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SOME RESULTS ON THE GEOMETRY OF A
NON-CONFORMAL DEFORMATION OF A METRIC

NouR ELHOUDA DJAA AND ABDERRAHIM ZAGANE

ABSTRACT. Let (M™,g) be an m-dimensional Riemannian manifold. In
this paper, we introduce a new class of metric on (M™,g), obtained
by a non-conformal deformation of the metric g. First we investigate
the Levi-Civita connection of this metric. Secondly we characterize the
Riemannian curvature, the sectional curvature and the scalar curvature.
In the last section we characterizes some class of proper biharmonic maps.
Examples of proper biharmonic maps are constructed when (M™,g) is
an Euclidean space.

1. Introduction

Let ¢ : (M™,g9) — (N™, h) be a smooth map between two Riemannian
manifolds. ¢ is said to be harmonic if it is a critical point of the energy
functional

B(:D) = 5 [ 1) v,

for any compact domain D C M. Equivalently, ¢ is harmonic if it satisfies the
associated Euler-Lagrange equations given by the following formula:

(1) T(p) =TryVde = 0.

Here 7(¢p) is the tension field of ¢ (For more detail on harmonic maps, see
[1,5-7,9]). As a generalization of harmonic maps, biharmonic maps are defined
similarily, as follows:

A map ¢ is said to be biharmonic if it is a critical point of the bi-energy
functional

EaiD) =5 [ (o),

over any compact domain D.
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Equivalently, ¢ is biharmonic if it satisfies the associated Euler-Lagrange
equations:

(2)  7(p) = —TrgRN(7(p),de)dp — Try(VPVeT(0) — VE,,7(0)) = 0.

The operator T2(¢) is called the bitension field of ¢ (see [1-3,5,6,9]). It is
obvious to see that any harmonic map is biharmonic, therefore it is interesting
to construct proper biharmonic maps (non-harmonic biharmonic maps).

Using the conformal transformation in [1], [2] and [3], the authors give some
examples of proper biharmonic maps. In [4] and [8] the authors studied bihar-
monic maps between warped products where they gave the condition for the
biharmonicity of the inclusion of a Riemannian manifold N into the warped
product, also they gave some characterizations of non-harmonic biharmonic
maps using the product of harmonic maps and warping metric. The main
motivation of this work is to give other methods for the construction of new
examples of proper biharmonic maps.

In this paper, we introduce a new class of metric on (M™, g), obtained by
a non-conformal deformation of the metric g (Definition 3.1). First we inves-
tigate the Levi-Civita connection of this metric (Theorem 3.1). Secondly we
characterize the Riemannian curvature, the sectional curvature and the scalar
curvature (Theorem 4.1, Theorem 4.2, Theorem 4.5 and Theorem 4.6). In the
last section we characterize some class of proper biharmonic maps (Proposition
5.4, Proposition 5.10). Examples of proper biharmonic maps are constructed
when (M™, g) is an Euclidean space.

2. Preliminaries

Let (M™, g) be an m-dimensional Riemannian manifold, C*°(M) be the ring
of real-valued C*° functions on M and &% (M) be the module over C*° (M) of
C* tensor fields of type (r, s). Denote by Ffj the Christoffel symbols of g and
by V the Levi-Civita connection of g, this connection is characterized by the
Koszul formula
(3) +9(Y,[2, X]) — g(X,[Y, Z])
for all X,Y, Z € S§(M).

By R and Ricci we denote, respectively, the Riemannian curvature tensor
and the Ricci tensor of (M™,g), are defined by

R(X,Y)Z =VxVyZ~VyVxZ —VixyZ
Ricci(X) =Y R(X, E)E;
=1

for all vector fields X, Y, Z € S3(M), where (E1, ..., E,,) is alocal orthonormal
frame on M.
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Let f be a smooth function on M, and the gradient of f, noted grad f, be
defined by
glgrad f, X) = X(f),
and the Hessian of f, noted Hessy, be defined by

Hessy(X,Y) = g(Vxgrad f,Y) = X(Y(f)) = (VxY)(f)
for all vector fields X,Y € S§(M).

3. Semi-conformal deformation of metric

Definition 3.1. Let (M™,g) be a Riemannian manifold and f : M —]0, +o0|
be a strictly positive smooth function. We define the semi-conformal deforma-
tion of the metric g on M noted G by

G(X,Y)z = f(2)g9(X,Y )z + 9(§, X)29(8, Y )z

for all z € M, X,Y € S§(M) and € € S}(M) such that g(£,€) = 1 and
§(f) = 0.

