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THOMAS ALGORITHMS FOR SYSTEMS OF
FOURTH-ORDER FINITE DIFFERENCE METHODS

SOoYOoOoN Bak, PHILSU KiM, AND SANGBEOM PARK

ABSTRACT. The main objective of this paper is to develop a concrete in-
verse formula of the system induced by the fourth-order finite difference
method for two-point boundary value problems with Robin boundary
conditions. This inverse formula facilitates to make a fast algorithm for
solving the problems. Our numerical results show the efficiency and ac-
curacy of the proposed method, which is implemented by the Thomas
algorithm.

1. Introduction

Finite difference method is one of the popular numerical methods to solve
various ordinary and partial differential equations. It goes without saying that
simple inverse formulas for finite difference matrices can be of great impor-
tance in developing efficient numerical algorithms. When the second-order
central finite difference method is applied in a differential equation involving
the second-order differential, the resulting in a system of equations is generally
governed by a tridiagonal matrix. The analysis of the typical system of tridiag-
onal Jacobi matrices is well known, and Usmani [6] created its inverse formula
represented by the principal minors in 1994. Further, the tridiagonal system
can be solved numerically and quickly by the familiar Thomas algorithm [5].

The implementation of an approximate solution with high accuracy is of
great important in numerical analysis, and one can find many finite difference
methods with high accuracy in various problems. In spite of these many re-
search results and their significance, to the best of the author’s knowledge, few
studies have focused on inversion formulas and fast numerical solvers for sys-
tems dominated by the standard higher-order finite difference matrices. The
main purpose of this paper is to develop inverse formulas of the systems of
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equations governed by the fourth-order finite difference matrix of size IV
[-15 -4 14 -6 1
16 =30 16 -1

-1 16 =30 16 -1

1212 -1 16 =30 16 -1
1 16 -30 16 -1
-1 16 -30 16
1 -6 14 —4 -—15]

In addition, we find a fast solver for the systems of equations which consist of
only the Thomas algorithm.

To achieve the purpose, we first provide an extended version of the formula
for calculating the finite difference weights introduced by Fornberg [1]. Using
this formula, we find a decomposition of D, represented by

Dy = Ag Do

and make an explicit inverse formula of D4 based on the inverse formula for the
quasi-tridiagonal matrix Ay made by the results of Usmani [6] and the well-
known Sherman-Morrison formula [3]. Here, Dy is the standard tridiagonal
matrix made by the standard central finite difference matrix for the second
derivative. It is also shown that the inverse formula enables us to make a
fast Thomas algorithm for solving the system Dyu = f. We extend these
results to find both the inverse formula and the Thomas algorithm for the
system governed by D, that is induced from the fourth-order finite difference
method for solving two-point boundary value problems with Robin boundary
conditions.

The rest of the paper is structured as follows. In Section 2, the relation
between a higher-order finite difference formula and the second-order one is
derived. In addition, the explicit inverse formula of quasi-tridiagonal matrix
As is derived. In Section 3, we extend the results to the system for two-point
boundary value problems with Robin boundary conditions. Finally, in Sec-
tion 4, we provide numerical results as evidence of the proposed fast algorithm
based on the Thomas algorithm.

In the following discussion, we will use the formula for the inverse of a
tridiagonal Jacobi matrix [6]. The inversion formula is described as follows.
Let A,, = [a;;] be an n x n tridiagonal Jacobi matrix such that

biv 22.77

Ci, j:Z+17
Q5 = . .

G, J:Z_17

0, |i—jl>1.



THOMAS ALGORITHMS 893

Theorem 1.1. Let At = [a;;]. Then, each entry a,; satisfies [6]

_1yitd CiCit1 " Cj—10i_10j41, Z < .7:3
Oy =g Oi—1Pit1, i=j,
aj41G542 - ailj_1¢ip1, > 7,
where {¢;} is a sequence satisfying the recurrence formula
¢i = bidiy1 — Ciait10i42, t=nn—1,...,21
Gnt1 =1, @Pny2=0,
and 6; is the principal minors satisfying
0; =b0;_ 1 —a;ci_10;_2, 1=1,2,....n
Here, 0, = det (An), 0_1 =0, and 0y = 1, where det A,, denotes the determi-
nant of the matrix A,,.

2. Decomposition of D, and its explicit inverse formula

The aim of this section is to derive the relation between the fourth-order
and second-order finite differences for the k**-derivative. To do this, let us
introduce the uniform grid defined by

a=x9<x1 <x2<---<xTp="b, T =x0+1h, h:b’T“.

