Commun. Korean Math. Soc. 37 (2022), No. 3, pp. 705-718
https://doi.org/10.4134/CKMS.c210040
pISSN: 1225-1763 / eISSN: 2234-3024

THE DRAZIN INVERSE OF THE SUM OF TWO PRODUCTS

SAFAE ALAOUI CHRIFI AND ABDELAZIZ TAJMOUATI

ABSTRACT. In this paper, for bounded linear operators A, B, C satisfy-
ing [AB, B] = [BC, B] = [AB, BC] = 0 we study the Drazin invertibil-
ity of the sum of products formed by the three operators A, B and C.
In particular, we give an explicit representation of the anti-commutator
{A,B} = AB + BA. Also we give some conditions for which the sum
A + C is Drazin invertible.

1. Introduction and preliminaries

Let X and Y be complex Banach spaces. We will denote by B(X,Y) the
Banach space of all bounded linear operators and for simplicity, we write B(X)
rather than B(X, X) when X =Y. The range and the kernel of T' € B(X) will
be denoted by R(T) and N(T), respectively. For T, S € B(X) we recall that
[T,S] = TS — ST is the commutator of T and S while {T,S} = T'S + ST is
their anti-commutator.

An operator T' € B(X) is called Drazin invertible if there exists a unique
operator TP € B(X) that satisfies

TP =T7PT, TP =TPTTP, and TFI'TP =T"

The smallest such integer k is called the Drazin index of T" and will be denoted
by ind(T) = k. It is very common that a bounded linear operator T' € B(X)
is Drazin invertible if and only if 0 is a pole of its resolvent. Accordingly, the
spectral idempotent T™ of T' corresponding to {0} is given by T™ = I — TTP
and the Banach space X obeys the decomposition X = N(T™) @& R(T™) in
which T' =T} @ Ts, where T is invertible and 75 is nilpotent. We should also
emphasize that idempotent, as well as nilpotent operators are Drazin invertible,
ie., if T, S € B(X) such that 7% = T and S™ = 0, then TP = T and SP = 0.
Drazin inverses are one of the most important and fruitful kinds of gener-
alized inverses, the work on them gives rise to many problems that constitute
a growing body of research, and opens up an entire world of applications (to
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learn more about the usefulness of these inverses we recommend [1,4] and the
references therein).

In particular, much research has been done in attempts to prove the Drazin
invertibility of the product and the sum of two operators. Precisely (see [6, 8]
and [4]), if T and S are two commuting Drazin invertible operators, then T'S
is also Drazin invertible thus we have (7'S)P = TP SP = SPTP. If in addition
TS = ST =0, then T + S is also Drazin invertible with a Drazin inverse given
by (T 4+ S)P = TP + SP. For the latter case, it is usually very difficult and
sometimes impossible to find an explicit formula for the Drazin inverse of T+ .5
in terms of TP, SP without additional restrictive conditions. Hence, finding
weaker conditions for which the sum of two Drazin invertible operators is also
Drazin invertible has become a worth pursuing issue (cf. [2,4,7,10,11,13,14]).

Among many results, let A, B,C € B(X). For the product, X. Wang
et al. [12] presented some equivalent conditions concerning the reverse or-
der law. (AB)P = BPAP for Drazin invertible operators A and B under
commutative properties [B,AB] = 0 or [A,AB] = 0 or [A,ABBP] = 0 or
[B, AAPB] = 0. In [3], the reverse order law problem for Drazin inverses of the
triple product ABC was studied and several equivalent conditions have been
given in which the equality (ABC)P = CP BP AP is verified. The commutative
conditions [B,AB] = 0, [B,BC]| = 0 and [AB, BC] = 0 played a key role in
this problem. For the sum, an explicit formula for (4 + B)? in terms of A, B,
AP and BP was provided in [5] and [10] and only one of the conditions AB = 0
or AB = BA was considered.