Note that G is a conformal metric to g on the distribution orthogonal to &.
In the following, we let £ be a parallel vector field respect to V (i.e., V& = 0),
where V denote the Levi-Civita connection of (M™, g).

We shall calculate the Levi-Civita connection V of (M™, G) as follows.

Theorem 3.1. Let (M™,g) be a Riemannian manifold. Then the Levi-Civita
connection V of (M™,G) is given by
(4) VxY = ViV + XQ(]{)Y + Yg)x - g(f}y)gmdf
_ (X(f)g(f,Y) + Y(f)g(&, X))f
2f(f+1) 2f(f+1)
for all vector fields X,Y € L (M).

Proof. From Kozul formula (3), we have
2G(VxY,Z) = XG(Y,2)+YG(Z,X) — ZG(X,Y) + G(Z,[X,Y))

+G(Y,[Z,X]) - G(X,[Y, Z])

= X(f9(Y,2) +9(&£,Y)g(&, 2))
+Y (f9(Z,X) + (&, Z2)9(¢, X))
—Z(f9(X,Y) +9(&, X)g(&,Y)) + f9(Z,[X.,Y])
+9(8 2)g(&, [X,Y]) + fg(Y,[Z, X]) + 9(&,Y)g(&, [Z, X])
= f9(X,[Y, Z]) — g(§, X)g(&, [V, Z])

= X(f)g(Y,2)+ fXg(Y,Z) + Xg(§,Y)g(§, Z2)
+9(§Y)Xg(&,2) +Y(f)9(Z, X) + fYy(Z, X)
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+Yg(§,2)9(§ X) +9(&, 2)Yg(§, X) — Z(f)g(X,Y)
—fZ9(X.Y) - Zg(§, X)g(§,Y) — g(§, X)Zg(§.Y)

+ f9(Z,[X,Y]) + g(§, 2)g(&, [ X, Y]) + f9(Y,[Z, X])
+9(&,Y)9(§,[Z, X]) — fo(X,[Y, Z]) — g(&§, X)g(&, [Y, Z])
=2f9(VxY, Z)+ X(f)g(Y. Z) + Y (f)9(Z,X) — Z(f)9(X,Y)

+29(&, VxY)g(§, Z) +29(VxE,Y)g(§, Z)

2G(VxY, Z) + XJ(f) (GY, 2) — g(&,V)g(&, 2)
+ W (62, - 6. 21916 %) - LE D cgraa s, 2

= 2G(VxY, Z) + XJ(Cf)G(Y, 7) + Y;f)G(X, Z)

9XY) e XDOEY)

f f(f+1)
_Y(f)g(§,X)
g(X,Y

:2G(VXY+X2(;£)Y+Y2(J{)X— 57 )gradf,Z)
XUg&Y) | Y(N9EX),
2f(f+1) 20(f+1) 77

—2G( £+

Hence, we get

X(f), Y, gXY)

27 Y + T X - 27

_(X(f)g(f,Y)+Y(f)g(§,X))€
2f(f+1) 2f(f+1) 7 O

VxY = VyY + grad f

Using Theorem 3.1, we obtain the following lemma.

Lemma 3.2. Let (M™,g) be a Riemannian manifold. Then for all vector field
X € 33 (M), we have

lgrad f|? & X)llgrad £|*

9

Vxgrad f = Vxgrad f + 57 37 (f+1) &,
VX§_2(f+1)§_ i grad f.

4. Curvatures of semi-conformal deformation metric

We shall calculate the Riemannian curvature tensor of (M™,G) as follows.
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Theorem 4.1. Let (M™,g) be a Riemannian manifold. Then the Riemannian
curvature tensor R of (M™, Q) is given by
R(X,Y)Z = R(X,Y)Z — g(lz/’fz)vxgmdf + W;;CZ)Vygradf
(3Y(f)Z(f) _ Hessy(Y,Z) g(Y,Z)|grad f|?
412 2f 4f2
B (3X(f)Z(f) _ Hessy(X,Z)  g(X,Z)|lgrad f|?
4f? 2f 4f?
9§, X)g(Y, Z)|lgrad fII*  g(§,Y)g(X, Z)||grad f|?
4f2(f+1) 4f2(f+1)
L W H3X(HZ(H9EY) (A +3Y(HZ(H9(€, X)
4f2(f +1)? Af(f+1)2
+ g(f,X)HGSSf(Y7 Z) o g(gvy)Hessf(Xv Z))€
2f(f+1) 2f(f+1)
Af3(f+1) 4f2(f+1)
3X(fg(Y.Z2) 3Y(fg(X,Z
- N0i2) DD, g
for all vector fields X,Y,Z € S§(M), where V and R denote, respectively, the
Levi-Civita connection and the curvature tensor of (M™, g).

