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BASIC FORMULAS FOR THE DOUBLE INTEGRAL
TRANSFORM OF FUNCTIONALS ON
ABSTRACT WIENER SPACE

Hyun Soo CHUNG

ABSTRACT. In this paper, we establish several basic formulas among the
double-integral transforms, the double-convolution products, and the in-
verse double-integral transforms of cylinder functionals on abstract
Wiener space. We then discuss possible relationships involving the double-
integral transform.

1. Introduction

Let H be a real separable infinite-dimensional Hilbert space with inner prod-
uct (-,-) and norm |- | = /(). Let | - |0 be a measurable norm on H with
respect to the Gaussian cylinder set measure vy on H. Let B denote the com-
pletion of H with respect to || - |[o. Let ¢ denote the natural injection from H
to B. The adjoint operator ¢* of i is one to one and maps B* continuously
onto a dense subset H*, where B* and H* are topological duals of B and H,
respectively. By identifying H* with H and B* with i*B*, we have a triple
B* C H* ~ H C B with (z,y) = (x,y) for all z in H and y in B*, where (-, ")
denotes the natural dual pairing between B and B*. By a well known result
of Gross [11], vp0i~! has a unique countably additive extension v to the Borel
o-algebra B(B) of B. The triple (B, H,v) is called an abstract Wiener space.
For more details, see [5,11-13,17-19].

Let {a;}52; be a complete orthonormal set in H with a;’s are in B*. For
each h € H and for x € B, we define a stochastic inner product (h,z)~ by

(h. )~ — {nh%rrgo Sy ag)(x,a;),  if the limit exists,

0, otherwise.
Then for every h(# 0) in H, (h,x)™ exists for all z € B, (h,-)~ is a Gaussian
random variable on B with mean zero and variance |h|? and is essentially
independent of the choice of the complete orthonormal set used in its definition.
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Also, if both h and z are in H, then Parseval’s identity gives (h,x)~ = (h, ).
Furthermore, (h, Az)~ = (Ah,2)~ = A(h,z)~ for all A € R, h € H and for all
x € B. We also see that if {hy,...,h,} is an orthonormal set in H, then the
random variables (h;,z)™’s are independent, see [6].

In [18], Lee defined an integral transform

FosPYw) = [ P+ f)iv(o)
of analytic functionals on abstract Wiener space. For an appropriate functional
u(z) on B, let N, be an operator defined by the formula

Nou(z) = =TryD*u(z) + c(z, Du(x))~, x € B, ce C/{0},

where D? denotes the second Fréchet derivative and T'ry denotes the trace of
an operator. He showed that the integral transform 7. ;, ¢ € C/{0} forms
the solution of a differential equation which is called a Cauchy problem

(L) u(.0) = F(z),

{ut(:r,t) = P(NJu(z,t), x€B, t>0

where P(1) = amn™ + -+ -+ a1n + ag is an m-dimensional polynomial function
with respect to 7. In addition, let P(n) = —n and ¢ = 1 in equation (1.1)
above. Then the solution of the Cauchy problem is given by formula

u(z,t) = / Fle 'z + 1 — e 2ty)du(y);
B
or equivalently,
u(x,t) :/ F(y)os(x,dy),
B

where o(z,dy) = vi_.-2¢(e"tz,dy) and v; is the Wiener measure which is
generated by the Gauss Cylinder set measure u; with variance ¢. This showed
that the family of measures {o:(z, dy)} serves as the “fundamental solution” of
the operator 9/0t + Ny, for more details see [12,18].

One can see that many transforms: the Fourier-Wiener transform [1], the
modified Fourier-Wiener transform [2], the Fourier-Feynman transform [14]
and the Gauss transform: are special cases of Lee’s integral transform F, g.
Since then the integral transform JF, g was introduced by Lee, many mathe-
maticians have studied integral transforms in conjunction with related topics
involving functionals in various classes. In particular, the authors obtained
basic formulas for integral transforms and convolution products of functionals
in several classes, [4,5,7-9,15,16]. In [10], the authors introduced a double
integral transform, a double convolution product and a Banach algebra, and
established various basic formulas.
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In this paper, we prove the existence of the double-integral transform, the
double-convolution product, and the inverse double-integral transform of cylin-
der functionals on abstract Wiener space. We then obtain various basic for-
mulas involving them, and provide additional relations involving the double-
integral transforms.