We first recall that the Newton interpolation polynomial of degree n, that
interpolates f; = f(z;) (i =0,1,...,n), is given by

Ln(x) = fO + Zf[l’o, c. ,.ﬁz]ll(l‘),

i=1
where f[x, ..., ;] and l;(x) are the i*"-order Newton divided difference of f
and the Newton basis polynomial, respectively, defined by

fi7 Z:Ja :
syl = {f[xi+1 ~~~~~ il —flwismia]l s li(z) = H(x —zj)-

Tj—T4 ANVE j=0

The following lemma gives a special form of the differentiation of L, (x) that
will be used in deriving a decomposition of the finite difference matrix.

Lemma 2.1. For a fized positive integer k, if we write the k"-derivative
L (xj) of Lp(x) as

(1) L") (x sz’“;cg kol f @i ko - m), §=0,1,2....n, 0<k <k,
= k?o

then, it can be seen that coefficients wz(f‘}g’g) are implicitly defined by the poly-

nomial -
n—j—ko
71— 0 — 1 G(m) 1 m
E Dy = prokyl Y CAO Y

m!
1= k() m=0
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where G is mt"-derivative of a smooth function defined by

k
= éliyl))ko'

Proof. We first note that
F® () = LY (@5) + O(h" ),

2 ko
. kol f[@imhgs - - @3] = % > (klo) (=1 fi-t-

=0

Now, using the function f(z) = e** we combine (1) and (2) to get
(iw)keiwjheixo

n

ko
! : k o
= R 2wy ( lo) (—1)lelwi=Dhgizo y O(pn—k+1y
=0

i=ko

ko
= % Z wEEO 3) iw(i—ko)h Z <klo> (_1)l€iw(kofl)heimo + O(hn7k+1)'

i= k?o =0

Cancelling the fact !0, and substituting el =y, i.e., iwh = Iny, gives

hko k lny szk(}cg i— kg _1)k0+0(hn—k+1).
= k?o

Hence, the coefficient w( Ok’] ) can be calculated with the equation

hkoiky] lny Zwl(koécj)) i— k0+0(hn7k+1).
= ko

Expanding In y around y = 1 and bouncing the maximum degree of y, the proof
is completed. (I

Remark 2.2. When ko = 0, the formula of (1) is exactly same with the formula
calculated by Fornberg [1]. Hence, the formula (1) is an extension of the formula
in [1].

In the following, we give two special cases for calculating the weights wl(kokj )
by using a single line of Mathematica code:

CoefficientList [Normall[Series[y~{j}*Logly]l ~{k}/(y-1)"{k0} h~{k0-k},{y,1,n-k0}1]1,y]
In the first case, we present the relation between higher-order and lower-order

approximation of the first derivative. For n = 4, the fourth-order approxi-
mations of the first derivative at the grids x; (i = 0,1,...,4) are defined as
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follows:
) =Y w™ fi+ 0"
1=0
(3) -
= ngl’j)f[xi7xi+l] +O(h4)7 .7 =0,1,2,3,4,
i=0
where

(1,0) {25, —23,13, —3}

—25,48, —-36,16, —3
w(O,O):{ » %0, ) }7 w

‘ 12h : 12 ’
P00 - 12371018, 6,1} -+ an_ {313,251}
L 12h ’ ¢ 12 ’
w©? - L7808 -1} W _ IZLT 721
! 12h i 12
w09 - {Z1,6.718103) 0 a {1,513,
! 12h i 12
CEN {3,-16,36,—48,25} w9 {-3,13,-23,25}

! 12h ’ v 12

The second case shows the relation between the fourth-order and second-
order approximation of the second derivative. For n = 5, the fourth-order
approximations of the second derivative at the grids z; (¢ = 0,1,...,5) are
defined as follows:

(4) ZjO
= sz@’j)?f[xiaxﬁ*hxﬁ*ﬂ + O(h4)v .7 = Oa ]-7 27 3741 5;
=0
where

(00) _ {45, -154,214, ~156,61,~10}  (20) _ {45, 64,41, 10}

w

‘ 12h2 v 19 ’
o1  {10,—15,—4,14,—6,1} e {10,5,—4,1}
w; = y w: = —
! 12h2 i 12
w02 = 171,16:280,16, 71} w2 _ (7114210
@ - 1242 ) i = 12 )
o _ 10,71,16, 230,16, 1} (3 _ {0.-1,14,-1}
Wi T 1272 ’ Wi = 12 ’
(0.4) _ {1,—-6,14, -4, 15,10} 24) _ {1,—4,5,10}
w; - y w: = —
! 12h2 i 12
05  {—10,61,-156,214,~154,45} (25  {—10,41, 64,45}
YT 1252 W= 12 '
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If we introduce the fourth-order difference matrices of size N :=n — 1, then
the relation between coefficients in (4) gives the following decomposition of Dy:

(5) Dy = A3Ds,
where both matrices Do and A are of order N defined by
-2 1 10 5 —4 1
) 1 -2 1 ) -1 14 -1
Dz—ﬁ . ) Az—ﬁ P
1 -2 1 -1 14 -1
1 -2 1 -4 5 10

Let us introduce the matrices q, p, and Bs of sizes N x 2, N x 2, and N x N
whose (i, j)th-entries are defined by

s

14 =3, .
() =110 = @?é{l (1.3) = (L1).(V.2),

iy 12 . 0 otherwise,
0 otherwise,

—4 (ivj):(171)7<3v 1),(Na2)7(N*272)a
(p> 6 (4,7) = (2,1),(N - 1,2),
i,J 1 (i,7) = (4,1), (N —3,2),
0  otherwise,

respectively. Also, let e; be the canonical unit vector of size N with 1 in jth
entry and zeros elsewhere. Then, we can see that

-4 6 -4 1
0 0 0
. = e1(—4e; + 6ey — des + e4)T
0 0. 0 +en(—4dey + 6en_; 74eN_2+eN_3)T.

Eventually, the quasi-tridiagonal matrix A5 is split into

14 -1 0 0 4 6 -4 1
, 1 14 -1 ) 0 0 0
Ay = — + — ,
b oo D RS
(6) 1 14 -1 0 0 0
0 0 -1 14 1 -4 6 -4
=B, +qp”.

The tridiagonal matrix Bs is then symmetric diagonally dominant and hence
invertible. In particular, the following theorem shows the invertibility of the
2 X 2 matrix Zp + pTBglq.
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Theorem 2.3. The matriz Iy + pTBglq has the explicit form

144\2N 124V 28/48)\1N

= A2N+2 2848\ N 1 \—4N | A =T+ V48.

I, +p"B5'q

Proof. If we let r = B3 q, then a direct calculation from the definition of pT
gives

I, +p"By'q
=1+ pTr

1—4ri +6ro1 —4r31 +141 —4r19+ 6100 —4r30 + T4
—4ry1+6ry_11 —4ry_21+7rN-31 1—4rN2+6rN_12—4rN_22+TN_32

Since the matrix r is the solution of the system Bor = q, the definition of q
gives

14r1 1 — 11 =1, 14r19 — 192 =0,
—ri1 + 14ra 1 — 131 =0, —r12+ 14ro s — 132 =0,
(7)
—rn-21+Mry_11—7N1=0, —rN-22+14ry_12 —7rN2 =0,
—rn-1,1 + 14rn1 =0, —rN—1,2+ 14ryo = 1.

From the left system of equations of (7), we simplify the (1, 1)-entry of Zo +
p'B;y'qas
1—4r 1 +6ro1 —4rs1+7r41
=1—4ri1+5rp1+10r31+71 (y1:=re1 — ldrs1 +741 =0)
=1—14r1 +145r01 + 72 (72 :=10(r1; — 1dra; +73,1) = 0)
= 144ry 1.
From similar procedures, the matrix of (6) can be simplified by

o 1447‘2,1 1447'272
- ].447’]\],1’1 1447’]\7,1’2

According to the explicit formula for the inverse of the tridiagonal matrix given
by Theorem 1.1, the two systems of (7) show that

(8) I, +p" By 'q

9) ro1 =TN-12=¢3/0n, T22=1Nn_11=14/0N,

where ¢; and 6; are, respectively, the solutions of the three-term recurrence
equations:

0; =1460,_1 — 0,_>, 6y =1, 6; =14,

¢i = 14¢it1 — Qive, ént1 =1, oén =14

The solutions of (10) can be easily obtained using the standard methods, which
are given by

(11) 0; = dny1-i = 2%/478@”1 . (%)M), i=0,1,...,N.

(10)
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Hence, the proof can be completed using (8), (9), and (11). O

Remark 2.4. Since A\ — 0o as N — oo, Theorem 2.3 shows that for sufficiently
large N, the matrix Z, + p? B, 'q is almost a scalar matrix. More precisely, we

have
144

— T+ T, ||Tlleo =9.99 x 1071¢
97 + 563 2 I71

I, +p'Bylq=
for N > 16.