Proof. For all X,Y,Z € S{(M).
R(X,Y)Z =VxVyZ - VyVxZ —VixyZ.
By virtue of Theorem 3.1, we obtain

D ViVyZ = V Y(f) Z(f) 9(Y, Z)
(i) VXVyZ—VX<VyZ+ of 7 + 27 Y — 27

Y(£)9l€.2)  Z(N)g(€Y)
~Gotreny * aftran )

)X

)Y

+

grad f

= 6x(VyZ)+6x<%J{)Z)+§X(%ff,)Y)—6x(g(};}Z)gTadf)
Vi Y(f)g(§7 Z) \V/ Z(f)g(@Y)
VG OV Gapray o)
Direct computations give
Vx(VyZ)=VxVyZ+ X;J{)vyz + (VYQi)(f)X - g(X’;YZ)gmdf
_(XWDele Vv 2) | (VYD Hgl& X)y,
2f(f+1) 2f(f+1) 7
- Y Xy X(H)Y Y
T ( Q(JJ:)Z):( (Q;f)) _ (2}2(f))z+2(;)vxz
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X(HY (), YH2(f), _ Y(HeX, 2)

412 ZF 412 X - 4f2

| XY D) | Y20 X)
IYEES) RSy

+

grad f

)¢,

%X(ZQ(J{)Y) _ (X(gjgf)) _ X(J;)ff(f))y_i_ @VXY

2f
X(H2(f)  Y(HZ(S) Z(fg(X,Y)
+ e Y + e X — e
_ (X(f)Z(f)g(&Y) L Y()Z(f)g(€. X)
AfA(f+1) 4f2(f+1)

grad f

)¢,

6X(902/’fz)gmdf) _ (g(VXY, 2)  9Y.Vx2) X(f)g(Y, Z))gmdf

2f 2f 2f2
9(Y, Z)
2f
g€ X)g(Y, Z)||grad f|?
Af3(f+1)

9(Y, Z)|lgrad f|*
Af2

£,

+ X

Vxgrad f +

Vx(

Y(f)g(&Z)g) _ (—(3f+2)X(f)Y(f)9(£, Z) XX (f)g(€.2)

2711 27 + 1) 7+ 1)
Y()9(€.VxZ), Y(Dgle. X)gle. 2)
TRy T T apgey e

Gy (20 Y) oy (BF +DX(NZNa(6.Y) | X(Z(f)a(E.Y)
P E 2f2(f + 1)2 2f(f +1)
Z(f)g(&, VxY) Z(f)g(&, X)g(&,Y)
PSRy T Ay

(ii) In fact, by substituting X by Y into the €X6yZ, we get VyVxZ.
~ XY Z X, Y|, Z
(ili) Vixy1Z = Vixv)Z + [ ’2f](f)z+ 2(;) [(X,Y] - “C’([’Qf]’)gmdf
(XY Z2) | Z(f)y€ (X, Y])
T TR TS T .

For V,W € 3§(M) and z € M such that V,, and W, are linearly independent,
the sectional curvature of the plane spanned by V, and W, is given by

GR(V, W)W, V)
GV, V)GW,W) -GV, W)

K(V,W) =
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Theorem 4.2. Let (M™,g) be a Riemannian manifold. If K (resp., K) de-
notes the sectional curvature of (M™,g) (resp., (M™,Q)), then we have

1 3X(f)? n 3Y (f)°

K(X,Y) = (K(X, Y) +

f+9(,X)? +9(&Y)? af? Af?
_Ngrad £I? - X(£)%9(6,Y)*  Y(f)?9(6, X)*  Hessp(X, X)
4f? 4f2(f+1) Af2(f+1) 2f
(6) _ Hess;(VY) X(f)Y(f)g(&X)g(E,Y)>
2f 2/2(f +1)

for any X,Y € (M) two vector fields orthonormal with respect to g.
Proof. We have,

G(R(X,Y)Y,X) = fg(R(X,Y)Y,X) + g(&, R(X,Y)Y)g(&, X).
From the formula (5) and direct computation we get,