In this paper, we will deal with a new structure, which is the sum of
products made up of three operators. Precisely, we will give some equiv-
alent conditions for which the sum of products A x B + B x C' is Drazin
invertible and a representation of (A x B + B x C)P is also given, where
AxB+BxC € {AB+BC,BA+BC,AB+CB,BA+CB,BP?A+BPC, ABP +
CBP ABP + BPC,BP A+ CBP}. Throughout this work, we proceed in the
same way as in [3,12] by conserving the same commutative relations. Particu-
larly, we will give an explicit formula of the Drazin inverse of the anticommu-
tator A, B (resp., B,C) when [B, AB] = 0 (resp., [B, BC] = 0). Finally, under
some further conditions the expression of (A + C)? is also given.

2. Key lemmas

Before going any step further, we recall some useful lemmas which paved
the way for the resolution of our main results.

Lemma 2.1 ([12]). Let A,C,N € B(X) such that N is nilpotent of index n.
(1) If [N,AN] =0, then AN and N A are nilpotent with
max{ind(NA),ind(AN)} < n.
(2) If [IN,NC] =0, then NC and CN are nilpotent with
max{ind(NC),ind(CN)} < n.
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Lemma 2.2 ([9]). Let A€ B(X), Be B(Y), C, € B(Y,X) and Cy € B(X,Y).
We denote by Mc, € B(X ®Y) and Mc, € B(Y © X) the operator matrices

represented as
A C B 0
MC1 = (0 Bl> ) MCz = (02 A) :

(1) If two of M¢,, A and B where i =1 or 2 is Drazin invertible, then the
third is also Drazin invertible.
(2) If A and B are Drazin invertible of index m and n, respectively, then

AP X BP 0
D 1 D
M01 = ( 0 BD> ) M02 = <X2 AD> )

where
m—1 n—1
Xi=(APP[D (APYFCiBMB™+ AT AFCy(BP)F|(BP)?—APC;BP, ie{1,2}.
k=0 k=0

Lemma 2.3 ([5]). Let A,C € B(X) be Drazin invertible with ind(A) = s and
ind(C) =r. If AC = CA, then A+C is Drazin invertible if and only if [+APC
is Drazin invertible. In this case we have

(A+@D:AWLHP@W%W+U70WN§X4A%PﬁMD
k=0
s—1
+CPIY (CPYM (=AM — AAP).
k=0

Lemma 2.4 ([6]). Let P,Q € B(X) be Drazin invertible. If PQ = QP = 0,
then P + Q is also Drazin invertible and (P + Q)P = PP 4+ QP.

3. Preparations

In this section, we briefly sketch the forms of operator matrices employed
throughout the paper. At first, let recall that every bounded linear operator
acting on the Banach space X @Y has the following matrix form

Ty Ty
(31) (7 7).
where T1 € B(X), To € B(Y, X), T5 € B(X,Y) and Ty € B(Y). It is worth
pointing here that under some commutative relations with other operators, the
shape of the operator matrix (3.1) is greatly altered.
Now, let A,B,C € B(X). By requiring B to be Drazin invertible with
ind(B) = n, the Banach space X can be written as

(3.2) X = N(B™) @ R(B).

In this case, B = B1®N;, BP = Bl_1690 and B" = BT®0, where By = BN (p)
is invertible and N1 = B/ g(p~) is nilpotent.
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On the other hand, A and C' can be expressed according to the Banach space
decomposition (3.2) as follows:

(A1 As _(C Gy
1=k )= (@ @)
We thus obtain, by a simple calculation as in [3] and [12], that in the case
[B, AB] = 0 we have [B", AB] = 0. Hence,

_ A1 A2 o AlBl 0 o BlAl BlAg
(3.3) A_(O A4>,AB_< 5 A4N1)7 andBA-( - N1A4)

with,
(34) [AlaBl] = 0, [Nl,A4N1] =0 and A2N1 =0.

Similarly, in the case [B, BC] = 0, we get the following matrix form

(3.5) C=<01 0),BC:<B101 0 ) andCB:(OlBl 0 )

C3 Cy 0 MNCy C3By CyN;
where
(3.6) [B1,C1] =0, [N1,N1C4] =0 and N;C5 =0.
At last, when [AB, BC] = 0 we obtain that
(3.7) [A1,C1] =0 and [A4N7, N1Cy4) = 0.

