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A TRANSLATION OF AN ANALOGUE OF WIENER SPACE
WITH ITS APPLICATIONS ON THEIR PRODUCT SPACES

DonG HyuN CHO

ABSTRACT. Let C[0,T] denote an analogue of Weiner space, the space
of real-valued continuous on [0,7]. In this paper, we investigate the
translation of time interval [0, 7] defining the analogue of Winer space
C[0,T]. As applications of the result, we derive various relationships
between the analogue of Wiener space and its product spaces. Finally,
we express the analogue of Wiener measures on C[0,7T] as the analogue
of Wiener measures on C0, s] and C[s,T] with 0 < s < T

1. Introduction and preliminaries

The physical phenomenon described by Robert Brown, known as the Brow-
nian motion, was the complex and erratic motion of grains of pollen suspended
in a liquid [4]. Since his description, it has become a significant object of study
in pure and applied mathematics. One of the approaches to this motion is the
analysis on a function space using an interesting measure. Wiener introduced
a Gaussian measure onto the space of continuous functions to describe this
measure which is now called the (classical) Wiener measure [11]. Let Coyla, b]
and Cylc, d] denote the classical Wiener spaces, the spaces of continuous real-
valued functions 1 and x2 on the intervals [a, ] and [e, d], respectively, with
z1(a) = 0 and z2(c) = 0 [6,12]. A translation of the time interval [a, b] onto an
arbitrary interval [c, d] has been used in various literatures [1-3, 6, 12] related
to the classical Wiener spaces, that is, there exists an isometric isomorphism
between Cpyla,b] and Cylc,d] so that the two spaces are identified with each
other.

Let C[a,b] and C|c,d] denote the analogue of Wiener spaces, the spaces of
real-valued continuous functions on [a,b] and [c, d], respectively [5,7-10]. In
this paper, we investigate a translation of the time interval [a,b] onto [c,d]
on the analogue of Wiener spaces Cla,b] and Clc,d] so that the spaces also
can be identified with each other. As applications of the result, we will derive
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relationships between an analogue of (one-dimensional) Wiener space and its
product space. In fact, we express the integrals on the product space C[0, s] x
C[s,T] in terms of those on C[0,7T] using the relationships with 0 < s < T.
Finally, we express the analogue of Wiener measures on C[0, T as the analogue
of Wiener measures on C[0, s] and Cls, T].

Now, we introduce a generalized analogue of Wiener space which is a finite
positive measure space as the our underlying space of this work.

Let aqp be a function on [a,b] and let B, be a strictly increasing function
on [a,b]. For i = (to,t1, ... tp) With @ = tg < t1 < -+ < tx < b, let
ch’b : Cla, b] — R**! be the function given by

Jf’b(m) = (z(to), x(t1), ..., x(ty)).

For Hk_OB € B(R**1), the subset (Jf by- (Hj o Bj) of Cla,b] is called an
interval I and let Z be the set of all such 1ntervals 1. Let ¢, be a finite positive
measure on the Borel class B(R) of R. Define a premeasure mg 4., o0 Z by

Ma,bip, [(Jg b= ( >] /BO/  (Ehe, ik, wo ) dmf (i) dipa (uo)

where my, denotes the Lebesgue measure on B(R), and for ug € R, @ =
(u1,...,ux) € R¥

(1) le7b(Fkvﬁk’u0)

2

[H§:1 27[5a,b(;) - 5a,b(tj—1)]]

k

L [y = aap(ty) =i+ aap(ti-1)) }
. exp{ 2 ; Bap(t;) = Bap(ti-1) '

Then, the Borel o-algebra B(C|[a,b]) of C[a,b] with the supremum norm, co-
incides with the smallest o-algebra generated by Z and there exists a unique
positive finite measure wgq p;p, on B(Cla, b)) with wa p;e, (1) = Ma b, (1) for all
I € Z. This measure wq p.,, is called a generalized analogue of Wiener measure
on (Cla,b], B(Cla,b])) according to aq p, Ba,p and @, [5,7-10].