Remark 2.4 guarantees that the quasi-tridiagonal matrix A, has an explicit
inverse formula, which can be proved by the Sherman-Morrison formula [3].

Corollary 1. The matriz Ay of (6) has an explicit inverse formula [3]
(12) A3t = (T-K)B5,

where IC is a known matriz defined by
-1
K= B:)_IOI<I2 + pTBz_1C1) p’.

Summarizing, if we apply the fourth-order finite difference method to the
basic two-point boundary value problem with the Dirichlet boundary condition

(13) u'(z) = f(z), =z € (a,b); wu(a)=g1, ulb)=ga,
the formulas (5) and (12) show that we can obtain the numerical solution by
solving only two tridiagonal systems

(14) Box =1, Dou=x— r((IQ + pTBglq)_l(pTx)),

where r is calculated only once while solving the system. In particular, assum-
ing N > 16, the numerical solution can be quickly obtained by solving two
tridiagonal system:

97 +56v3 ,
— P x).
The systems (14) and (15) can be calculated with the Thomas algorithm. This
skill will be directly applied the first system in (16) for solving the two-point
boundary value problem with the Robin boundary condition.

(15) Box =f, Dou=x

3. Application to two-point boundary value problems

The aim of this section is to extend the discussion presented in Section 2 and
derive the Thomas algorithm for solving two-point boundary value problems
with Robin boundary condition

u(x) = f(z), x € (aD),

(16) ayu(a) + fru'(a) = g1, azu(b) + Bau’ (b) = ga,
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where |ag| + |Bx| # 0, k = 1,2. For the discretization of the Robin boundary
condition, we introduce two vectors

2501 4B 3B 4B ﬂl}

= o= T T
R — [& 4 30 4B 25&}
4h’ 3h’ h’ R’ 12h 1"
Then, the vectors of (17) and the fourth-order finite difference scheme for first
derivative (3) for the boundary conditions in (16) give

(17)

5

(18) g1 =Y Sur 1+ 0", g2= Reun apx +O(h),
k=1 k=1

5

where £;, and Ry, are the k"-components of £ and 2R, respectively.
Now, we introduce matrices Q, P of size N x 2, a vector f of size N x 1 and
2 x 1 vector g defined by

Lo
-(I1,1 i :
q2,1 Ls
fi
Q: 7:P: ’f: 7g:|:91:| ,
I 92] 91
qN-1,2 R N
L AN2 | Nxo :
L %4— N x2
where
@1 qea] = 5 <10,1], | = o [-10,1]
q1,1,92,1] = 12128, y 1, l9AN,2,9N—-1,2] = 121°9R, ) L]

Then, the fourth-order finite difference schemes of (5) and (18) give a fourth-
order discretization system for solving (16) stated as

(Pi+QPT)u=f+Qg,

(19) 4 4
Uy = (91 - Z£k+1uk> /L1, un41 = (92 - kaUN—4+k) /Rs.
k=1 k=1

To derive the Thomas algorithm for the system (19), the following lemma
analyze the matrix Zo + PTDZIQ.

Lemma 3.1. For the 2 x 2 matriz To + PTD;'Q, its determinant can be
calculated as

144h?
(120(1/7, — 25[31)(120(2}7, + 2502

aifla — Oé251).

det (I, + PTD;'Q) = —

) <a1a2+
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Hence, the matriz Ty + PTD'Q is invertible, when |oq| 4 |az| # 0.

Proof. We first note that the exact solution of the two-point boundary value
problem

(20) W' () =0, z€(a,b); wu(a)= Eil’ u(b) =0
is given by
b—z
= e

If we define N x 2 matrix r by r = DZlQ, the definitions of D, and Q give the
relation

(21) Lirin =Rsrvyi—i2, t=1,2,...,N.
Further, the first column r; of r is the solution of the system
—10
) 1
bt = fop2g; "
0

which is obtained from the fourth-order finite difference method for the bound-
ary value problem (20). Hence, the solution r; can be exactly calculated by

1 i
29 . :—<1f7), i—1,2,...,N.
(22) O G N VAR

Combining (21) and (22) gives the explicit formula of Z, + PTD; ' Q as follows:

- L a1*[‘3}1l/(b7a) ﬁl/}(lb,a)
(23) o+ P 'D4_ Q=12h 13%;/(—1)2_551 1205042506, |

az+f2/(b—a)
121 h—25031 12a2h+25032

Therefore, the determinant can be easily checked from a direct calculation and
one can complete the proof. O

As discussed in Corollary 1, this lemma and the Sherman-Morrison formula
[3] provide an explicit formula for the solution of the system of (19) defined by

(1) u=(Di'-D'QE+PTD'Q) PR (r+ Qg).