From all of these conditions, we gain the commutativity of the set {A;, B1,C1}.
Other than that, Lemma 2.1 shows that A4Ny, N1 A4, N1Cy as well as Cy Ny
are all nilpotent.

Among other results, the proof of [12, Theorem 3.1] shows that, AB (resp.,
BC() is Drazin invertible if and only if 4; (resp., C1) is Drazin invertible. Thus

(3.8) (AB)P = (A?égl— ' 8) (BC)P = (Bl_ gch 8)

Furthermore, if A and C' are Drazin invertible, then by virtue of Lemma 2.2
we can see that A4 and Cy are also Drazin invertible (since A, Ay, C' and C4
are all Drazin invertible). Hence

AP X ch oo

D _ 1 D _ 1

o = ) e-(F @)

where

(3.10)
t1—1 s1—1

X = (AP)[D_(AP)" A ARJAT + AT ATA5(AD)"(AD)” — AP AL A7,

n=0 n=0

(3.11)
82—1 tz—l

Y = (CP)?[D_(CP)"CsCHICT + CT[Y | CrCs(CP)"|(CP)? = CPCsCP .

n=0 n=0
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4. Main results

We begin our main results by studying the Drazin invertibility of the sum of
products made up of three operators A, B, C' under the assumptions [B, AB] =
0, [B,BC] =0 and [AB,BC] =0.

Theorem 4.1. Let A,B,C € B(X) be such that B, AB, BC are Drazin in-
vertible with ind(B) = n and [B,AB] = [B,BC]| = [AB,BC] = 0. Denote
by
A= {AB+ BC,I + (AB)?BC,AB + CB,BA + BC, AB? + B"C,
ABP + CBP,BPA + BPC}.

If one of the elements of A is Drazin invertible, then all the element of A are
Drazin invertible. In this case

(AB +CB)? = (AB + BC)P + R,

(BA + BC)P = (AB + BC)P + 8,
where

(AB+ BC)P = BP[(AB)PB(I + (AB)’ BC)P B(BC)PC

+ (I + (BO)DBC’)B(TS((AB)D)”l(fBC’)")
1=0
+ (S((BC)D)i+1(—AB)i)B(I +AB(AB)P)],
1=0

R= an_:l(AB +CB)*"B™CB((AB + BC)P)k 2,
k=0

S = 2nz_:l((AB + BC)P)"2BAB™(BA + BC)*.
k=0

Proof. If B is Drazin invertible and [B, AB| = [B, BC| = 0, then from (3.4) and
(3.6) and Lemma 2.1 we have: A4Nq, N1 Ay, N1Cyq and CyN; are all nilpotent
and

max{ind(N1Cy4),ind(CyN1)} < n.

Therefore, we can clearly state without loss of generality that A4N, + N1CYy,
AsNy + Cy Ny, N1A4 + N.1Cy are all nilpotent of index 2n.
Now from (3.3) and (3.5) we can write that

{maux{ind(thﬂ7 ind(N1A4)} < n,

. A1B1 + B1C4 0
ABJrBC( 0 A4N1+N104>’
_ ABy+C By 0
AB+CB = < CsBy AyNy + C4N1> ’
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BA+ BC — <BlA1 + B1C4 Bi A, > .

0 N1Ay + N1Cy

On the Banach space decomposition (3.2). Also, we have from (3.4), (3.6) the
commutativity of By with 4; and Cy. So it follows that [(A; +C1)By, Bl_l} =0
and [(A; + C1)B; Y, By] = 0. Consequently, the Drazin invertibility of one of
the elements of A lies in the Drazin invertibility of A; + Cy. Additionally,
Ajq,C are Drazin invertible and [41, C1] = 0. We thus get

An element of A is Drazin invertible
<= A; + Cy is Drazin invertible

<= I + AP is Drazin invertible (see Lemma 2.3).
As a result,
(AB+BC)? =B' (A1 +C)P @0= (A, +C)PB @0
= (BT @ 0)((A1 +C1)P ©0),