Theorem 1.1. If f : RFtY — C is a Borel measurable function, then the
following relation holds:

/ b f(x(to)ax(tl),~..,£L’(tk))dwa7b;%(x)
é/]R Rkf(uo7u17...,Uk)ngb(Fk,a’k,uo)dm’z(a‘k)d%(u()),

where = means that if either side exists, then both sides exist and they are
equal.
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2. A translation of the time interval

In this section, we will prove that the analogue of Wiener space is invariant
under a translation of the time interval.

Define ¢ : [¢,d] — [a,b] by ¢(t) = 2=
¥ : Cla,b] — Cle, d] by

Y(x)(t) = (x o ¢)(t) for x € Cla,b] and t € [c, d].

We note that v is an isometric isomorphism with the supremum norms. Let ¢,
be a positive finite measure on B(R), let ac,q = g0 @, Be,a = Ba,p © ¢ on [c,d]
and let w, q,,, denote the generalized analogue of Wiener measure on Cfc, d]
according to o 4, Be,a and ..

We now have the following theorem.

%(t—c)+afort € [c,d] and define

Theorem 2.1. Suppose that p. = @o. Then we have for a Borel subset B of
Cle, d],

(2) We,dip (B) = (Wa,bin 09~ 1) (B).-
Proof. Since all intervals of Clc,d] generate B(Cc,d)]), it suffices to prove (2)
for which B is an interval of Clc,d]. For s, = (so,81,...,8%) with ¢ = 59 <

s1< - <8 <dlett; = P(s;) for j =0,1,...,k and let te = (to,t1, ..., th).
Let Jsf;cd : C[e, d] — R¥*! be the function given by

J;,;d(y) = (y(SO)v y(sl), B y(Sk))
for y € C[c,d]. Then we have for HI;_O B; € B(RF+Y)

o ()] - (i)

J=0

={z € Cla,b] : Y(x)(s;) € Bj for j =0,1,...,k}
={z € Cla,b] : z(t;) € By forj—O,l,...,k}
k
= 1B
(i)

which is an interval of C[a, b]. Since o, g = q,00, Be,a = Bapod and t; = ¢(s;)
for 7 =0,1,...,k, it is not difficult to show

W}?7b(Fkyﬁk; up) = W;’d(gk, U, o)
by (1), where @ = (u1,...,ux). Since p. = @4, we have by Theorem 1.1

({15

~ s, |5 (H 5)
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/Bo/ b (Fey W, wo)dm () depa (uo)

/ / . W,i (§k,ﬁk7u0)dmf(ﬁk)d<pc(uo)
Bo JTT*_, B;

i (f10)]

which completes the proof. O

By Theorem 2.1, the measures wq p;,, and we d;,, are identified with each
other if C[a,b] and C|ec,d] have the same initial weight, and o, and B, are
linearly transformed from [a, b] onto [c, d]. Especially, if o 4(t) =0, Bap(t) =1t
for t € [a,b] and ¢, = p. = dg which is the Dirac measure at 0, then Cla, b]
and Clc, d] are reduced to Cy[a, b] and Cy|c, d], respectively, so that Cyla, b] and
Cole, d] are identified with each other as a special case of Theorem 2.1.

Theorem 2.2. Let F : Clc,d] — C be a function and suppose that ¢. = @q.
Then F is measurable on Clc,d] if and only if F o1 is measurable on Cla,b].
In this case, we have

(3) /C[a,b] F((x))dwa psp, () /C[C ’ F(2)dwe g,y (2)-

Proof. Since v is an isometric isomorphism, it is obvious that F o1 is measur-
able on Cla, b] if F is measurable on C|c,d]. Conversely, suppose that F o) is
measurable on Cla,b]. By the first part, F' = (F o) o~! is measurable on
Cle,d]. Now, (3) follows from (2) and the change of variable theorem. O

Let h be a real number. Define 1y, : Cla,b] — Cla + h, b+ h] by
Yp(x)(t) = x(t — h) for x € Cla,b] and t € [a+ h,b+ h).