The explicit formula (24) indicates that we can quickly obtain the numerical
solution by solving only two tridiagonal systems based on the Thomas algo-
rithm. First we note that as derived the formula (22) and using the relation
(21), one can explicitly solve the equation

D4I‘:Q
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with
1
£1(N+1) ER5(N+1)
N—1
(25) o | BT v

1 N
£1(N+1) ER5(N+1)

Hence, the numerical solution can be obtained by solving
-1
(26) Dix=f+Qg, y=PTx, u=x-— r(Ig + PTD4_1Q> y.

Here, the first equation of (26) can be solved with the Thomas algorithm
discussed in (14) or (15). The pseudo code of (26) is described in Algorithm 1.

Algorithm 1 Pseudo code of (26)
IHPUt (a7 b7 O‘?ﬁﬂiagi? (7’ = 17 2)7 h and f)
1: Discretize the spatial domain (a,b) with an uniform step size h and con-
struct two vectors f and g.
—1
2: Explicitly construct two matrices r and (Ig + PTD4_1Q) defined in (25)
and (23), respectively.
3: Solve the tridiagonal system Bsz = f 4+ Qg by using the Thomas algorithm.
4: Solve the tridiagonal system Dox = z — %r(PTz) by using the
Thomas algorithm.
5. Compute y = PTx.
-1
6: Compute u =x — r(Ig + PTD4_1Q) y.
Output: u

Remark 3.2. We observe that the banded system (19) of size n = N — 1 has
the bandwidth w = 4 and hence a general banded matrix solver for the system
(19) requires at least a total of <w2 + 4w>n = 32n multiplication [4]. While

the proposed method solve only two tridiagonal systems and saves the multi-
plication operation of 22n since a total of 5n multiplications are required for
solving a tridiagonal system for the Thomas algorithm.

Remark 3.3. Lemma 3.1 indicates that the equation (24) is not available when
a1 = ag = 0. To solve the pure Neumann boundary problem, we suggest the
following procedure:

. i= (D4_1 —DfQPTDj) (f+@g),
27

4
Uuny1 =0, = (91 - Z£k+1ak)/£17
k=1
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where R R
Q(:,1)=Q(:,1), Q(,2)=0.
Finally, we set ug = Ux + un+1, k=0,1,..., N+ 1.

Remark 3.4. In this remark, we consider an application of the proposed algo-
rithm for solving a general two-point boundary value problem described by

oy @) ) Tue) +a(oule) = fo), @€ (ab)

aju(a) + fru'(a) = g1,  agu(b) + fau/(b) = go.
As a direct application, we propose a simple iterative algorithm such as

2
%u(kH)(a‘) = f(x) — p(x)%u(k) (z) — q(x)u™(z), k=0,1,2,....

To ensure a fast convergence of the iterative method while maintaining the
efficiency of the proposed algorithm based on the Thomas algorithm, we sug-
gest the central finite difference method to get the initial guess u(?). For the
convenience of readers, we introduce the second-order central finite difference

scheme for solving the problem (28) as follows:

(041(2 —Blf;LP(SUO)) _2- h}:g(%())) o -+ %Ul — flwo) + 2 —:gl(xo)gh
2= (i) _Q}ﬁ(xi)ui,l _2= };;q(xi)ui 42 +2h}§(xi)ui+1 = fi, i=23,....N,
<_ a2 +Z§;§$NH)) -1 hQ;ingH)) UN+1 + %UN

— Jonsr) - TN hggNH)

4. Numerical experiments

This section aims to present the numerical investigation of the proposed
scheme for solving the two-point boundary value problems. For this, we mea-
sure the error defined as follows:

Huapprom — Uezact ||

Error =

Huezact || ’

where Uegaer and Ugpprox are the analytic and approximate solutions, respec-
tively, and || - || is the Ly-norm.

To show the efficiency and superiority of the proposed method, its results
are compared with those of Matlab’s built-in function “mldivide.” For a fair
comparison, the codes for all programs are written in Matlab R2020a and run
on a Windows 10 PC with 3.59 GHz Ryzen 5 3600 processor.