(BA+BC)? = (Bl_l(Al )7 X) = (AB + BC)P + (0 X) :

0 0 0 0
p_ (B (A +C)P 0) _ b (0 0
(AB+CB) _( v 0 = (AB+ BC)” + Y o)
By Lemma 2.2 and Lemma 2.3
n—1
(A1 +C)P = AP(I + APCPCLOP + (T + CLOP)D_(AD) T (=Ch)]
=0
+ D (CPY =AY + A1AD),
=0
2n—1
X = Z ((A1By + B1C1)P)*2 By Ay (N1 Ag + N1Cy)*,
k=0
2n—1
Y = Y (A4Ny + CyaN1)*CsBy (A1 By + C1By)P )k T2,
k=0

Finally, it is not difficult to prove that:
AP (I 4+ APC)PC,CP 0= (AB)PB(I + (AB)P BC)P B(BC)PC,

(I + 010?)[7§:(A?)i+1(—01)i] ©0=(I+ (BC)DBC)B(i((AB)D)i+1(—BC)i)7

D (@) (AT + AAD) 90 = (Y ((BC)P)™ (~AB)")B(I + AB(AB)"),

i=0 =0
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and

2n—1
( ) Z ((AB + BC)P)**2BAB™(BA + BC)*,
=0

2n—1
(3 8) = Y (AB+CB)*B"CB((AB + BC))*2.
k=0

Gathering all together and denoting by S = (%) and R = (§ ) we arrive at
the desired formulas. O

The following two propositions provide the Drazin inverse for other examples
of the structure studied in Theorem 4.1.

Proposition 4.1. Under the same hypothesis of Theorem 4.1, if one of the
elements of A is Drazin invertible and BP (A 4+ C)B"CBP = 0, then BP A +
CBP is also Drazin invertible, in this case we have

(BPA+CBP)? = (BPA+ BP0)? + B"CBP((BP A + BPC)P)2
Proof. By (3.3) and (3.4) we have

BrY(A1+Cy) Bi'A,

BPA+COBP = ( ) = BP(A+C)+ B"CB",

C3B; ! 0
where
-1 -1
BP(A+0) = (Bl (Aé +) BIOA2> and
(4.1) 0 0
T D __
)

Since A; + C} is Drazin invertible, then BP(A + C) is also Drazin invertible.
Also, we have (B*"CBP)? = 0. Hence, according to [4, Corollary 6.1] BP A +
CBP is also Drazin invertible with a Drazin inverse given by

(BPA+ CBP)P = (BPA+ BPC)P + BTCBP((BP A+ BPC)P)2.
Note that,

0 0
where X = B%((Al + Cl)D)zBilAQ = B ((Al + Cl)D)zAQ. That iS,

Bi(A1 4+ C1)P Bi((Ar +C1)P )2A2)
0 0 '

(BPA + BPC)P (Bl(A1+Cl) X>’
(BPA+ BPC)P <

Now by simple calculation we obtain

((BPA+ BPC)P)? = <B%((A1 g"Cl)D)2 B (A +001)D)3A2>
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and

B"CBP((BPA+ B C)P)?= (C B 0 D)2 ’ D)3 ) :
3B1((A1+C1)7)° C3B1((A1+C1)7)° As

Consequently,

_ By(A1 4+ Cy)P B1((A1 + C1)P)% A,
(BPA+CBP)P = ( ) -

C3B1((A1+C1)P)? C3Bi((A1 + C1)P)? Ay

Proposition 4.2. Under the same hypothesis of Theorem 4.1 if one element
of A is Drazin invertible and BB? AB™CB = 0, then BA+ CB is also Drazin
invertible.

