2(RY), we
get

- / (o rORYR) PosudX + / (o rBr7) | Pl 2dX
RN RN
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- )\/ (erRORYR)UPy pudX —/ (erORYR) [(X,u) Py pudX
RN RN

= —/ (0RORYVR) Pa,pugdX.
RN

On the other hand, we have

—/ Ui (PrRORYR) Pa,pudX
RN

= / (¢rORYR) (va,ﬁut,va,QU) dXx
RN

]RN
+/ ut(Va,ﬁ(@RﬁRVR),Va,B“> dx
RN RN
1d

=-— (<PR9R7R)|Va,BU|2dX+/ Ug (Va,ﬁ(@R%ﬂR)aVa,Bu) dX;
th RN RN RN

- A/ (orORYR)UPy gudX
]RN

= )\/ (@RGR’}’R”vaﬁUPdX + )\/ u(VQ,B(@ReR'YR%VQ,Bu) dX,
RN

RN RN

- [ (rOrm) (X 0)Po pudX
R
— [ (orrum) £ (X0 Vo uldX
R

+ F(X,u) (va,ﬁ(@RaRVR)a va.ﬂu) ax;
RN RN

—/RN (¢rRORYR)Pa,pugdX = —/ (0RrORYR) Pa,pugdX

R
< [ (orprmmlPoguldX + 5 [ lgPax,
R >R
Hence, we obtain
1d
2dt Jyn
A [ (onOrm) Vo uldX

< —/ Ut(Va,ﬂ((pRaR’YR)avaﬁu) aX
]RN RN

(o010 Vo g PAX + [ (o] PouldX
R

f)\/ U<Va,ﬂ(80R9R’YR)7vaﬂu> dX
RN RN
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+£/N(<PR9R’YR)|Va,BU|2dX
R

- f(Xa U) <V(LB (@RQR’}/R% VOGBU) dX
RN RN

1
B2+ [ (entmmlPaguPax + [ lgPax
>R

R

Because ¢'(s),0'(s),7'(s) =0 for all 0 < s < 1 and s > 1, we have

‘ — / Ut <V(x,ﬁ ((pReR’yR% v&ﬁu> dX‘
RN RN

‘/ UtaR'YR(VanVzSOR) dX‘-i— / UtSDR'VR(vyuavng) dX‘
RN RN RN RN

+ ‘ /N wrprOp|z|*y|* (VZU, VﬂR)
R

3/ 0 (20 (2 - Vow)dx
72| [ webrrne Cpp)la - Vau

2
[RCC ST
RN

2 |22 o
JrR2(1+a—i-B)‘/RN wprOrY (orraray 1ol IyQB(Z~VZU)dX‘

22
/ uﬁgymﬂ(%)(w . Vmu)dX‘
By

2 lyl?
+ | [, woemt (G- Wax

2 ’ |Z|2 2ac,,128
+ RQ(H(HB)‘ /B* utprORY (W”I' [yl* (2 - Viu)dX
R

9 1/2 1/2
C;(/ |ut|2dX> (/ |x|2|qu|2dX)
R\ B, B},
920 1/2 1/2
+R2</ ut|2dX> (/ y|2|Vyu|2dX)
By By
20 1/2 1/2
_ 2 day, 148).12 2
+ 2 Taih) (/BE |t | dX) </B§ |2 *y|*7 2|7V 21l dX>
9 1/2
7 (, rerax) (]
B\ /B, Bj,
20 1/2 1/2
+R</ ut|2dX> (/ vyude>
By B

IA

ix|
RN

IN

2
TR

IN

R?

IN

IN

1/2
|Vmu|2dX>
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20! 1/2 1/2
L2 ( [ wpax) ([ apeev.arax)
R\ VB, B},
2071, s 1 ,
< % |3l + 5 [ (Vauax]

2C 1 9 1 ,
+ R |:2Ut||L2(B}§) + 2/33% |V yul dX}
2011 2 1 2a |, 128 2

R{QUt”LZ(BE)JFQ/BE || *“|y| " |V yu|*d X

3C

C
2 2
< f”utHLQ(BE) + R /BE |Va,gu| dX.

Hence
’ - /N Ut <Va,5(g0393'73),va,5u> dX’
R RN
3C 9 C 9
(324 < Flulieqm + % [ 1VasuPax.
Analogously to (3.24), we have

'—)\/ u(Va,5<<PR9R’7R)7Va,BU> dX’
RN RN

3AC AC
3.25 < 2 |ulf? = o pul?dX,
(3.25) R A
and
= [ 100 (Tas(ortmn) Vo) ax
R RN
3¢ ) C )
326 <TI0l + 5 [ [VasuPdx.