Since the matrix Dy + QPT in (19) is a sparse and banded matrix, the
“mldivide” uses a banded solver, which can be checked using the Matlab func-
tion “spparms(‘spumoni’,2)”. In particular, we check how much the proposed
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method improves the computational speed, for which we measure Speed defined
as

Speed = cpum, /cpuy,
where cpu,,, and cpu, are the computational costs for “mldivide” and the pro-
posed scheme, respectively.

Example 4.1. We consider two-point boundary value problem (16) with the
analytic solution
u(z) =sin(z), —100 <z <100

and the boundary condition

oqu(—l()()) + 611/(—100) = 4g1,
O[QU(IOO) + 521/(100) = g2,

where g, are chosen from the analytic solution.

This problem can deal with four boundary conditions, such as Dirichlet,
Neumann, Robin, and Mixed boundaries, by selecting oy, and 8 (k= 1,2) as
0 or 1. We consider the following for five cases.

- For the Dirichlet boundary condition, we choose (a7, f1, a2, 82) = (1,0,1,0).
- For the Neumann boundary condition, we choose (a7, f1, a2, 82) = (0,1,0,1).
- For the Mixed boundary condition, we choose (aq, f1,as2,82) = (1,0,1,1),
and (1,0,0,1).

- For the Robin boundary condition, we choose (a1, 81, asz, 32) = (1,1,1,1).

For each case, we measured the error, computational cost, and Speed for the
numerical results obtained by both the proposed method and “mldivide” by
varying resolution N from 2'° to 2'4. These results are recorded in Tables 1-5.
In all tables, it can be seen that both methods have fourth-order accuracy, and
their obtained results are almost the same in the sense of both accuracy and
the order of convergence. However, the proposed method is at least six times
and on average 11.76-times faster than “mldivide,” in terms of computational
cost, which guarantee the effectiveness of the developed Thomas algorithm.

)

b

TABLE 1. Numerical performances of Example 4.1 with
(ala ﬁlv Qg, ﬁQ) = (1’ 07 17 0)

N Scheme (19) with mldivide Proposed scheme (26) Speed
Error rate CPUm, Error rate cpuy
210 191 x107% — 821 x107* 1.91 x 107  —  8.97x107% 9.16

211 1.10x 1076 4.11 1.57 x 1073 1.10x 1076 411 1.13x10~* 13.82
212 6.81 x 1078 4.02 2.89 x 1073 6.81 x 1078 4.02 2.89 x 10~* 9.99
213 424 x 1072 4.00 6.10 x 1073 424 x 1072 4.00 525x107* 11.63
214 270x10710 3.97 1.24 x 1072 2.65%x10710 4.00 8.71x10~* 14.20
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TABLE 2. Numerical performances of Example 4.1 with
(a1, B1, a9, 82) =(0,1,0,1).
N e e
210 360x1072 — 9.09x1074 3.60x 1072 — 1.32x107* 6.88
211 233 x107% 3.95 1.58 x 1073 2.33x 1073 3.95 1.21x107% 13.13
212 148 x 107* 3.98 3.12 x 1073 1.48 x 107* 3.98 3.36 x 107 9.28
213 934 x107% 3.99 6.00 x 1073 9.34x107% 3.99 5.01 x10™* 11.98
2™ 587 %1077 3.99 1.22x1072 5.86 x 1077 3.99 8.29 x 10~* 14.77
TABLE 3. Numerical performances of Example 4.1 with
(a1, b1, 0, 82) = (1,0,1,1).
N Scheme (19) with mldivide Proposed scheme (26) Speed
Error rate CPUm, Error rate cpuy
210 185 x107% — 9.29x1074 1.85x107* — 1.39x10~* 6.70
21 119 x 107° 3.97 1.55 x 1073 1.19 x 107° 3.97 1.18 x 107* 13.14
212 752 %1077 3.98 2.84x1073 7.52x 1077 3.98 215x107% 13.17
213 474 x107% 3.99 6.56 x 1073 4.74 x 1078 3.99 4.45 x 1071 14.74
214 297 x107° 4.00 1.20 x 1072 299 x 1079 3.99 7.99 x107* 15.01
TABLE 4. Numerical performances of Example 4.1 with
(a1, B1, a2, B2) = (1,0,0,1).
¥ —Sppeme (10 it miliide_—__ Brpeed e 0] e
210 360x 1072 — 8.40x107% 3.60x 1072 — 8.66x107° 9.70
211 233 x 1073 3.95 1.66 x 1073 2.33x 1073 3.95 1.17x107% 14.11
212 148 x10* 3.98 3.13x1073 1.48 x 107* 3.98 3.42x10~* 9.15
213 934 x1076 3.99 5.77x 1073 9.34 x 1075 3.99 4.96 x 10~* 11.65
21 586 x 1077 3.99 1.21 x 1072 5.86 x 1077 3.99 8.55x 107* 14.16
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TABLE 5. Numerical performances of Example 4.1 with
(ah ﬁl? g, 62) = (1, 17 1, 1)

