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Introduction to variational Bayes for high-dimensional
linear and logistic regression models
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Abstract

In this paper, we introduce existing Bayesian methods for high-dimensional sparse regression models and
compare their performance in various simulation scenarios. Especially, we focus on the variational Bayes ap-
proach proposed by Ray and Szabé (2021), which enables scalable and accurate Bayesian inference. Based on
simulated data sets from sparse high-dimensional linear regression models, we compare the variational Bayes
approach with other Bayesian and frequentist methods. To check the practical performance of the variational
Bayes in logistic regression models, a real data analysis is conducted using leukemia data set.
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Y=XB+¢Z, (1.1)
= 2228 3Ry
X8
P(K=1IX,-):1+eXiTﬁ, i=1,...,n (1.2)

S aesh S A (LDOA ¥ = (Y1, Yo, V)T € R'E FEHE, X = (X1, Xa,.., X)) e RPP= A P
(design matrix), 8 = (B1, 52, ... By)" € RP= 2| AAAG HE, ¢Z= 227 Z ~ N,(0,1,) = or[Rith. thg o=
A (12014 ¥; € {0, = o1F FEHH 4, X; € Rre 5594 HE, B = (B1.62.....5)" € R 3 7AAIF
e olrt. & =2l M= A= e nHey M0 A4 p7 2 1AF Aol A, tiRE ] S AAS B0
Q1 5Hg(sparsity)& 7Hgshs 12 8]HF AR PF& Attt o, 53] 2] 2ot gde At
o] 2]k ¥} o] 3] Al F7 3 = d Elof] T o] it

A2 Aol M AgShs HREA Q] AR ZE 37 F 7 E Hes 4 o 3 WA= spike and slab
AMARER, Aok Fae UElE 7 7HA 229 29 FEi= 7745 o 3ot (George2} McCulloch, 1993;
Ishwaran¥} Rao, 2005). o]= 4129t o] UE £EE FoldezH Mpdde AA YA HEs &
ol e Wi, & 2779 7heRt RE BY 370e FHslor stEr vAd Aol AdAd 247t
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ASHA Fo}. T WA= horseshoe AFHE L T 5= A%
t} (Carvalho 5, 2010). A& = AFHEXZEL 7} ﬂ——HZﬂ—roﬂ AL APHBE TS 71250 24, spike and slab
AR W3] 29 148 97 MR Folt AL ek AT SAAART Aetsi 09] 3 71
82 002 THEY] e, WA A7 BAY Holi AFLE BEES o §9 F7120l Zelo]
B

919 5 F4A] ARNBELES ol 43 AFEL FEL, HE AFRERZNE e LR 7|uhs) o]
=]

s

ojxick. stA|%t -&F A=nE EAT fol= she AFEE BES A= dof &3 ATte] 48 4 gl

o9 EE0] Doty wEell, et AL EA17F BASHA Hot ol 2e ZAIE ldsty] flet

shte] gjeto 2, HE wjo] = HFH(variational Bayes method)o] AF&-E] 11 QIct HE Hjo] = ®HIHL t}27]

F1 BILE AFEoto] AT REE TAMSH= o2, ALgRaeto] Full-gto] 8] Wik(Kullback-Leibler
SRE ?F% ZAE A3t ZA = o
o]z Qt

divergence)& #|48}5He RIS Srob TAF HEZ ALIh 2. 4}
7] W] 71 Hjo] Ak B Sl vlal £} S wh ), 7] b
AEE 2T oz AHgo] s shrhe el gint.