2. Definitions and preliminaries

We begin this section by stating some definitions and previous results.
Let [B] denote the complexification of B. We note that for h € H and
x € [B],
(h,z)~ = (h,z1)~ +i(h,22)", * = x1 + ixs € [B].

For any orthonormal set {a1,...,a,} in H and z € [B], let
(627 x)N = ((Oélvx)Na EERE) (O‘n7x)~)
and let Ay = Meas--y M) € C*, k= 1,2,.... Also, for ¥ = (71,72) €
C?/{(0,0)} and ¥ = (x1,22) € [B]?, let
Yo &= (n1z1,72%2).
We note that for ¥ = (y1,72) € C2/{(0,0)} and ¥ = (x1,72) € B?, Yo7 is
well-defined because B C [B].

We now recall the definitions of double integral transform (DIT) and the
double convolution product (DCP) of functionals on [B]?, see [10].

Definition 1. Let F and G be functionals on [B]2. Then a DIT Fs5(F) of F
is defined by the formula (if it exists)

@) FaB = [ Ped+fopdr@).  ie b

and a DCP (F * G)5 of F and G is defined by the formula (if it exists)

4 y+yox Y—Aor\ . - 2
2.2 FxG)s :/FiGiduaU7 € [B]“.
e (rronin = [ (T )e(T T Jaw, el

We next state an integration formula which we use several times in this
paper. Let {a1,...,a,} be any orthonormal set in H and f : C" — C be Borel
measurable. Then for each complex number -,

/B Fr(an, )™, (7)) ()
(2.3) L\n

: . AP
= <2ﬂ_) - f(va) exp{ Z Z}du’
Jj=1
where = means that if either side of (2.3) exists, both sides exist and equality
holds.
We finish this section by describing the class of functionals that we work
with in this paper. This class is a more generalized class used in [5,15]. Let
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{a1,...,a,} be any orthonormal set in H and let A2 = Ay x Ap be the space
of all functionals F : [B]? — C of the form

(24) F(.’Ehl'g) = f((&,fl)w7(&,$2)~)

for some positive integer n, f (A_i, A_;) is an entire function of exponential type;
that is to say,

PO < L exp{MfZ(IM,jl ey )}

Jj=1

for some positive constants Ly and My. We note that the restriction functional
F|(p) of F is an element of the class used in [5,15].

Remark 2.1. (1) Note that A3 is a very rich class of functionals because A3
contains many unbounded functionals. In fact, if F is given by (2.4), then the
function f is bounded if and only if it is a constant function.

(2) When F and G in A2, we can always express F' by (2.4) and G by

(2~5) G('Tth) :g((&7x1)N7(&7 ‘TQ)N)

using the same positive integer n, where g is an entire function of exponential
type.

3. Existence theorems

In this section we obtain the existence of the DIT, DCP and inverse DIT
(IDIT). In Theorem 3.1 below, we obtain a formula for the DIT of functionals
from A2 to A2
Theorem 3.1. Let F € A2 be given by equation (2.4). Then for each 7 =
(71,72) and g = (81, B2), the DIT ‘F’V,E(F) of F exists, belongs to A% and is
given by the formula

(3.1) Fo g(F)@) = D((@.90)™. (. 32)")

for i € [B)?, where

. 1\" - R R N
Iy (v1,03) = <2ﬁ> /R /R [l + 101, v2u2 + B203)
" ou? 4 ul
X exp{—ZW}du’idu’é.
=1

Proof. First, let v; = (&,y;) for i = 1,2. Using equations (2.1) and (2.3) it
follows that for § € [B]?,

(3.2)
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1 n
=15z JF(yul + B101, v2us + [203)
27'(' n JRn

" ou? o ud
X exp{ Z W}du_idu_é
j=1

= Fl(U_i,'U_é),

where I'y is given by equation (3.2). Using the similar method used in [15] and
by Morera’s theorem,

/ Iy (07, 03)dvidvs
A

_ (;ﬁ)"/n/n/Af(vlua+51vz,72u3+/32v3)