Let @pq+n be a positive finite measure on B(R), let aqip pin(t) = g p(t — h),
Bathpin(t) = Bap(t —h) for t € [a+ h,b+ h] and let waynpihip,., be the
generalized analogue of Wiener measure on Cla+h, b+h] according to g h p+h,
Bathprh and Qo pp-

Letting c=a+h,d=b+h and ¢(t) =t — h for t € [a+ h,b+ h], we now
have the following corollaries by Theorems 2.1 and 2.2.
Corollary 2.3. Suppose that 0g+h = @a. Then we have for a Borel subset B
of Cla+ h,b+ h]

Wa+h,b+h;patn (B) = (wa,b;saa © ¢;1)<B)

Corollary 2.4. Let F : Cla + h,b+ h] — C be a function and suppose that

Vath = Pa. Then F is measurable on Cla + h,b+ h] if and only if F oy, is
measurable on Cla,b]. In this case, we have

/ F(¢n(x))dwa, pyp, () = / F(2)dwatn,b+hipnn (2)-
Cla,b] Cla+h,b+h]
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In view of Theorem 2.1, we will consider C[0,T] as the analogue of Wiener
space with the initial weight ¢q rather than Cla,b] with ¢,. Moreover we
replace aq and S, by a and 3, respectively, which are defined on [0, 7] with
[ being strictly increasing, unless otherwise specified.

Let 0 < s < T. Define H : C[0,s] x C[s,T] — C[0,T] by

H{(y, 2)(t) = Xo,s) 0)y(t) + X (5,11 (D) [y () + 2(t) — 2(5)]

for (y,z) € C[0,s] x C[s,T] and t € [0,T], and define H; : C[0,T] — C]0, 5] x
C[s,T|(i = 1,2) by

Hy(z) = (xj0,5], Z|[s,77) and Ha(z) = (x|0,5], Z|[s,7) — 2(5))

for x € C[0,T]. Then we have the following:

(P1) H and H;(i = 1,2) are continuous on each domain.

(P2) HoH; = Icy,1) = H o Hy, where I 1) denotes the identity function
on C[0,T7.

(P3) For (y,z) € C[0,s] x C[s,T], (Hy o H)(y,2) = (y,y(s) + z — z(s)) and
(Hy 0 H)(y,2) = (3,2 — =(s)).

(P4) H is surjective and each H; is injective.

We note that H is not injective and each H; is not surjective.

The following theorem gives relationships among the analogue of Wiener
measures if we connect the time intervals [0, s] and [s,T] onto [0,7]. For the
relationships, let s be a positive finite measure on B(R) and let Cy[s, T'] denote
the space of continuous real-valued functions z on [s,T] with z(s) = 0.

Theorem 2.5. Let wo.p, and wsr,,, denote the generalized analogue of
Wiener measures on C[0,s] and C|s,T| according to xjo,s), X0,s]3, wo and
X[s,7)% X[s,1)B, @s, respectively. Then we have for B € B(C[0,T1)

(4) [(Wo,5500 X Ws,T3,) © H™'(B) = @5 (R)wo, 1,4, (B)-

In particular, if ¢s = do, then for all (y,z) € C[0,s] x Cy[s,T] (hence for
Wo,5100 X Ws,T350-0-€. (y,2) € C0,s] x C[s,T]), we have

(H2 o H)(y7z) = (y7z)

In this case, H is bijective on C0,s] x Co[s, T] with H~' = Ha, and we have
for B € B(C[0, s] x C[s,T]) = B(C|0, s]) x B(Cls,T]),

(5) (wO,supo X ws T.5,)(B) = (wO,T;wo o Hz_l)(B)
= (wo,15p, © H)(BN (C[0, s] x Cyls, TY)),
that is, W sy X Ws T35, = W0,Tp0 © H{l = Wo,T3p, © H on C[0,s] x Cy[s, T].

Proof. Since all intervals of C[0, T] generate B(C|[0,T]), it suffices to prove (4)
on the intervals. Without loss of generality, we have for fk+n = (to, t1,- .-, tk,
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L1y <oy bhogn) With 0 =tg <t] <+  <tp =8 <tpp1 < -+ < tgen < T and
for [[520 B; € BRF+7+1)

(s
(J%fn oH)~ (lﬁLB )