Z|* Ray @} Szab6 (2021)€} Ray 5 (2020)-> 122Hd Y 9 22| AF 3] ZA oA 2§ 7F55 HiE o

o] WP & AASIALt. ol v, Gaussian slabS: ALEFHE A9 2 AL7} zahrl 55 o] 45 ASE
e 4= Q7] W&o, o] AF-E ]| A= Laplace slab= A}-8-3F spike and slab AFAE L E 7|HE 0 2 HE H|o]
2P0 2 AT RS ZASHICh B = Ro A R el A gat A 28 43 F5) RaySh Szabé (2021)7}
AGHE AR wlo] = st OhE WA WHES £ A R AN SEE vmeks A7E SAstar
2 = e gol HAE 280 s 2L Aol A8 7 71E9] tlEA QL Ho]A|¢t

B H

1.8
A PRI B ol 2 S AvlRheh SFAL TR Ad Aol A ABHold A2 A
Aoto] DAY MY B ARAL FASI WL o] = T} ohE WA E MR 710 42w

o2 Aol A ARE Agoo] LA A28 SARAE Fsha B Wolx Pt ke
Hlo] Aot IR 7H0] A% W I B o 8 SHel A At 1A FiHE Aol ste] 7t Ee

-

2. DAY 5|72 0| ChSH ALHEE U WL Bj0| =
2.1. Spike and slab At &

Ishwaran¥} Rao (2005)°] ]3] A]-2 A<= spike and slab AP I = B ATo] Z2R2 gpike F-E 1} 2 slab FH O
£¢ ngoR olsoluch. olul, spike HEo] HYTHE A% FE02 BEote] HAAGE 002 WEL,
shab o] e A9 GOl LR D she] 00] o Ghe St WA o2 WEAE A B
A5 A) AF-g= 1 9Tt Spike and slab AFH-E I = spike FE 0] B3 EFQlof w2}, I (1) <5 spike and slab
APRBE T B (2) B o< spike and slab AP EZZ —_r'-—‘?‘—"?,_} &= QI

A7, 3] {A ol et A< spike and slab APAE L= oh23 2o A o HTh:

B 17, ™ (1 = y)N(©, vo) + y;N(©, ),

-"~dBer(9) j=1...,p.
AZ1A v JRIA B AHASTTE G745 A 1L 1R 2 S 09 e 2= A Rgo A
spike and slab AFHE X = 0|52, 9] (2.1) AFHE X 2] slabi} Splke7]- 254 °§ HIi o]RojA gl O] 2
of Z]lgtt}. YRt O 2 vy FL2 m¢ 22 GO R, v g2 T e AT, AHEE Al -2 T
Laplace &2 5-& A}8-6}7| I it} Spike and slab AFA-R 3 (2.1} 25 (I-I)ETH ==y sl &
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AR AGEE
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che 3 2k

B1y,Y ~N, ((g’ZXTX + D;‘)il X"¥e?, (¢72XX + D;‘)fl),

aj+b;

J J

a;
yjlﬁ,Y~Ber( ! ) j=1,...,p. (2.2)

A71A a; = fBjly; = D, b; = fBjly; = 0)(1 = 0), D, = diag((1 = y1)vo +y1vi,...,(1L = y,)Vo + ¥,V 2L,
FBily; = D fBjly; = 0)i= ZH2E N, vi)TF N(0, vo) SHEL Lot 9] g0l A 9] gholrt. o] % 34 0] o]l 9]
of| 4] spike and slab A} 2 3L o] o $F Markov chain Monte Carlo (MCMC) F2-& 2135 uff, 919} &2 dA4d
spike and slab APA-E I (2.1)F ©]-&5t3lch E3t A S 9Jo, MCMC B2 27 E A4td 23 25
(inclusion probability)©] = A3 (threshold) .t} =2 73-¢ W47} F-o]otttal Istglon, EAHOR 0.5
£ gt

A, 3] 7A Aol gt &A% spike and slab AP 2= th5 3 2ol A ol Hh:

Bilvi ™ (1=y)60B) + ;N (0,61),

7jiEBer(6), j=1...,p.