. U%j"‘”%j YL g
X exp —Z# dvi dvsduy dus
j=1

=0

and so the function I'y (47, 73) is an entire function on C*" for any simple closed
contour A in C?” because f is an entire function. Also, we have
) }

T2 (41, 43)]

1 n n
< Ly (27r) / / eXP{ZWf Z(|’Ylu1,j + Biv1 | + |vauze; + Bave
~
n u2 .—|—u2 .
x exp{—zw}du_idu_ﬁ

j=1

() Lol ) e 5]

X exp{Mf Z(|ﬁ11}17j| + |ﬂg’£)2J|)}dU?1d’U?2

j=1

< Lr, eXP{Mn > (o

j=1

T |v2,j|>},

where

1 n n 2
= ty(5) [ {3 (s - 5

Jj=1

n 2
+ Z(Mf|72||uzy| - > }duldug < o0,

j=1
Mr, = M¢B° and 8° = max{|$31], |B2|}. Hence F5 5(F) is an element of A2. O
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In the next theorem, we obtain a formula for the DCP of functionals from
A3 to AZ.

Theorem 3.2. Let F and f be as in Theorem 3.1. Let G € A% and g be given
by equation (2.5). Then for each ¥ = (y1,72), the DCP (F * G)5 of F and G
exists, belongs to A% and is given by the formula

(3.3) (F *G)5() = T2((d,31)~, (0, y2)™)

] )
(3.4) Ta(v1,v3)

I O . “uf i tuig) L
X g(\ﬁ(m —Mui), E(UQ - ’Y2u2)> eXp{— Z W}dmduz-

j=1

Proof. Let v; = (&,y;) for i = 1,2. Using equations (2.2) and (2.3) it follows
that for § € [B]?,

(F+G)5(9)

= FZ(U_ia UE))

where Ty is given by equation (3.4). Furthermore, by using the same method
in the proof of Theorem 3.1, the function T'y(v,v3) is an entire function on
C?". Also, we have

T2 (01, 02)]

1\" M+ M, &
< LyLyg <277) /n / eXp{f\ﬁg > (mua; + o] + [r2ua +U2,j|)}

Jj=1
no2 2
uy ;T Uy oo
X exp 75 e duydus
Jj=1

1\" " M;+ M ui
<ootafae) L Lo (P )}

Jj=1
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My + M, uj
X exp{z <f\/§|72u2,g| ;j ) }

j=1

n

+M .
X exp{ ! Z<|U17j| + U27j|) }duldug

< In, eXP{MFz > (gl + e >}

where
1 My + M, ui .
~ue() [ ] exp{ (Mg el -
My + M, u3
X exp{Z( 1t L |va|uz, ;| — ?) }du’idu} < 00,
and Mr, = Mf\;%Mg. Hence (F % G)5 is an element of A32. O

To establish the existence of the IDIT, we need the following lemma.

Lemma 3.3. Let v1 and 2 be monzero compler numbers. Let f be as in
Theorem 8.1. Then for each (v1,v3) € C™ x C",

2n
1 . L,
(> f(yul + iy + 01, y2us + iyes + U3)
27T R4n

(3.5)

Doud 4 ud s+ wl 4wl
x exp{—z Li 2 5 Li 27 }dmd@d@d@ = f(51, 7).

Jj=1

Proof. First converting to polar coordinates with u; ; = r; jcos; ; and w; ; =

r;;8in0; ; fori=1,2, j =1,...,n yields the expression
2n oo % n .2 2

1 i+ Ty

o m e _ ) 5]

() [ en [ en{-y ™

j=1
2 27 ) )
(3.6) X / (2n) f(fylrl,lelelvl +uia,... ,*ylrlmelel’" + V1 p,
0 0
’)/21"27167;62’1 +v21,... ,727’27”6102*" + vg,n)dﬁﬂld@ﬁ@dﬁdr}
= f(vi,02),

where 7775 =111 T1nT2,1 - T2,n. Using Gauss’s mean value theorem from

complex variables to evaluate the integral (3.6) with respect to 61,605 and
thereby carrying out the integration with respect to 71 and 73, the desired
formula (3.5) now follows. O