N Scheme (19) with mldivide Proposed scheme (26) Speed
Error rate CPUm, Error rate cpuy
210 313 x107% — 936x107* 313x 1074  —  1.52x107* 6.17

211 202x 1075 3.95 1.57 x 1073 2.02x 1075 3.95 1.42x107* 11.09
212 128 x107% 3.98 2.95x 1073 1.28 x 1076 398 358x10* 8.24
213 8.09 x 1078 3.99 6.93 x 103 810 x 107 3.99 4.62 x 10~* 15.00
21 511 %1079 3.99 1.24 x 102 5.09 x 1079 3.99 7.55x10"* 16.43

Example 4.2. We consider the two-point boundary value problem given by

u'(x) = —sin(z), € (a,b),

ayu(a) + fru’(a) = g1,
azu(b) + Bau’(b) = g2,

whose analytic solution is calculated by

(291 — a1g2)r + (1a + B1)ga — (azb + B2)g1
(B1 + acr)as — (B2 + bag) s

u(z) = sin(z) +

for the case (1 +aaq)as # (B2 +bas)ay. Here, g1 = g1 — g sin(a) — 1 cos(a),
and ga = g2 — ag sin(b) — B2 cos(b). The computational domain is set as (a,b) =
(—100, 100).

In our experiment, g; and g, are set as 1 and 0, respectively. Additionally,
we only consider the three cases, Robin, Dirichlet, and two mixed boundary
conditions without the pure Neumann boundary, because the analytic solution
does not exist when o = 0 and S = 1, in this example. To examine the
precision and superiority of the proposed method, the error, computational
cost, and Speed are measured by both the proposed method and “mldivide”
by varying resolution N from 2'° to 2'4. The results are listed in Tables 6-
9. As with Example 4.1, the proposed method is at least seven-times and on
average 11.51-times faster than “mldivide,” in terms of computational costs.
These tables show that the proposed method has the fourth-order accuracy
in all cases. Further, it is worth observing that the solver “mldivide” has a
phenomenon of order reduction for both cases, Dirichlet boundary and Mixed
boundary conditions. In contrast, the proposed method does not have such
phenomena.
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TABLE 6. Numerical performances of Example 4.2 with
(a1, B1, a9, 82) = (1,0,1,0).
N B e e Speed
210 156 x 107> 4.64 8.88x 1074 1.56 x 107> 4.64 8.22 x 10~° 10.80
211 9.02x 1077 4.11 1.64x1073 9.02x 1077 4.11 1.57 x 10™* 10.41
212 556 x 1078 4.02 3.54 x 1073 5.56 x 1078 4.02 2.74 x107* 12.93
213 349 x 1072 3.99 6.62x 1073 3.47x 1079 4.00 4.72 x 10™* 14.03
2™ 164 %1072 1.09 1.24 x 1072 2.17x1071° 4,00 8.01 x 10~* 15.47
TABLE 7. Numerical performances of Example 4.2 with
(a1, b1, 0, 82) = (1,0,1,1).
N Scheme (19) with mldivide Proposed scheme (24) Speed
Error rate CPUm, Error rate cpuy
210 173 x107* 3.94 9.88x 1074 1.73x107* 3.94 1.40x10~* 7.04
21 1.11 x107° 3.97 1.67 x 1073 1.11 x 107° 3.97 2.00 x 10~* 8.37
212 703x1077 3.98 3.22x1073 7.03x 1077 3.98 2.76 x 107* 11.65
213 443 x107% 3.99 6.26 x 1073 4.43 x 1078 3.99 5.00 x 107 12.52
214 2,66 x 107° 4.06 1.36 x 1072 280 x 1079 3.99 8.02x107* 16.98
TABLE 8. Numerical performances of Example 4.2 with
(a1, B1, a2, B2) = (1,0,0,1).
y e (0) vl liide __ Propowdsheme B1)__ g,
210 258 x 107* 3.87 9.41 x 1074 2.58 x 1074 3.87 8.94 x 107° 10.52
211 166 x 1075 3.95 1.75x 1073 1.66 x 107° 3.95 1.53x10~* 11.44
212 1.06 x 1076 3.97 3.23x 1073 1.06 x 107 3.98 3.19x10~* 10.12
213 7.02x107% 391 6.01x 1073 6.67x 1078 3.99 5.34x107* 11.25
21 1.74x107% 2.01 1.30 x 1072 420x107° 399 7.71x107* 16.89
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TABLE 9. Numerical performances of Example 4.2 with
(ah ﬁb g, 62) = (1, 1, ]., 1)