FoRX Y)Y, X) = fo(ROX, Y)Y, X) — Hesss (X0 X) 3V (f)°

2 4f
_ Hessp(Y,Y)  |grad f|? n g9(&, X)?|lgrad £|?
2 4f 4f(f+1)
(Bf+4)X(NY(fg€, X)g(&.Y) n 3X(f)?
4f(f +1)? 4f
(@AY (£)%9(& X)* | g(& X)*Hessy (YY)
4f(f+1)2 2(f+1)
) g6 X)g(& Y ) Hessy (X, Y)  X(f)*9(&,Y)?
2(f+1) Af(f+1) 7
and

Bf +2Y(£)%g(&, X)*  g(& X)*Hessy (YY)
Af(f+1)? 2(f+1)
9(&, X)?|lgrad fI* | g(§, X)g(§,Y)Hessp(X,Y)
Af(f+1) 2(f+1)
B E2)X(N)Y (g€ X)g(€Y)
4f3(f+1)2 ’

9(&, R(X,Y)Y)g(¢, X) =

(8)
In fact, by adding (7) and (8), we get
3X()2 3YUP _ llgradg)?

G(R(X,Y)Y,X) = fK(X,Y) +

Af Af Af
CX(f)P9(E,Y)? Y(f)?g(€,X)*  Hessp(X, X)
4f(f+1) 4f(f+1) 2

2 2f(f+1) '
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On the other hand, we have
(10) G(X, X)G(Y.Y) - G(X,Y)* = f(f +9(6, X)* + g(£,Y)?).
From (9) and (10), we get the formula (6). O

Corollary 4.3. Let (M™, g) be a Riemannian manifold. If f is constant, the

sectional curvature K of (M™,G) is given by
~ 1
K(X,Y) =
) = e X7+ ge vy

for any X,Y € (M) two vector fields orthonormal with respect to g.

K(X,Y)

Remark 4.4. Let {E;},_15 be a local orthonormal frame on (M™,g) with

1,m
E; = £. We define the orthonormal vector fields
~ 1 ~ 1
(11) E1 = 7E1, Ez = 7Ei7 1= Q,m.
VIi+T v
Then {Ez}z:m is a local orthonormal frame on (M™,G).

Theorem 4.5. Let (M™ g) be a Riemannian manifold. If Ricci (resp. é;\c;z)
denotes the Ricci tensor of (M™,g) (resp., (M™,Q)), then we have

oo L. . 4— +5— dflIz A
chcz(X):fchcz(X)+((( m)f4f3(f+ml))”g7“a fll B 2%)

Frprey Y ey Ve
(((m—6)f+m—E’>)||gmdf||2 A(f)
A3 (f+1)? 272(f +1
— 2 — —
N ((3m —6)f*+ T]:Z(f i6i{2+ 3m 9)X<f)gradf

)X

+

))g<£,X>s

(12)

for any vector field X € S§(M).

Proof. Let {E;};,_15 such that E; = £ be a local orthonormal frame on
(M™, g) and {E‘l}tzm be a local orthonormal frame on (M™,G) defined by

(11). By the definition of Ricci tensor, we have

m
Ricci(X) = R(X, E,)E;
=1

1 1 LRy 1 1
R(X,—=F;,)—E;

= R(X,

S

1 -
= ﬁR(ng)g—’—

=

i R(X,E;)E;.
=2
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From the formula (5) and direct computation we get,

Ly _ 1 9(¢,X)
mR(X,g)g— 2f(f_s_l)VXgraclf—i—2}((170_’_1)Vgg7‘aclf
lgrad f|* (Bf+2)X(f)
Tapren s g Y
9(&, X)|lgrad f||*
1) MRS
and
1 o= ~ 1. 3— X
7 ; R(X, B)B; = 5 Ricci(X) + T;nvxgradf _ 9(26]02 ) Vegrad f
N (=fP+m-7)f+m— 5)9(6,X)kaﬁ"adf\IQf
Afs(f+1)?
A(f)g(€,X) (5 —m)llgrad fI>  A(f)
ey )X
(14) ngdf.
In fact, by adding (13) and (14), we get (12). O

Theorem 4.6. Let (M™, g) be a Riemannian manifold. If o (resp., o) denotes
the scalar curvature of (M™,g) (resp., (M™,Q)), then we have

- 1 2-m)f+4—-3m

o= -0 A(f

AETEIT S I
(15) + (Tm —m? — 6)f2 + (16m — 2m? — 22) f +9m — m? — 14)
Af3(f+1)2

Proof. Let {E;},_15 such that E; = £ be a local orthonormal frame on
(M™,g) and {E;},_1+ be a local orthonormal frame on (M™,G) defined by

i=1m
(11). By the definition of the scalar curvature, we have

lgrad f]*.