= {(y,2) € C[0,5] x C[s, T : Xq0,5 (£)y(t5) + X (5,17 (E5) [y () + 2(t;) — 2(s)]
€ Bjfor j=0,1,...,k,k+1,...,k+n}
so that we have for y € C[0, s] with y(¢t;) € B; (j =0,1,...,k)

k+n
ez (1) ],
={2e€C[s,T): y(s) + 2(t;) —z(s) € Bjfor j =k +1,...,k+n}.
Thus we have by Theorem 1.1

k+n
(wOA,S;(PO X w57T§<pS) |:H |: thkfn - (H B >:|:|

- /C[O,s] el HH {Jto*f" _ (kﬁLB )” ]dwo’s;%(y)

= X, 00008 [ g () —29)

j=0 j=k+1

Fy(8)s s 2(trn) — 2(8) + y(8))dws ip, (2)dwo, 510, (Y)

— [ X, W)t ut) [ s g, e =
C10,s] Rn+1

Jj= 0 j=k+1
+ y(S), yoeey Uk4n — Uk + y(s))wayT(t_’nv d?ﬁ Uk)dmz (f/fn)dgos (uk‘)dwo,s;@o (y)’
where £,, = (thy thtty -+ stn), Un = (Upst,- -, Uksn) and WST is given by (1)

with replacing a5 and B, by a and 3, respectively. For j =k, k+1,...,k+n,
let v; = uj —ug + y(s). Then vy, = y(s) = y(tx) so that we have by Theorem
1.1 and the change of variable theorem

k+n
wMWXMmmPI[£Q<HB>H

:/ anv_OBj(y(tO)»y(tl)w-o»y(tk))/ xppse g, (T )W (B, G, )
clo,s] T Rn+1

j=k+1

dm (U )deps (Uk)dw&sa@o (y)
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= ¢s(R) /[ T, B, (y(to) y(ta), - .- ,y(tk))/ X7+ 5, (Un)
Cl0,s ’

j=0 j k+1

X W (F Ty y (1)) ()i s (9),

where ¥, = (Vg41,-..,Vkin). Renaming vy as a real variable and letting f), =
(to,t1y. - ytk), Uk = (V1,...,0k) and Tgapn = (U1, .-, Uk, Vg1, - - - s Vktn), WE
have by Theorem 1.1

k+n
0T \—
(W0,s500 X Wi, Ty, ) [H [ Jgkﬂ (H B, )H
0,s/” =
—ou®) [ g b, N, BV )
X WET (£, T, v )dmET™ (T4 ) dipo (vo).
From (1), it is not difficult to show
W£75 (t_)ka ’Uka ’UO)WE,T (£n7 171’7,7 Uk) = W]an(fk+n; ﬁk+n; UO)

so that we have
k+n
(wO,S;L‘GO X wS,T;LPs) |:H |: thkrfn - (H B >:|:|

~e® [ gy P T ) ) ()
N

= i@ (27, (TIB)]

which completes the proof of (4).
To prove (5), suppose that @5 = dg. Then we have for all z € C[0,7T] and
all (y,z) € C[0,s] x Cyls, T

(H o Hy)(x) =z and (Hy o H)(y, 2) = (y,2 — 2(s)) = (4, 2)

by (P2) so that H is bijective on C10, s] x Cy[s,T] and H~! = Hy. Moreover,
it is not difficult to show

(6) (wO,supo X ws,T;éo)(C[Oas] X CO[S>T])
= (wO,S;tﬂo X w37T§50)(C[075] X C[SvT])

so that we have for wg s, X ws 1:5,-2-€. (y,2) € C[0,s] x C[s,T]
(H2 o H)(ya Z) = (ya Z)
Now, by (4) and (6), we have for B € B(C|0, s]) x B(C|[s,T1])

(Wo,s5:00 X Ws,T:50)(B)
= [(wo,s300 X Ws,1:5,) © Ha 0 HI(BN(C[0, s] x Cols, T]))
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= [(Wo,5:00 X WsT:50) © H ™t 0 H|(BN(C[0,s] x Co[s, T1))
= (wo,1;, © H)(B N (C[0, 5] x Cy[s,TY))
= (wo,r3p0 © Hy )(B N (C[0, 5] x Cols, T1)) = (wo,r:4, © Hy ')(B)
since Hy ' (C0, s] x (C[s, T] — Cy[s,T])) = 0. Now, the proof is completed. [