(2.3)

A 71 A 6o()= 0914 & 1-2 ZE= point massE 2] 1] Het. =45 spike and slab AP E L 2= o] &2, spike
P P

% B 9lo] 71915}, B A< spike and slab AFARIE (2.3)9} B (1.1)ZHE §E =

AP RO R g e B ES o] g5t/ Hit:

_ -1 B -1
,81/|')’»Y“‘]\]I*/\((X;Xy+vlll\7\) XyTY’ (XZXV"'VllIIv\) )7

q .
y.,|y__,,Y~Ber(1+]qj), i=1...,p. (2.4)

AZIA vy = s Vit ¥ = Ot %) Y45 = Vnsee s ¥imts ¥y = LYjens %), vl = 20 vi0l 2L,
X, e R yo] JHo] 19] dnt &3 x| HE JPo|H, ¢, oh23 22 FojFch

1
b det(mXI X, +1y )|
T 1-0 det (V1X7T+/X7+/ + I\'y+/\)

1 1 _
e [_2_5‘2 {YTX7+j (XyTﬂ-Xw; +v Ilm,'l)X«:/Y - YTX%/ (Xva,Xy—j +v ll\%j\)XVTf/ Y}] .
olu] 4] 2.4y (229} ¥ G 1], ;0] ZAR AT EIZA A 7} A 215 Ak HolA ol 7} Qlrt. B
spike and slab AP 3L 7|9EO] 20| A= yoll whet go] ahlo] Debz]7] wfjioll, Markov chain®] detailed
balance 70 THEA]7]7] 919 sl Fgo] WrEA] B @ siet.

2.2. Horseshoe AFH &I

A &7l spike and slab@] 79 W4=0] A}glo] AA L5 FRAs|of st By F7to] FASH S7tste] Al
4bE g=3fst=t) 71 A|7to] d2]al, MCMC Zo] Z mixing = 2] ¢F= A 7F A gt o] & s 2 st7] 98]
AitH o g2 o] o] Qe 45 AR (shrinkage prior)7} 12H AFgel A FERHA| B, 11 F thEA Q]
5 AEZ = Carvalho 5 (2010)0] A|QFSE horseshoe AFHE o]t} E Ao A= B;oll tiste] b3t
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-2 horseshoe AFHEEE 18]35t}

Bil ;7.6 ~ N (0,577, 25)
A5~ €0, 1),
T~ C*0,1).
off, C*(0, 1) half-Cauchy £-¥-5 LFeh], 9] Hx 2 ¢o]o] 4% gholu}t truncated Cauchy HE5
ARESH7| & gk B (1.1)9] @aFg) Bt 2ol Al e A AP 2 E AR
Horseshoe APHZ 3 (2.5)9F 2 (1.DZFE A4S = g7 1123 A9 & 2K AR
2t} (Makalici} Schmidt, 2016):

rlr
i
oo
i)

Blrest ~ N, (A7'XTy, ¢?A- )

n+p

§* | rest ~ IG %YWMYMH—WAB

2g 72}’ j=1...,p,

p+1
2

22ﬁAﬁ)

] j=1L...,p,

1
§|rest~IG(1, 1+ —2).
T

7 | rest ~ IG

vj | rest ~ IG

o4
3
A | rest ~ IG(I,
(
e

S10] Al AR % g0t v, £t 3 L0 S AN AT RES SEalgLon, o], A = (XTX+
AT, A = diag(4],...,4)) oIt & Aol A= O] ARSI o 7|9kt 95% 41-8 F7H(credible
interval)o] 0-& Z3}tol=x2] 0] R E Folsto], A& JL7to] 08 ZEhelA] o™ So)5F M2 M5ttt

2.3. HE H{|O| 2 g

H 2 H]o] 2 HH O mean-field ZALS ©]-8510] AASE L E ZASH=HH O
ol e WHALS H Aokt RIS AT L] T HEE ALg T A4To]

A 4 glon, o] B4} AR SR DR Aol golshA At A7HE BET 5 Stk
Ray®} Szab6 (2021)& o2l 2] 4] (2.6)7 o] AF-EIE N(w,o?) slab_q- 001] X] 2] Dirac measure &, spike
2 FA = mean-field variational family 2 AFSE X E ZALSH= HE Ho] = v A|eHs1 At}
)4
Pyr = {Pu,mv = ® [ViN (13 03) + (1 =780 | - ;€ R, >0, y; € [0, 1]}' (2.6)
=