5= G(Ricci(E;), ;)
=1

—

- ! G(E&'cvci(g,g))+%ZG(R¢00¢(Ei),Ei)

f+1 =2
= g(Ricci(&,€) + Y _ g(Ricci(E;), ;).

=2

From the formula (12) and direct computation we get,

w6 (Riate.e) = Lo

A(f)
2f(f+1)’

lgrad f]* —
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and

zm: g( chcz E;)

1 B—m)f+4—-3m
= A
ot apg ) AW

8m —m? —10) 2 + (17m — 2m? — 25 9m —m?2 — 14

In fact, by adding (16) and (17), we get (15). O

(17)

Corollary 4.7. Let (M™, g) be a Riemannian manifold. If f is constant, then
the scalar curvature o of (M™,G) is given by

-~ 1

o= -o.

f
Corollary 4.8. Let (M?,g) be a flat Riemannian manifold. Then (M™,G) is
flat if and only if f is a solution of the following differential equation
2f+1) 2
———=\|grad(f)||*-
L P lgrad )]

5. Proper biharmonic maps

Proposition 5.1. Let Id: (M™,g) = (M™,G) be the identity map. Then we

A f =

have .
1) = 2 gradtun( ) - 22 g,

where {E;},_1 s a local orthonormal frame on (M™, g) such that Ey = §.
Proof. From the formula (4), we have

= _ Eu(f) 1 _ Ei(f)g(& Er)

VElEl_VElEl— f El— Qfgradf f(f+]_) f

1 Eq(l

(19) = BB - gorad n(y) - 2T

= 1
(19) Vg FEi— Vg E, =E(n(f)E; — igrad In(f) (i>2).
Using the formulae (1), (18) and (19) we obtain
T(Id) = Z (Ve Ei — Vi, Ei)

72( ))E; 7}g7'ad 1n(f)>E1J£1:1_({))§
_ 2 Ei(In(f))
= =5 grad In(f) - e ]
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Lemma 5.2. Let (M, g) = (R™,dz?) be the real Euclidean manifold. If ¢ = Oy

and f(x1,%9,...,%m) = f(x2), then we have:
S S _m=2 (f)°
Vo, Vo, 7(Id) = Tm7
Vo To,r1d) =" () 0 = 2 () ) o (i 2 3),
Vo, 9o,m1d) = Z ™ o) + 3(m(5))" () + & (w(£)))]
Proof. If we put F = Tme and Fp = %F +/1, then from Proposition 5.1, we
obtain
T(Id) = Fag
using the formula (4), we obtain
" f/ f!
Vour(ld) = 5P L0y — Py
f/
=3 f i 131 Fy04,
651 631T(1d) = Val Fgal
_ g(01, F200)
= *Tgﬂld(f)
= *ifFQf 827
Vo, r(Id) = 1F];/ s,
Vo, Vo,r(Id) = ( f7)a
1 f’
f( 7 )orad(f)
_m=2f
T8 (f) %,
Vo, m(Id) = 85(F)0, + ;FaZJ(cf) 02
2 — no 1 ,
- g-m [(1n<f>) + 2 ()] o,
0,V o, (Id) = 0a(Fy)0s + I %),

2 f
where Iy = € 27") [(ln(f))” %((ln(f))’)ﬂ 0
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Lemma 5.3. Let (M,g) = (R™,dz?) be the real Euclidean manifold. If ¢ = Oy

and f(x1,%9,...,%m) = f(x2), then we have:
5 _(2-m) f”f/ 1 N3
TrR(r(1d), ) = = [(1 = m) = o (m =1 - T 1))(7) }52.
Proof. Indeed, from Theorem 4.1, we obtain
R(Ds,02)02 = 0,
. d(f)|I? 3
102,000, =~ Vosgraa( ) - 150, 1 20, p)graats
f// f/ 3 f/ 2
:75827 (4f)2 Oy + Elfg) 0o
5[5 - Lo <
f// f/ 2 f/ 3f/
R(0s,01)01 _ﬁaz — (4f)2 Oy — I 1)gmd(f) + 4f29rad(f)