In the next theorem, we establish the existence of the inverse DIT.
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Theorem 3.4. Let I' be as in Theorem 3.1. Then

(3.7) ]:{0,50 (f»yﬁ(F))(g) =F(y) = -7:»7,5(;%,5}) (F))(¥)
for g € [BJ?, where 7o = (i%t,i%) and Bo = (%, é)

Proof. From Theorem 3.1, all expressions in equation (3.7) exist as elements
of A3. Let v;; = (o, y:)~, i = 1,2 and j = 1,2,...,n. We shall show that
equalities hold in equation (3.7). Using equations (2.1), (3.1) and (2.3), it
follows that for 7 € [B]?,

= [ FesB o7+ o i@
BQ

1\" . . o ~ o N . o ~ -
(2> / f(mul + iy (&, 1)~ + 01, y2us + i72(d, 22)~ + v3)
™ B2 JRr2n
S uiy g

x exp{— > }duqduadﬁ(f)
j=1

2n

1 oL oL

= (2) fndl + i wh + 01, y2us + iy + 03)
Y8 R4n

" ou? 4 ul w4 ws

X exp{ Z L.g 2. 3 L.g 2.J }du_idu_édzﬁldzﬁg.
Jj=1

From Lemma 3.3, the first equation of (3.7) equals F(y1,y2). Also, proceeding

as above, we find that the third equation of (3.7) equals F(y1,y2), and this

concludes the proof of Theorem 3.4. O

4. Basic formulas

In this section we establish various basic formulas for the DIT, the DCP and
the IDIT of functionals in A3. In our first theorem of this section, we show
that the DIT of the DCP is the product of their DITs.

Theorem 4.1. Let F and G be as in Theorem 8.2. Then for each 5§ = (71, 72)
and 6 = (61762)7
(4.1) F. 53(F*G)5(y) = F.

s

HEYGINVDF, {O) /D)

5

as elements of A3.

Proof. First, from Theorems 3.1 and 3.2, all expressions in equation (4.1) exist
as elements of A3. Now, using equations of Definition 1, (2.2), (3.3), (3.2) and
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(2.3) it follows that for ¢ € [B]?,
}-qﬁ(F * G)‘/'(:‘j)

Y2 o "2 o

_ 1 2n Y oo "o 51 By N
= (27r> /R%f(ﬂ 1+$u1+ﬁ( a,y1)~ ,%vz+ﬁu2+ﬁ(a7y2) )

u?  +ul o+ 3
xexp{ Z AR }duqczuadqu@.

Next, letting w; ; = W% and z; ; = % fori=1,2and j=1,...,n

we obtain

1 - -
= / F(YoZ+ —=pfo)di(Z) / G(YoZ+ —=pfoy)di(Z)
B2 \/5 B2
= 0 F, 5(F) (/2 F5 5(G)§/V2),
which completes the proof of Theorem 4.1. (I

Next, we obtain two basic formulas for the DCPs, whose proofs follow im-
mediately from equations (4.1) and (3.7).

Theorem 4.2. Let F' and G be as in Theorem 4.1. Then
(4.2) (F*@)5(0)) = Fyy g (F5 5(F)C/V2)F5 5(G)(/V2)) ()
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as elements of A2, where vy and 6?3 are as in Theorem 8.4. Also, by inter-
changing the two pairs (¥,5) and (79, Bo) in equation (4.2), we establish the
basic formula

(F % G)(5) = F5 g(Fpy 0, E)C/VF 5 (G)F/V2)(@)
as elements of A3.

In order to establish the Fubini theorem, we need the following lemma. The
proof of lemma was established in [5] and used in [4,9].

Lemma 4.3. Let ¢ be an integrable functional on [B]. Then for all non-zero
complex numbers v and (3,

(4.3) / o(yr + By + 2)dv(x)dv(y / (/72 + BPw + 2)dv(w),

where z € [B].

In our next theorem, we establish the Fubini theorem with respect to the
DIT.