Proof. From (3.3) and (3.4), it follows that

o Bl(Al + Cl) B1A2 N
BA+CB_< C3B; Nids+CuN ) =P FQ
with
o Bl(Al + Cl) BlAQ o 0 0
P= ( 0 0 ) ™M@= {cp NA,+ON )

Observing that P is Drazin invertible with Drazin inverse given by

pD — (B1l(A1 +00)P BrH((A+ Cl)D)2A2>
0 0
and @ is nilpotent of index ind(N; A4 + C4N1) + 1, so for the seek of simplicity
we take ind(N1A4 + C4N1) +1=2n+1.
The assumption BBP? AB™C B = 0 implies that A>C5 = 0 and AyCyN; = 0,
hence PQ = 0. Then [4, Corollary 6.1] implies that BA + CB is Drazin
invertible with a Drazin inverse given by

(BA+CB)”? = (P+Q)” =PP +Q(PP)* +--- + Q> (PP)* .
After a calculation we obtain

_(B7R((A +C)PYE BUR((AL 4 C)P)R A,
oy = (P ¢ ).

Q= 0 0
= (N1A4+C4N1)k—10331 (N1A4+C4N1)k s

and
(BA+CB)” = Br' (A1 +C)P Bi((A + C1)P)2 4,
Y 7 ,
i O3Bl_1((A1 +C)P)? A+ (N1 A+ C4N1)2n_10331_2n((z41 +
C1)P)2 1 and Z = 0331_1((141 +C)PYB A+ '+(N1A4+C4Nl)2nfngBl_2”
((Ay + Cy)P)2nH2 4, ;

Some special cases are given in the following result concerning the Drazin
invertibility of AB + BC.
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Corollary 4.1. Let A, B,C € B(X) be such that B, AB, BC are Drazin invert-
ible, and assume that [AB, B] = [BC, B] = [AB, BC] =0 and I + (AB)? BC
is Drazin invertible.
(1) If ABBPC =0, then (AB + BC)P = (AB)? + (BC)P.
2) If ABBP and BPBC are nilpotent, then (AB + BC)P = 0.
3) If (BPBC)" =0, then (AB + BC)P =31 _ ((AB)P)**1(—BC)
1
(-

1 k
- AB)*.

(2)

(3) AB)P
(4) If (ABBP)" =0, then (AB + BC)P =Y [, ((BC)P)*+
(5) If (ABBP)? = ABBP and (BPBC)? = BPBC, then

(AB + BC)P = ABP + BPC — gABDC.

(6) If (BPBC)? = BPBC, then
(AB + BC)P = (AB)P(I + (AB)? BC)P BPBC + (I — BP BC)(AB)”
+ BPC(I + ABBP)P(I — AB(AB)P).
(7) If (ABBP)?> = ABBP, then
(AB + BC)P = ABP(1 + (AB)? BC)P BC(BC)P + (BC)P(I — ABBP)
+ (I — BC(BC)P)(1 + BBPC)P ABP.

If we further assume in Theorem 4.1 that A and C' are also Drazin invertible,
then we have the following theorem.

Theorem 4.2. Let A,B,C € B(X) be such that A, B,C, AB, BC' are Drazin
invertible, and assume that ind(AB) = r, ind(BC) = s and [B, AB] = [B, BC]
= [AB,BC] = 0. Then AB + BC is Drazin invertible if and only if I +
APBBPC is Drazin invertible, in this case we have
(AB + BC)? = BP[APBBP(1 + APBBPC)PCBBPCP
r—1
+ (I + BPCBCP)() (AP BBP)*!(-BPBC)")
i=0
s—1
+ (O (BPBCP)+(~APBBP)")(I + APBAB”)].
i=0
Proof. Since, A, B,C, AB, BC are all Drazin invertible and [B, AB] = [B, BC]
= [AB, BC] =0, from (3.3), (3.5) and (3.9), we can easily check that

BPBC = (Cl 0) ABBP = (Al 0)

0 0 0 0
cP o AP 0

D D 1 DppD 1
B”BC (O O),andABB <0 0).