Theorem 2.6. (a) Let Gy : C[0,T] — C be a function. Then Gy is mea-
surable on C[0,T) if and only if Gy o H is measurable on C[0,s] x C[s,T].
The measurability of Gg is also equivalent to the measurability of Gy o H on
C0,s] x Cy[s,T]. In this case, we have

() /C ol 11,2

1 /
£ - Go(H (y,z))d(wo,s;00 X Ws, T30, ) (Y5 2)-
(pS(R) ol Clo.T] 0( ( )) ( 0,5;500 s, T;p )( )

(b) Let Gy : C[0,s] x C[s,T] — C be measurable. Then G170 Hy and Gy are
measurable on C[0,T] and C[0, s] x Cy[s, T], respectively, and

(8) /C RCHUABITIEE

*

/ G1(y,z)d(wo’5;¢0 X Ws T.50) (Y5 2)
C[0,s]xCo[s,T]

*

/ G (4, 2) (1o 0 X s 735041 7).
C10,s]xC[s,T]

(c) Let G2 : C|0, s] x Cy[s,T) — C be a function. Then Gy is measurable on
C0, s] x Co[s, T if and only if Gy o Hy is measurable on C[0,T]. In this case,
the first equality of (8) holds.

Proof. Since H is continuous, Gy o H is measurable on C[0,s] x C[s,T] if
Gy is measurable on C[0,7]. In this case, Gy o H is also measurable on
C0, s] x Cy[s, T] because C|0, s] x Cy[s, T is a Borel subset of C|0, s] x C[s, T.
Conversely, suppose that G o H is measurable on C|0, s] x C[s, T] or C|0, s] x
Cyls, T]. By (P2), we have for all z € C[0,T]

Go(x) = (Goo H o Hy)(x)

so that Gy is measurable on C[0, T'] because Hj is continuous. (7) follows from
Theorem 2.5 and the change of variable theorem, which proves (a). To prove
(b), suppose that G; is measurable on C0, s] x C[s, T]. Since C|0, s] x Cols, T
is a Borel subset of C[0, s] x C[s, T], the measurability of G on C|0, s] x Cyls, T
follows. The measurability of G2 o Ho immediately follows from the continuity
of Hy. (8) follows immediately from Theorem 2.5, which completes the proof
of (b). By similar argument as the proof of (a), (c) follows from Theorem 2.5,
instead of (P2), and the fact that for all (y,z) € C[0, s] x Cyls, T

Ga(y,z) = (Ggo Hyo H)(yaz)v
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which completes the proof. Il

Remark 2.7. (a) In (5), the measure wo, r;,, © H on C[0,s] x C[s, T] may not
be equivalent to the measure on its subspace C[0, s] x Cy[s, T] since the space
C[0,T] can be wholly covered by H[C0,s] x (C[s,T] — Co[s,T])]. For more
details, see Example 3.1 in the next section.

(b) If @5 # &0, the integral in the right-hand side of (7) may not be reduced
to the integral on C10, s] x Cy[s, T since it is possible that ws 1., (C[s, T]) #
Ws, T30, (Cols, T]). For an example, see Example 3.2 in the next section.

(¢) The converse of Theorem 2.6(b) may not hold, that is, the measurablity
of G1 o Hy may not grantee the measurability of G on C[0, s] x C[s,T] since
Wo,s:00 X Ws, T;5, May not be a complete measure. Furthermore, the measurablity
of G1 on C]0,s] x Cy[s,T] also may not grantee the measurability of G; on
C[0,s] x C[s,T]. In this case, we can only assure the first equality of (8) by
comparing (b) with (¢) in Theorem 2.6. For an example, see Example 3.3 in
the next section.

3. Applications and examples

In this section, we apply the results in the previous section to evaluate
various integrals on the generalized analogue of Wiener spaces.
We begin with this section giving counter examples.

Example 3.1. Let B = C[0,s] x (C[s,T] — Cy[s,T]). Then we have
(wo, 1500 © H)(B N (C0, 8] X Cols, T])) = wo, 14, (0) =0
and
(wo, 00 © H)(B) = w0,1:4, (C[0,T]) = ¢o(R) > 0
so that by (5), we have
W0, 5500 X W Ti6y = W0 Trpo © Hy ' 7# W0 mipy © H
on the whole space C[0,s] x C[s,T]. Compare (5) with Remark 2.7(a).