AN = (s spp)’s 0 = (01, 0) Yy = (s, yp) Ol TR O, AFE R O] ALES QI AP E R
Laplace slab3- AF-8-2t spike and slabof| o] A H 4= ;& EQIste] ofefj o] A (2.7)=} Zro] Aeigict:
By |2 ™ 2jLap() + (1 = 2))d0, @7
zilw i Bernoulli(w),

w ~ Beta(ao, bo)
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H2AA AR A FH 02 DA
o] F AR RIS S22 918, o}l o} o] ALERILII( | ¥)ehe] 2u)-ehol Be] WAbe A ohsl L

1= argmin KL(P, sy ITI(- | V).
PuoyePur
Q9] A3} EAE &7] 915}, Ray2} Szabd (2021)9]| A= coordinate ascent variational inference (CAVI) &7
259 AL SR, el A B 1A Ao 2u)-ctol el HAhe 2 A skehs B Ho] = ALg R
RO By, 0y 78 A O R QJHlo| BT
WA ;%) 0y 0] A%, g o] = 4]
P yoz = 1) = ‘Z(XTX) +1(XTX) z_(yTx) A
JHjTO =), Y,25 = 1) = | £ i VR S it i

2
p
2 32 ;
+AafJ-e”?+Ap(1—2®(—fi», 2.8)
X T O'j

2

J
(XTX) o-z.—loga'«+/1u«0'«,[%e
i / "IN

7F Hdigte] B u%t o8 AFgste] E9-gtolEe] Wike 2 A40ke & Sl ofuf 2.8)% 2.9)E =
gtEL ZHEe o3l PAlog 7ok 4 glong R WSSl optimizeS ARgsto] =2 F 07 A4ttt
2O 2 v Fol U] By, o,y ;9 ot 4] (2.10) 2 25 H logit™! (Tiw, o, y-) S A4S 3h-2 A
8sto] 2d-gtol &2 it Haske 4= Qlrk:

g
202 Mj
40 o ppyiz = 1) = 2/+Mﬁ—dj» (29)

J

N =

Yi 1
. —/)/j = logZ—z +log \/go-j/l + (YTX)j,uj 3 H Z (XTX)‘,_k Viklk

k#j

log

2
Liyr 2, 2 2 32 Hj
-5 (x X)jj(ajwj)—/laj\/;e iy I_ZCD(_F_,)
=T, o, 7). (2.10)

7| A O BEAFEEO] F SIge :

T3t 2713 A4 9 B4 Ao E Ao Tzttt 71E CAVI &aelEo] BEAIE sidstr] $5l,
Ray®} Szab6 (2021 A= Bt HE po] 27132 AXS o, FAH X2 AUzt 7|&0 2 A5 yH
20 2 JEsH s A 2 B8 Ao Est e HS AFESEA T B AN T Tdt G5
AHESER L, W e po] 27|3L0 2 ridge 37| FHFAQ = XTX+1,) ' XTYE AFE5FATE AF&tt CAVI
A1 ES FAH R A XS] $15], Rayet Szabé (2021)0]] A& = o] Sl dalE]E A -S Algorithm 19]
SAFAE olnf dol] pAbA WE 4 = (uy, ..., u,)" 0l W, order(jul) = (ay,...,a,)" &= p] AHZL 71&
WRHAE AR, oy | 2 - 2 |1, [ TS GO E HAF0] Z3AEHE o4, ;0] Mt JIEZ 0] ¥s}
Ay :=maxj_y, [Hy)) = Hyou )17t B8] FaE 22 AAIGL € ot 2 Dol Z wiztx] &2 5L vhEgit.
A7]4 H(p) = —plogp — (1 = p)log(1 - p), p € (0, )o|t}.