Scheme (19) with mldivide Proposed scheme (24)
Error rate CPUm, Error rate cpuy

210 278 x 10~* 3.87 8.58x 1074 2.78 x 107* 3.87 1.02x10~* 8.37
211 1.80x107° 3.95 1.68x 1073 1.80 x 107°> 3.95 1.80 x 107* 9.32
212 114 x107% 3.98 3.08x 1073 1.14 x 1076 3.98 3.39x10* 9.09
213 724 x107% 3.98 6.03 x 1073 721 x 1078 3.99 6.14x10"* 9.82
21 5701079 3.67 1.17 x 1072 4.53x107% 3.99 891 x10~* 13.14

Speed

Example 4.3. We consider a general two-point boundary value problem given
by

12 !/ 2 _ €T
—u(z) + e () + (1— W) u(z) = 4x(l1 4+ x)e®, =z € (a,b),
aru(a) + B/ (a) = g1,
asu(b) + fau/(b) = g2,

whose analytic solution is calculated by [2]
u(z) = z(1 — z2)e”.

The computational domain is set as (a,b) = (0,1).

TABLE 10. Numerical performances of Example 4.3 with
(ala ﬁlv g, ﬁQ) = (la 0) 17 O)

Standard method with mldivide Proposed scheme with 8 iteration
Error rate CPUm, Error rate cpuy

26 3.60 x 107® 4.03 1.70 x 1074 3.60 x 107® 4.03 1.75x107*  0.97
27 223 x107% 4.01 2.29 x 10~* 224 x 1079 4.01 2.04x10"* 1.12
28 1.40x107'9 3.99 3.33x107* 1.40x10710 400 2.31x10~* 1.44
29 1.24x107 350 5.91 x 1074 8.78x107'2 399 328x107*  1.80
210 1.14x10~™" 0.11 1.19 x 1073 7.49x1071 3555 533 x 107 2.22

N Speed
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TABLE 11. Numerical performances of Example 4.3 with
(ah ﬁl? g, 62) = (1, 07 1, 1)

Standard method with mldivide Proposed scheme with 12 iteration
Error rate CPUm, Error rate cpuy,

26 151 %1076 3.98 1.69x 1074 1.51 x 1076 3.98 2.17x 10~* 0.78
27 953 x107% 3.99 2.34x 1074 9.53 x 1078 3.99 2.45x 1074 0.96
28 598 %1077 3.99 3.25x 1074 598 x 107 3.99 2.84 x 1074 1.14
29 3.81x107' 3.97 5.76 x 10~* 3.75%1071° 4,00 3.96 x 1074 1.46
210 454%10~" 3.07 1.17x 1073 2.36x1071 3.99 6.47 x 1074 1.80

N Speed

As mentioned in Remark 3.4, in this example, we investigate whether the
proposed method is applicable to a general second-order problem with both
Dirichlet and Robin boundary conditions. To examine the precision and supe-
riority of the proposed method, the error, computational cost, and Speed are
measured by both the proposed method and “mldivide” by varying resolution
N from 26 to 219, The results are listed in Tables 10-11. The proposed method
requires 8 and 12 iteration procedures to achieve the required convergence rate
according to the boundary conditions, respectively. First, the column of Speed
shows that the proposed method is slightly faster than “mldivide” as the spatial
resolution increases. Further, it is worth observing that the order reduction of
the solver "mldivide” is more severe than the proposed method. However, the
proposed method can improve the order reduction phenomenon by increasing
the number of iterations.

5. Conclusions and perspectives

We developed a general formula to decompose the high-order finite-difference
matrix with the lower-order finite-difference. This formula is used to propose
both the inverse formula and the Thomas algorithm of the system induced by
the fourth-order finite difference method for two boundary value problems with
Robin boundary. The proposed algorithm can be applied in various problems
and ways to simulation using the finite-difference methodology with higher-
order accuracy. Furthermore, it is expected to provide a clue that can be
solved remarkably quickly through the application of the Thomas algorithm by
dividing the coefficient matrix of the high-order finite difference method into
tridiagonal matrices.
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