Example 3.2. Let @5 = §p + d1 on B(R), where 47 is the Dirac measure at 1.
Then we have

ws 1. (Cls, T]) = s (R) = 60({0}) + 01 ({1}) = 2
# 1= 00({0}) = ws,1;5.(Cols, T1),
which is an example of the assertion of Remark 2.7(b).

Example 3.3. Let B be a subset of R with 0 € B and B ¢ B(R). Define
JST:C[s,T] - R and K : R — CJs,T] by

T3 (@) = a(s),  K(z0)(t) = o
for x € C[s,T], xop € R and t € [s,T]. Then we have for zy € R
(9) (J3 0 K)(wo) = 0.
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Let By = (J$T)~1(B). We note that Cy[s,T] C By since 0 € B. From (9), we
have K~1(By) = B. Since K is continuous, B € B(R) if By € B(C[s,T]) so
that By & B(Cls,T]). Now, define F : C[0, s] x C[s,T] — R by

F(y,Z) = XC[O,S]XBo(y7Z) for (yvz) € C[Oa S] X C[SaT]
Then F is not measurable on C[0, s] x C[s,T] since
{z € C[s,T]:(0,2) € C[0,s] x Bo} = By & B(C[s,T)).

Since Cyp[s,T] C By, FoHy = 10on C[0,T] and F' = 1 on C[0, s] x Cy[s, T]. Now,
F o Hy and F' are measurable on C[0,7T] and C[0,s] x Cy[s, T}, respectively.
This is an example of the assertion of Remark 2.7(c).

Theorem 3.4. Let F : C[0,s] — C be wos;,,-measurable. Then the function

F(x][0,5]) 15 wo,T;,-measurable on C[0,T] and

/ F(2o.0)dwo im0 () = / F(y)duwo,ssp0 (4),
clo,T] Cl0,s]

where wo, T, and Wo sy, are as given in Theorem 2.5.

Proof. Let m be the projection from C10,s] x C[s,T] onto C[0,s]. Then we
have for € C[0, T

F(x|j0,5) = (Fom o Hy)(x)

so that F'(z|j4) is wo,T;p,-measurable on C[0,T] since both H; and 7 are
continuous. Now, we have by Theorem 2.6

/ F(x
Clo,7]

« 1

- / (F om0 Hy)(H(y, 2))d(wo.sp X ws710.) (4 2)
©s(R) Jeo,s)x s, 1]

1

= F(y)d(w(hs; X Wg, T, 5)(y7z)
vs(R) /C[o,s]xc[s,T] e ¢

[0,s] )dwO,T;LPo (l’)

[ P,
C[0,s]
which completes the proof. O

Theorem 3.5. Let F : C[s,T] — C be ws 1,,, -measurable. Then the function
F(x|(5,1)) 18 wo,T;0,-measurable on C[0,T] and

/ F(|s,7))dwo 1,4, ()
clo,T]

« 1 /
= F(y(s +Z_Z(5 dw,s;ost,;s)yvz'
o ® Joro s o (y(s) ))d(wo,s:0 Tip.) (Y5 2)
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Proof. Let w5 be the projection from C10, s] x C[s,T] onto C[s,T]. Then we
have for z € C[0,T]
Felr) = (Fom o Hy) (@)

so that F'(x|(s,7]) is wo,1,p,-measurable on C[0, T] since 73 is continuous. Now,
we have by Theorem 2.6

/ F(@lpo71)dwo 710 ()
C[0,T]

« 1
= (F om0 Hy)(H(y, 2))d(wo,sip0 X wsri0.) (3, 2)
©s(R) Jeqo,51xcps,1)
®
= — FyS—'-Z-ZS dw,s;owa,;Sy727
©s(R) Jejo,51xcps,m) (we) ()dwo,sse Tiee) (4 2)

which completes the proof. (I

Theorem 3.6. Let F': Cy[s,T] — C be w, 1,,,-measurable. Then the function
F(z|s,m) — 2(8)) is wo,T;4,-measurable on C[0,T] and