Ray 5 20219 A& 12H 22| A E 3] o] A4 o] HE Ho] = WS
Qtatel.om, o] = HE Ho]| X AAF R E 20| AT|o] EE I35t 4lo] 27 WA B = 212 A 2|5} Algorithm
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Algorithm 1 Variational Bayes for Laplace prior slabs

1: Initialize: (Ay, 0, y), u = 29, a = order(|u|)
2: while Ay > e do
3: for j=1to pdo

4 i= ai

5 pi = argmax,, fi(w; | p-i, 0,7,z = 1)

6: o = argmax,, g0 | 0,7,z = 1)

7 Youai = Yis ¥i = logit™" (Ti(w, o, y-))

8 Ag = max{|H(y:) — H(You,)l}

9 a = order(Ju|)
13 Fdet I o2 Mgt 2 AFoA = AA Zkm 242 55l Ray 5 (2021)0f| A A<t F1& "o =
W] A 7120 DAY 228 S92 e ol Le et

3. AlE22f0]d A5 M4 S Sot BludT

—
B gL thpd B8 A28 Aol AU 4G FARHE AT NEE D o] A|ek M
A S H5S gt Y AY A78Y (L)E Tejsigon], 44 989 74 4R BF
BTFRE NO,DERE SYH o2 PYSIATt v mRAL 99, hewt 2 F SRS BN 4FL

Tejorgict.
(1) n=100, p =500, s =10, Bgenaj = 10, ¢ =1

(2) n =100, p =500, s =10, Bygnaj = 10, ¢ =5

(3) n=100, p =500, s =10, Bsgnaj ~ Unif(-10, 10), ¢ =1
(4) n =100, p =1000, s =10, Bggnaj = 10, ¢ =1

(5) n =100, p =5000, s =10, Bgnaj = 10, ¢ =1

o714 s 00] obd S AAG=2] |45 2Au]SHH, Bigmaj= 001 obd jHA] 2 AA 9] gh& SJn|_tet. Z}
AR, SITHE B B = Bagnas - Buagnusn ... 0 € B9} o] A5}t

HIE 2 W48 Ui © 2 = ridge, LASSO, elastic net& AHE-519 2™, glmmet R m7] %] 2] cv.glmnet
5 AHESEGITh 2RS4 9] 49 1007]9] #E (107%,...,10') F 103 WA S-S o]-8-oto] Hat wat
A% olHE M Hastels 45 AEstglon, 2HHES @] 7% ridge= 0, LASSOE 1, elastic net:>
(0.0,01,02,...,10) % B D24d% olelS 7 a8k st 15 Aelatsch

Hjo]z] ot M -A el HiHH © 22 1= gpike and slab AFHE I, horseshoe AR T, HE Ho] =2 HIH-& AL
At} HA spike and slab AFZ-E 3= BoomSpikeSlab R 7] 2] 9] 1m.spike §+§ AFE5H=4), o2

S0 g% U 712 A ALESHT, niter = 500002 AA5t0] 5,000/ 9] FEE 2 1%

719] 1,00074 €] #2-S H2 1L 4,0007] 9] F2-S 2y A5 Bkl ARSI tha o & horseshoe A
H I = horseshoe R 3] 7] 2] 9] horseshoe $t5 AM2SFS . Spike and slab AFH-E EZ 2} wpzbr1z] 2 5,000
Aol T2 3 1000748 M2 F 29 45 Bk AHGohgct. vhAuto 2 e Wlo] = WL sparsevb R
1 7]2]9] svb. fit 45 ARSHRIT. o]mf, Ray@}t Szab6 (2021)0] HE Hlo]= ¥ 2 @ 2ol it ¢
o] Fol4 Irk AR Wabd co) 2 ¢F o 7, B (LS oL} 2ol Mestel Az
V=XB+Z A7IM ¥ = Y/3, X = X/, Z = (6/9)Z, Z ~ N,(0,1,)°]t}. o]u, ¢o] A3k &5 A7) 914l
selectiveInference R 1| 7] 2] 2] estimateSigma =5 A5}t
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Table 1: Confusion matrix