LR ()
- )

~sl-F+ G ()]

TrR(r(Id),)- =Y R(r(Id),0;,)0; = F Z R(8y,0)0;

_ m—?F[(f/)z_J;"}aQJr F{_ffHJr g;ig (]}')2}82
f//

1 1 f
_ fF[ 1 + - ( }a :
Flo-mb o157 () o
where ' = =5 J} (]
Using Lemma 5.2, Lemma 5.3 and formula (2), we obtain the following
proposition.
Proposition 5.4. Let (M,g) = (R™,dz?) be the real Euclidean manifold &=
O and f(x1,29,...,2m) = f(z2). By putting K = 7 we obtain L = =K' +K?
and the bitension field of Id : (M, g) — (M, Q) is given by

(m

(1) = =2 [41(” F2(4—m)K'K + (2 - m)K3] By

Example 5.5 (proper biharmonic map). Let (M,g) = (R™,dx?) be the real
Euclidean manifold, £ = 0 and f(x1,22,...,%m) = f(x2). Then Id: (M, g) —
(M, G) is proper biharmonic if and only if K is a non-constant function solution
of the following differential equation

4K" +2(4 —m)K'K + (2—m)K? =0,
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where K = (ln(f))/ = fT/

From Remark 4.4 and formula (4), we obtain the next lemma

Lemma 5.6. Let (M, g) be an m-dimensional Riemannian manifold and Id :
(M,G) — (M, g) be the identity map. Then we have:

VEEl - VEEI = mgrad(f) — (f ir(.];))QEl’
Vg Bi— Vg Ei= # lgrad(f) = 2Ei(f)Ei], (2 <)
where £ = E.

Proposition 5.7. Let (M, g) be an m-dimensional Riemannian manifold. Then
the tension field of the identity map I : (M,G) — (M, g) is given by
-2)f+ -3 2f +1)E
(2w m =) OF DR
2f2(f+1) fAf+1)
From Proposition 5.7, we deduce:
Proposition 5.8. Let (M, g) = (R™,dxz?) be the real Buclidean manifold. If
& =01 and f(z1,22,...,2m) = f(x2), then the tension field of I : (M,G) —
(M, g) is given by

T(Id) =

E.

(m—2)f+(m—3)

272(f + 1)
and Id is harmonic if and only f = const.
Proposition 5.9. Let (M, g) = (R™,dz?) be the real Euclidean manifold and
I:(M,G)— (M,g) be the identity map. If £ = 01 and f(x1,22,...,Tm) =
f(x2), then we have:

T(Id) = f’ag

f/F/
=Vs71(ld) — Vs _=7(d) = ————=0
Vo Vo TId) = Ve, 570d) = g5y 0
f/F/
V5 Vg r(Id) — v%ﬁ;(m) = Waz, (i > 3),
(2f2F// _ f/F/)
Vg;Vg);T(Id) — Vg@fazf(ld) = T@g,
where F' = 7(7“5?)2{;1%_3) 1.
Proof. The proof of Proposition 5.9 follows immediately from Remark 4.4 and
formula (4). O

Proposition 5.10. Let (M,g) = (R™,dx?) be the real Euclidean manifold. If
E=01 and f(x1,22,...,2m) = f(x2), then the bitension field of I : (M,G) —
(M, g) is given by the follow formula:
(m—-1)f+(m—2)
27207 +1)

(2f2F// _ f/F/)
23

o (Id) = FF ]62,
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where F = %‘f’.

From Proposition 5.9 and Proposition 5.10, we obtain the following examples
of proper biharmonic maps.

Example 5.11. Let (M,g) = (R™,dz?) be the real Euclidean manifold. If
& =01 and f(x1,29,...,2m) = f(x2), then the identity I : (M,G) — (M, g)
is proper biharmonic if and only if f is a non-constant function solution of the
following differential equation:

(m—1)f+(m—2)
2/2(F+1)

where F = (m=2)/+(m=3) 2]2[2)“;17?) 3) I

(2f2F// _ f/F/)
2f3

f/F/+ :07

Example 5.12. Let (M,g) = (Rx] — 00,0[xR,dx? + dy? + dz?) be a real
Euclidean manifold. If ¢ = 8; and f(z,y,2) = f(y) = o7 = —— then

1—e¥

1 1
in, T(Id):iag#o and T7o(Id) =0,
therefore, I : (M,G) — (M, g) is a proper biharmonic map.
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