= olR) z — 2(8))dw 2
/C[O,T] F(2|j57) — 2(8))dwo, 0 () = (B /C[Sﬂ F( (8))dws 10, (2)-

In particular, we have

/ F(2ljo.r) — 2(5))dwo rig0 () = go(R) / F(2)dws 7260 (2):
C10,7] Co[s,T]
Proof. For xz € C[0,T), we have

F(z|ism) — x(s)) = (F om0 Hy)(x)

so that F'(x|(sr) —(s)) is wo,1,p,-measurable on C[0, T] by the same argument
as the proof of Theorem 3.5. Now, we have by Theorem 2.6

/ F(aljp.z) — 2(5))dwo. g0 (<)
C[O ]

) (F o3 0 Ha) (H ()00, X a1, (1, )
C10,5]xC[s,T]

= (2 = 2(8))d(wo,5;00 X Ws,T3.)(Y, 2)
QOSR /C[OsXCsT e ’

wo(R
o /C[m (2 — 2(5))dws 7, (2).

Moreover, if ¢ = dp, then we have by (8)

/ F(alpoz) — 2(5))dwo 1m0 ()
C[O,T]

[

« 1 /
= F zZ— 28 )d(w ,85%00 X ws, ;60 y7 z
60(R) Jeqo,5)x Co[s,7] ( ()d(wo.sse Tin) 8 2)
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= oo(R) / F(z — 0)duwa 75, (2)
Co[s,T]

—o®) [ P, ()
Co[s,T]
which proves the second equality of this theorem. (I

Corollary 3.7. Let F': C[0,T] — C be wo 1,,,-measurable and suppose that
F(z1) = F(x2) for all x1,22 € C[0,T] with x1j0,5] = Z2|j0,s]- Let Fos(y) =
F(x10,5y+X(s,1y(8)) fory € C[0, s]. Then Fy s is wo s, -measurable on C|0, 5]
and

/ F()dwp g () = / Fo o (4) 0 ssg0 (1)
C[o,T] Cl0,s]

Proof. Define ¢1 : C[0, s] — C]0, s] x C[s,T] by t1(y) = (y,y(s)) for y € CI0, s].
Then we have for y € C[0, s]

Fos(y) = (FoH)(y,y(s)) = (FoHou)y)

so that Fp s is wo,s;p,-measurable on C[0, s] since ¢ is continuous. Now, we
have by Theorem 2.6

/ F(z)duwo 10 ()
clo,1)

« 1 /
= — F(H(y, 2))d(wo,s;00 X Ws,T3,)(Y; 2)
©s(R) Jeo,s1xcls,1] (H (g, 2))d(wo.s50 e
\ /
= F(H(y,y(9)))d(wo,s;p0 X Ws T, ) (Y, 2
oo ® Joros i (H(y,y(s)))d(wo,s5 Tip, ) (Y5 2)

I

/ -F(),s(y)dwo,s;gon (y)v
C10,s]

which completes the proof. O

Corollary 3.8. Let F': C[0,T] — C be wo 1,,,-measurable and suppose that
F(z1) = F(x2) for all x1,22 € C[0,T] with x1|js 1) — v1(5) = T2|[s,7) — 2(5).
Let Fsr(2) = F(X[0,52(8) + X(s,112) for z € C[s,T]. Then Fsr1 is wsr;p,-
measurable on C[s,T] and

/ F(@)duo 10 (7) = / For(2)dw, 1 (2).
C[0,T) Cls,T]

Proof. Define 13 : C[s,T] — C|0, s] xC[s,T] by t2(z) = (2(s), z) for z € C[s, T].
Then we have for z € C[s, T

For(z) = (FoH)(2(s),2) = (FoHou)(z)
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so that F, 7 is ws 1,,,-measurable since o is continuous. By Theorem 2.6, we
have

/ F(2)dwo 7100 ()
clo,T]

= ey PO D0, X 0120 0:2)
-/ F(H(2(5), 2))d(w0,5100 X Warri,) (s 2)
s(R) Jeqo,51x s 1)
o(R
vs(R)
which completes the proof. O

€ €

[

/ FS,T(Z)dws,T;«ps (2),
Cls,T]

Remark 3.9. If we define Fy ¢ in Corollary 3.7 by Fy s(y) = F(y*) fory € C[0, s],
where y* is an arbitrary continuous extension of y on [0, T], we can obtain the
same results in the corollary. Similarly, if we define F; ¢ in Corollary 3.8 by
Fs r(2) = F(z*) for z € C[s,T], where z* is an arbitrary continuous extension
of z on [0,T], we can obtain the same results in the corollary.