Predicted value

Positive Negative
Positive True Positive (TP) False Negative (FN)
Actual value . . .
Negative False Positive (FP) True Negative (TN)
By o] 452 vlwsty] §ia) cheket 87k 7122 Dot $4 24 9 A& 52 glsty] 918

mean squared error (MSE)2} mean prediction error (MPE)S ZA35}¢th th-& 0 2 H4AE A =9 51015}
213} false negative (FN), false discovery rate (FDR), true positive rate (TPR), Matthews correlation coefficient
MCO)& SAst3Itt upA| 2t o &2 ALt £& & 2lshy] 9fal| 2 &1 At AlZH-S S5k}t o]l ridge
39 9] ¢ Aol E7Hs SR = MSE, MPE B A4 A ZHH-S 5746151 .0, spike and slab AP 329}
A Hjo] = W o] B9 A E 5 Q1S QIR Wt SAS o 2 gHEo] 05K o E A 34 A
F7F A = Qleh 1 ws}Gl ). Table 1°ﬂ FN-Z H|£3H TP, TN, FPO] o] A ej=o] glom, 72} P&
oh2at o] A oj Tk

14 2
MSE = — || -
E p|w Bl

27

1 A 2 FpP
MPE = = [[X@-p),, FDR= 0,

TP  MCC = TP X TN - FP X FN .
TP + FN V(TP+FP)(TP+FN)(TN+FP)(TN+FN)

Table 2= Al Z 20| A 24& Tl S 202 AT #olrh HE VB HE Hlo]= ¥
ofufstal, 7 HHES & 5094 H}i’a]“’q 7} PSS Bty #EUAR AYE YE I WA Al
B (DA 24 2af 34, o5 2 Hpqdeo] A HiE wlo]= o] 7MY F2 s HolEh Axt
&5 v 2 8ol LASSOo| H]3] 2] x]|ul, T2 Bo] x|t HhH el spike and slab AR ] H|5| oF
124}, horseshoe AFAE 3L o] H|G|| oF 341)] o]AF W2 £ & HolZEr} @ 21gte] BARS 37 S A" (2)9]
=4 734'0“/‘15 A" (Dol A ¢] Aitet Bl 57t 32 K ol=t, horseshoe AP 2o} M7 Ho] = o]

At EEE A QAT 34, o5 B Hedg o 7Y 2 52 RoEth sHAT F R ES & 45
5 °]' HEH, 2 wo] = W O] At 7 of 338]) o] 4 whE 2 & & QT &2 & 00] obd 3] A A4
O] F& LR Unif(-10, 10)0] 4 FE3 A (3)9] 24 oA BE PREESC] F4 H AS0A
H|SR 52 HolFgl o, W deoA s Hol At &850 ¢48 d5& HoEes sttt vt
A7 & HE Hlo] = B o] thE Ho] |t W E o H] Ant oA A B Ae gl

TPR =

o o

N
rlr
>

= Qe oA e 2 2H1 €] 2717F p = 100091 AlF (4)eF p = 500091 A" (S)el A = B= HES0] vl
D37 % % 452 B O, horseshoe AT S M Hlo] % o] T2 WAAE A4S HolF L,
7R 2 8]55t Al Sof H]§j HE H|o]| = HlH o] horseshoe AFAE L of H|&f| QLA 0 2 W2 AL &S
1 01, o]l spike and slab AR 9] 7% 4418 0] ol A AL 1% 4 G, ol Wl
A4 p7t Ao kel 29 B7b0] FA8] HolAH MOMC HEE0] B8 BHE FE3] FHoA] 2ol

Aoz AT % et

4. AN 2R BHS E5HH LA

B AL AR ARE ALl ALY ZALE B FRAS S ASET W Wo] = YT} b2 Ho] xh
WM P E 710 52 ]k 240 AL§3 A (Golub 5, 1999)0] <J5) AT WBY A%
WA AR, 34 T4 NEWAML) e 34 x4 NAYALLE G Qe 72792 A0 = 72)
2R E 9L 3571709 §AA TEZHp = 357) 0.2 TA ] ek



452

Table 2: Comparing methods in high-dimensional linear regression

Insong Jang, Kyoungjae Lee

Metric Method 1) ) 3) (4) (5)

Ridge 0.0287 +0.0185 0.0261 +0.0148 0.0141 + 0.0086 0.0125 + 0.0090 0.0038 + 0.0023