By using the same argumentation as in Theorem 4.1 we obtain that:

AB + BC is Drazin invertible <= A; 4+ Cy is Drazin invertible
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I+ Achl is Drazin invertible
<= I + AP BBPC is Drazin invertible.
A straightforward computation now leads to
AP(1 4+ APc)PeeP 0= APBBP (1 + APBBPC)PCBBPCP,
r—1 r—1
(I +CLCP)[S(AP) 1 (=C1)] @ 0 = (I + BPCBCP)(S (AP BBP)™*(~B” BOY'),
i=0 i=0
s—1 s—1
D (@) (=A)T + AAD) 90 = (Y _(BPBCP)* (~APBBP)')(I + AP BABP)
i=0 i=0
as requested. O

In the next theorem, we take B to be an idempotent.

Theorem 4.3. Let A, B,C € B(X) be such that B is an idempotent, AB and
BC' are Drazin invertible. Assume that BC(I — B)AB = 0 and BABCB =
BCBAB. Then AB+ BC is Drazin invertible if and only if I +(BAB)” BCB
1s Drazin invertible.

Proof. By requiring B to be an idempotent we have
(T 0 (A A _(C1 O
B = (0 0), A_(A3 A4)’ and C—(03 C,
with respect to the Banach space decomposition X = N(B) @ R(B). Hence we
can write

_ A1 +Cp Oy _ A+ Cp Co 0 0 -
AB+BO—< A o)‘( 0 0)+(A3 0>—P+Q7

where Q? = 0 and PQ = 0 since BC(I — B)AB = 0 which is equivalent to say
that CzAg =0.

On the other side, AB and BC are Drazin invertible. It follows that A;
and Cp are Drazin invertible. By BABCB = BCBAB one can show that
[A1,C1] = 0. Now applying Lemma 2.3 and Lemma 2.2: P is Drazin invertible
if and only if A; + C is Drazin invertible if and only if I + APC; is Drazin
invertible if and only if I + (BAB)” BCB is Drazin invertible, in this case

PP - <<A1 +ONP (4 cgl)D)?Cz) .

Also, from [4, Corollory 6.1] we drive that
(AB + BC)P = PP + Q(PP)?

_ <(A1 +C)P (A + cl)D)2cz>
0 0

0 0
+ <A3((A1 L )P Ay((A, + CI)D)?’CQ)
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_ (A (A; + C1)P (A1 + C1)P)2Cy >

(A1 +C)P)? As((Ar+C1)P)°Co O

If we take A instead of C' in Theorem 4.1 we obtain the Drazin invertibility
of the anti-commutator {A, B}.

Theorem 4.4. Let A,B € B(X) be such that B and AB are Drazin invert-
ible, and assume that ind(B) = n and [AB,B] = 0. Then, {A, B} is Drazin
invertible with an inverse given by

2n—1

{A, B}’ = Z Dye+2B AB™(AB 4+ BA)*.

If in addition A is Drazin znvertzble then
2n—1
1
{A, B}’ = ADBD + > ( (;A47BP)"**BAB™(AB + BA)".
k=0
Proof. Since B is Drazin invertible and [AB, B] = 0, by (3.3) and (3.4) we can
write

(A, B} = AB+ BA— (2‘4131 B4 )

0 AyNy + N1Ay

with respect to (3.2). Also, from (3.4) we have [N, A4N1] = 0. Then, Lemma
2.1 implies that A4N; and N; A4 are nilpotent with

max{ind(N1A4),ind(A4N7)} < n.

As a result, AyN; + N1 A, is also nilpotent and ind(A4N; + N1 A,) < 2n.
Therefore, according to Lemma 2.2 we conclude that

1D*l
(A,ByP = (B X))
0 0

where
2n—1

X = Z ADB Vet2 By Ay (AgNy + Ny Ag)".
Finally, a trivial verlﬁcatlon shows that
1
(4.2) {4,B} = Z(4B)P + M,

with

0 0 2
k=0

When A is Drazin invertible, we have

M= (0 X) — nz L aB)PY2BABT(AB + BA),

0 0
By substituting (4.3) in (4.2) we obtain the desired conclusion. O

(4.3) APBD — (AB)P (A?Bl_ 1 0).
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With the same spirit as in the previous theorem we obtain the following
result.