Applying Theorems 3.4, 3.5 and 3.6, we can easily obtain the following
examples.

Example 3.10. Let By, € B(C|0, s]) and let
Byl ={x € C[0,T]: aljp,5) € Bo,s}-
Letting F' = x, , in Theorem 3.4, we have for 2 € C[0,T]
F(x|[0,s]) = XBO,5($|[0,S]) = XngsT(f)

so that Bg:ST € B(C[0,T]) and we have

OT)

Wo, 7500 (Bo.s /C[O . XBo . (%|[0,5)) W0, 700 (7)

- /C X0 D (0) = W (Bo)

Example 3.11. Let B, r € B(C[s,T]), let
BYf ={z € C[0,T): a|is1) € Bsr}
and let
B;; ={(y,2) € C[0,s] x C[s,T] : y(s) + z — z(s) € Bs1}
Letting F' = xp, ,, in Theorem 3.5, we have for z € C[0, T

F(z]is,m1) = X80 (@lis,1) = X oz (2)



762 D. H. CHO

so that Bg:g € B(C0,T]) and we have

0,7
Wo,T;¢0 (BS;T)

[ (ol @
clo,1]
1
-/ X800 (0(5) + 2 = 2(8)) w0 X W 735,) (0, 2)
®s(R) Jejo,51xcls,m)
1 s
= m(w078;¢0 X wsaT§LPs)(B:S:$)'
Example 3.12. Let B, 1,0 € B(Co[s, T)), let
Bl =1{z € C[0,T] : z|is.7) — 2(s) € By}
and let
Bj:%;o ={z€C[s,T): z—2(s) € Bs,1;0}-

Letting F' = xB, r,, in Theorem 3.6, we have for x € C[0,T]

F(z|i5m) = 2(5)) = XBoroo (25,1 — 2(5)) = X oz (2)

so that Bg”;‘lj;o € B(C[0,T]) and we have

OT)

Wo,T;p0 (Bs,’T;o = /C[O . XBg 10 ($|[57T] — 2(5))dwo, 150, ()

- wogi) /C[ T] XB.ro(2 = 2(8))dws 1y, (2)
(

Ps

)

%) R) s, T
wsvT§ S(B T )'

@s(R) ® s,T50

Letting @5 = dg, in particular, we have by Theorem 3.6

w0, Ts00 (Begvo) = ©0(R)ws 135, (Bs,10)-

Remark 3.13. (a) In the study of analogue of Wiener space, the initial weight
plays a crucial role if it is not a probability measure, in particular, not the Dirac
measure at 0. Hence the relationships between wg .., and wo s.p0 X Ws, T,
are dominated by both ¢y and 5. For more details, see (7), Theorems 2.5,
3.5, 3.6, Corollary 3.8, Examples 3.11 and 3.12.

(b) In (8), Theorem 3.4, Corollary 3.7 and Example 3.10, each integral is
affected by the initial weight ¢g even if it is not appeared in the expression.
This is due to the fact that wg s, and wo, r,,, may not be probability measures,
but they have the same initial weight ¢q.

(¢) In Theorem 3.5, the transformation of integral on C[0, 7] to the space
C0, s] x Cls, T] is affected by ¢4 so that it can not be reduced to the integral on
C[s,T]. On the other hand, if ¢4 = dp in Theorem 3.6, the same transformation
can be reduced to the integral on C[s, T (hence on Cy[s, T]) because the initial
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weights of paths in C[s,T] are concentrated at 0, that is, wsz.s,(C[s,T]) =

W,

T;60 (Cols, T1).
(d) If a(t) =0, B(t) =t for t € [0,T] and @9 = dg = s, the results of this

paper reduce to those on the classical Wiener spaces. We note that most of
literatures related to this topic on the classical Wiener space use similar results
of this paper without exact proofs.
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