LASSO 0.0022 + 0.0006 0.0103 + 0.0022 0.0022 + 0.0005 0.0014 + 0.0008 0.0008 + 0.0012

MSE Elastic net 0.0024 + 0.0008 0.0104 + 0.0022 0.0022 + 0.0005 0.0013 + 0.0004 0.0010 + 0.0014

Spike and slab 0.0160 + 0.0250 0.0212 +0.0249 0.0014 + 0.0049 0.0178 +0.0133 0.0060 + 0.0003

Horseshoe 0.0011 +0.0003 0.0065 + 0.0017 0.0011 +0.0003 0.0004 + 0.0001 0.0024 + 0.0032

VB 0.0007 + 0.0002 0.0052 + 0.0020 0.0008 + 0.0003 0.0012 + 0.0042 0.0028 + 0.0025

Ridge 0.4967 + 0.6882 0.6435 + 0.3625 0.2205 + 0.2639 0.4494 + 0.7169 1.1724 + 1.2548

LASSO 0.0762 + 0.0120 0.3682 + 0.0524 0.0773 £ 0.0119 0.0807 +0.0126 0.1878 + 0.3336

MPE Elastic net 0.0785 +0.0137 0.3696 + 0.0490 0.0778 +0.0124 0.0822 +0.0126 0.1749 + 0.2632

Spike and slab 0.6960 + 1.0982 0.9570 + 1.1179 0.0626 +0.2194 1.6434 + 1.2388 2.8433 +0.2460

Horseshoe 0.0702 + 0.0198 0.4325 +0.1025 0.0723 + 0.0200 0.0581 +0.0184 0.0716 + 0.0880

VB 0.0326 + 0.0073 0.2330 + 0.0612 0.0402 +0.0113 0.0375 + 0.0227 0.2163 + 0.4549

LASSO 0.0000 + 0.0000 0.0000 + 0.0000 0.0000 + 0.0000 0.0000 + 0.0000 0.1800 + 0.8965

Elastic net 0.0000 + 0.0000 0.0000 + 0.0000 0.0000 + 0.0000 0.0000 + 0.0000 0.1600 + 0.6503

FN Spike and slab 2.2800 +4.1109 2.8800 + 4.4568 0.2000 + 1.4142 5.3600 + 4.7154 9.5600 + 0.7602

Horseshoe 0.0000 + 0.0000 0.0000 + 0.0000 0.0000 + 0.0000 0.0000 + 0.0000 2.6400 + 3.4390

VB 0.0000 + 0.0000 0.0000 + 0.0000 0.0000 + 0.0000 0.0400 + 0.1979 1.4200 +2.1579

LASSO 0.7978 + 0.0783 0.8036 + 0.0600 0.8151 +0.0701 0.8535 +0.0532 0.9199 + 0.0551

Elastic net 0.8269 + 0.0663 0.8134 + 0.0566 0.8276 + 0.0623 0.8613 + 0.0536 0.9278 + 0.0472

FDR Spike and slab 0.0000 + 0.0000 0.0000 + 0.0000 0.0000 + 0.0000 0.0000 + 0.0000 0.0000 + 0.0000

Horseshoe 0.0070 + 0.0292 0.0338 + 0.0628 0.0139 + 0.0524 0.0070 + 0.0292 0.2385 + 0.3737

VB 0.0000 + 0.0000 0.0902 + 0.1383 0.0481 + 0.0833 0.0358 + 0.1681 0.4386 + 0.4261

LASSO 1.0000 + 0.0000 1.0000 =+ 0.0000 1.0000 + 0.0000 1.0000 =+ 0.0000 0.9820 + 0.0896

Elastic net 1.0000 + 0.0000 1.0000 + 0.0000 1.0000 + 0.0000 1.0000 =+ 0.0000 0.9840 + 0.0650

TPR Spike and slab 0.7720 £ 0.4111 0.7120 + 0.4457 0.9800 + 0.1414 0.4640 + 0.4715 0.0440 + 0.0760