Corollary 4.2. Let A,C € B(X) be such that B, BC' are Drazin invertible, and
assume that ind(B) = n and [BC,B] = 0. Then, {B,C} is Drazin invertible
with an tnverse given by
2n—1
1 1
{B,C} = 5(BO)” + > (B + CB)*B™CB(5(BO)P)* .
k=0
If in addition C is Drazin invertible, then
2n—1
1 1
{B,C}" = 3B CP + > (BCO+ CB)*BTCB(5(BPCP)*.
k=0
In the following result, we give the Drazin inverse of the block operator
matrix A+ C.

Theorem 4.5. Let A, B,C € B(X) be such that A, B,C, AB, BC' are Drazin
invertible with ind(AB) = s and ind(BC) = r. If [AB,B] = [BC,B] =
[AB, BC] = [B"A,CB™] = [(A+C),BBP(A+C)] = 0. Then A+ C is Drazin
inwvertible if and only if AB + BC and B™A + CB™ are Drazin invertible. In
this case

(A+C)P = (AB + BC)PB + ((AB + BC)PB)?AB™ + (B™A + CB™)P
+((B"A +CB™)P)?CBPB.
Proof. Since B is Drazin invertible and [B, AB] = [B, BC| = 0, we have

A+ Cy Ao
Cs As+Cy )’

on the Banach space decomposition (3.2). In the light of the commutative
assumption [(A + C), BBP (A + O)] = 0, we get:

A+ Gy A Al +Cr Ay (A1 +Cr Ay A+ Cy Ao
Cs A+ Cy 0 0) 0 0 Cs Ay +Cy
thus,
( (A1 + 01)2 (Al + Cl)Ag) _ ((Al + 01)2 + AQC3 (Al + Cl)AQ + A2(A4 + C4)> )

A+C:<

C3(A1 + Cy) C3As 0 0
The comparison of the last equality yields
(4.4) A1C3 =0, A3(A4+Cy) =0, C3(4A1 +C1) =0, C345 =0.
Subsequently,

N A +Cp Ay 0 0 .
A+C_< ! o)*(@ A4+C4>_P+Q.

Then, by means of (4.4) one can see that PQ = QP = 0.
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Now since AB, A (resp., BC, C) are Drazin invertible, Ay, A4 (resp., Cy, Cy)
are also Drazin invertible. Using the conditions [B"A,CB™] = [AB, BC] = 0,
we find that [41,C4] = [A4,Cy] = 0. Thus, it follows by Lemma 2.2, Lemma
2.3 and Lemma 2.4 that P, () are Drazin invertible and

(A+C)P7 =P +Q7,

where

PP = <(A1 4;)OI)D ((Ar + 001)D)2A2) ,

QP = < 0 0 )
(Ag+ Cy)P)2C53 (As+C)P )~
In the end, we conclude by a quick computation that

(Ay +C1)P? ©0=B(AB + BC)? = (AB + BC)?B,

(O ((A1 + Cl)D)2A2
0 0

) = (B(AB + BC)P)2AB™,

03 (A4 +Cy)P = (B"A+CB™)P,

0 0 ” -
(((A4 +C1)P)*C3 0) = (BA+CBT)"YCBEY.
Which completes the proof. (I

Concluding remarks

The problem of finding the generalized inverse of a product or a sum has at-
tracted a lot of attention in recent years. This subject was treated many times
in different ways by changing: the structure (e.g. product of two elements or
more, sum, sum of product, commutator, anticommutator, ...), the kind of
inverse (e.g. Moore-Penrose inverse, Drazin inverse, generalized Drazin inverse,
... or the setting (e.g. matrices, operators, elements in algebras or rings, ...).
In this paper, we confined our attention to the study of the Drazin invertibility
of the sum of products for bounded linear operators. Namely, the proof of The-
orem 4.1 and Theorem 4.4 was based on the Drazin invertibility of triangular
operator matrices while in Proposition 4.1, Proposition 4.2, Theorem 4.3 as
well as Theorem 4.5 we used the formula of the Drazin inverse of the sum in
order to deal with the Drazin inverse of block operator matrices.
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