From (3.23)-(3.26), we have

d
G | (eromr)VasuPdX + 22 [ (ontiin) Vo suldX
RN RN

IN

1 6C
3 loPax 42 [ Vs X + Sl
R

6AC . 6C ,
+ g ullze @) + 7 (X W)l 2@
2+ A)C

a,pul?dX
s

1 6C 6C
3 L 164X + s, + SO0l Eaqary

R

+2

IN
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(3.27) +cl/ (Jul + |V gul?)dX,
RN

where C; = max{%;% + 2%}. Multiplying (3.27) by e?* and then
integrating over (7T, t), we obtain

/’<¢ReRanvaﬂuFdX
RN
N 1 t
<e 2’\t/ (@ReRVR)|Va,BU(T)|2dX+§€ 2’“/ 62/\5/ lg|?dX d¢
RN T Sh

6C _ !
+ e [l

6C
oL —2n

"R

t
(X 0)
T
t
+Cle_2’\t/ e”f/ (|ul* + |V pul?)dX dE
T RN
1
—2At 2 2
< P e + 35 [ lolax
R

6C _one /t 2XE 2
+ —e e on d€
R . | ||L2(RN)

%672/“

t
(3.28) —l—Cle_Q’\t/T62’\5/RN(|u|2+|Va,5u|2)dXd§.

t
4 lﬁe”%ﬂXwM%mm%

Noting that for given € > 0, there is T3 = T (¢) > 0 such that for all ¢t > 77,
€

(3.29) e u(Ty) B gar) < 5

On the other hand, since g € L?(R"), there is K; = K;(e) such that for all
R > K17
1

2
— ng<
4\ H -

R

€
3.30 hy
(3.30) :
For the third term on the right hand, it follows from Lemmas 3.1, 3.2 and 3.3
that there is Ko = Ks(e) > K such that for all R > Ky and Ty > 0 such that
for all t > T5,

t
(3.31) Cpe2M / ¢2X / (Jul? + |V gul?)dXde < <,
T> RN 5
6C _ ¢ €
(332) fe 2t /T2 62)\E||Ut||%2(RN)df < g
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On the other hand, from (1.1) we have f(X,u) = —u; + Pypu — Au + g.
Using Lemmas 3.3 and 3.4, we obtain f(X,u(t)) € L2(RY) for t large enough.
Therefore, there is K3 = K3(€) > K3 such that for all R > K3 and T3 > 0 such
that for all £ > T3,

t
(3.33) 6C —2x / ¢ / (X, u)[2dXde < .
R T3 ]RN 5

Let T = max{Ty, T», T5}, then by (3.28)-(3.33) we find that for all R > K > K3
andt > T,

/ (9rRORYR)|Va pul?dX <,
RN
and hence for all R > K and t > T,

/ [Va,pul?dX S/ (PrRORYR)|Va,pul?dX < e.
RN\Bj%, RN

Then, we complete the proof. O
Now, we show the asymptotic compactness of S(t) in S1(RY).

Lemma 3.9. Suppose that (F) and (G) hold. Then S(t) is asymptotically
compact in SY(RN), that is, for any bounded sequence {x,} C S*(RY) and any
sequence tp, > 0, t, = 00, {S(tn)xn} has a convergent subsequence with respect
to the topology of S*(RY).

Proof. Similarly to Lemma 3.6, given K > 0, denote
B} = B, (0, K) X By, (0, K) x By, (0, K112t8) and B§, = RN\ Bj,.
Then, by Lemmas 3.5 and 3.8, for the given € > 0, there exist K = K(e) > 0
and T = T'(e) > 0 such that for ¢t > T,
||un(t)||51(B§() <e
Since t,, — oo, there is Ny = Nj(e) > 0 such that ¢, > T for all n > N; and
hence we obtain that, for all n > Ny,
(3.34) un(ta) 51 (3, < €.
By Lemma 3.4, there exist C' > 0 and Ny > 0 such that for all n > No,

|[un(tn)lls2(B2) < C-

Since the compactness of the embedding S?(Bj) < SY(Bj) (see [5]), the
sequence {u,(t,)} is precompact in S'(Bj). Therefore, for the given ¢ > 0,
{un(t,)} has a finite covering in S'(Bj) of balls of radii less than €, which
along with (3.34) shows that {u,(t,)} has a finite covering in S*(R") of balls
of radii less than e, and thus {u,(t,)} is precompact in S*(R¥). O

We are now ready to prove the existence of a global attractor for S(t) in
STRN).
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Theorem 3.10. Suppose that (F) and (G) hold. Then the semigroup S(t)
generated by the problem (1.1) has a global attractor Agr in S*(RY).

Proof. By Lemma 3.2, there is a bounded absorbing set for S(t) in S*(RY). In
addition, S(t) is asymptotically compact in S*(R¥) by Lemma 3.9. Thus, we
get the conclusion. O
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