Horseshoe 1.0000 + 0.0000 1.0000 + 0.0000 1.0000 = 0.0000 1.0000 + 0.0000 0.7360 + 0.3439

VB 1.0000 + 0.0000 1.0000 + 0.0000 1.0000 + 0.0000 0.9960 + 0.0198 0.8580 + 0.2158

LASSO 0.4215 +£0.0918 0.4176 + 0.0754 0.4012 + 0.0866 0.3640 + 0.0736 0.2614 + 0.0769

Elastic net 0.3850 + 0.0903 0.4058 + 0.0738 0.3864 + 0.0794 0.3530 + 0.0745 0.2504 + 0.0726

MCC Spike and slab 0.7939 + 0.3799 0.7339 + 0.4203 0.9800 + 0.1414 0.5166 + 0.4482 0.1156 + 0.1766

Horseshoe 0.9963 + 0.0155 0.9820 + 0.0338 0.9924 + 0.0291 0.9964 + 0.0153 0.7393 + 0.3541

VB 1.0000 + 0.0000 0.9494 + 0.0823 0.9741 + 0.0455 0.9734 +0.1272 0.6309 +0.3372

Ridge 0.2240 + 0.0255 0.2172 + 0.0083 0.2206 + 0.0181 0.4050 + 0.0185 1.7994 + 0.0606

LASSO 0.0778 + 0.0181 0.0804 + 0.0070 0.0770 + 0.0152 0.1092 + 0.0195 0.4046 + 0.0323

Runtime Elastic net 1.0018 + 0.0502 1.0428 + 0.0373 0.9950 + 0.0398 1.5230 + 0.0481 5.6984 + 0.1402
(sec) Spike and slab 5.3910 + 0.7461 5.2626 + 0.7452 5.5324 +0.3202 10.2386 + 1.6110 49.6352 + 11.0167
Horseshoe 15.2718 + 0.3201 15.0646 + 0.0593 15.1024 + 0.0662 28.8188 +0.0843 138.8736 + 2.3363

VB 0.4500 + 0.0481 0.4460 + 0.0457 0.4342 +0.0433 0.8032 +0.1131 3.5904 + 0.6979

B Ag

2 0 g = expectation-maximization (EM) &1 2] &S AF25}0] o] 2 go] e of et 12}

H

H|o] Z] ot =AM el A& 5| 2 5= variable selection for binary data using the EM algorithm (Binary EMVS)
(McDermott 5., 2016) 94, A9 S4€ 7171 25 BAlo] Age £/ walg 2 AR IR Fikg
H|o] ] ¢t o}t 2 X A ¥ 5] F 29 bayesian logistic regression with heavy-tailed priors (HTLR) (Li2} Yao,
2018) ", BFA]EEO 2 Ray S} Szab6 (2021)7} AISHet M o] = wP¥-2 ALESFATE. BAS R 917]7 S A}
85}o] 42945191 © ™, Binary EMVS, HTLR, H-E H|o] = HhHof| tf5o] ZFZ} BinaryEMVS, HTLR, sparsevb
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Table 3: Comparing methods in high-dimensional logistic regression

Method Error rate Runtime (sec)
Binary EMVS 0.0556 12.4883 +2.7501
HTLR 0.0694 15.8621 +0.1787
Variational Bayes 0.0556 2.0240 + 0.0580

nary EMVS@} 15 H|o] = HIRo] 0.0556 0 2 71 Wokow, o]= 727] <] R34 5 4719 gt A%
BT AR 2 EF 452 B ETh HTLRE A9 LE780] 0.06942 TfE HIHEEof H|s) oFft
A Al Y] HHEE B F H| 6 2 BEF A5S HoEt) sHA AL 2= W E 7F Afo 7t
=t HE o] = B o] Binary EMVSET HH & 02 oF 6uff o4 w2 A4t L& HojEot oyt
BinaryEMVS mj7| 2= 443517 R ZER o]2o]A o

0] A3} Lo zfo) 7t 917] wiEofl T vt B7] of gt whebA] Fegt £ HluE $JshA
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