Theorem 4.4. Let F be as in Theorem 4.1. Let ¥ = (v1,72), g = (61, B2),
7= (m,m2) and & = (61,02) with v2 + B2 =1 and n? + 62 =1 fori = 1,2.
Then

44)  Fos(Fy )@ = Fa 5 (F)@) = Fy s Fs 5PN
as elements of A3 with v, = \/2 + B2n? and Bi = B;6; fori=1,2.
Proof. Using equations (2.1) and (2.3) it follows that for 7 € [B]?,
F5.5(Fas)(9)
/ / fm (@, z1)™ + 017 (d, 1)~ + 6181(8, y1)™,
N2(&, 22)~ + 0272 (&, 22)™ + 0282(d, y2)™)dV(Z)dv(T).

Now applying formula (4.3) to the first and second components, respectively,
we obtain

= [ S0+ i@ ) + (@),
\/ 13 + 0393(a, wa)™ + 022(a, y2)~ ) dU ().

On the other hand, again using equations (2.1) and (2.3), it follows that for
jye[BP,
Fi5(F5 5F)()
= / / (@, 20)™ + B (@, 21)™ + 6181(d, y1)",
BZ BQ
Yo(d, 22)~ + Bana(d, x2)~ + 022(d, y2) ™) di(2)di(T).
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Next again applying formula (4.3) to the first and second components, respec-
tively, it follows that for € [B]?,

= /32 FOJAE + Bing (@ wi)™ + 611 (d, 1),
\/ V3 + B3n3 (A, w2)™ + 62 62(a, y2)™ ) di ().

Note that v + 82n? = n? + 262 because 72 + 32 = 1 and 1? + 62 = 1 for
i =1,2 and so equation (4.4) is established. (]

We obtain the following corollary by letting v = v2 = m1 = 72 = v and
B1 = B2 = 81 = d2 = 3, in equation (4.4).

Corollary 4.5. Let F be as in Theorem 4.4. Let ¥ = (v,v) and g = (8,P)
with v2 + 32 =1 in Theorem 4.4. Then

f;yg(}},gF)(ﬁ) = ]:77/,57/}7‘(@
as elements of A2, where N = (Y and 67’:( Y, BY) with ) =~/~7? + 5272
and B! = %, i=1,2.

5. Additional relationships

In this section, we give some additional results and applications with respect
to the results in Sections 3 and 4.

(1) Let f(A1,X2) = f*(A1 + A2), where F*(z) = f*((@,x)™~) € Eq, where Eg
is the class of functionals introduced in [15]. Then for v* = /7% + 73 # 0 and
B* = 12,

FgBY@) = [ (@) + 6u(@ 1) el )™ + Bold o) )@
B2
= [ @) @) + A ) + ) )i (D)

= /B [ (WAE +73(@,2)~ 4 Bi(d, y1)™ + B2(@, y2)~ )dv(x)
= Gye 5 (F*)(y1/B2 + y2/B1),

where G, g is the ordinary integral transform used in [5,18].
Let f(u,v) be analytic and bounded on all compact subsets of the region by
intersection the product of two circles

R = {(u,v) : |u] < Ry < o0, |v| < Ry < o0}

with the union of two hyper-planes P = {(u,v)|Im(u)Im(v) = 0}. In [3],
Cameron and Storvick showed that the function f(u,v) on R can be expressed
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by the form
(5.1) )~ > Gmn Pn(@)Pa(v),  uwveR
m,n=0

in the sense of convergence absolutely where P, is the Legendre polynomial.
Since the Legendre polynomial has an analytic extension, equation (5.1) still
holds for the complex numbers u and v. These facts indicate that the following
formula has some meaning. .

(2) Let f()\l,/\g) = fl()\l)fg(/\g), where Fl(l‘) = fl((d',x)N) S EO for i =
1,2. Then

5.8

Fo5(F)(y) = /32 Jn(@, 1)~ 4 Br(a, y1)™, v2(a, 22)™ + B2(d, y2)~ )dv()
= (/ Jiln (@, z1)™ + Bi(a, yl)N)dV(*rl))
B

‘ < | ntal@ny+ e y2>~>du<:c2>)
=G, 5. (F1)(Y1)Grs,8, (F2) (y2),

where G, g is the ordinary integral transform used in [5,18]. Furthermore
using the mathematical induction, let f(Xq,..., ) = fi(A1) -+ fu(An), where
Fi(z) = fi((@,z)~) € Eg for i = 1,...,n. Then for y = (71,...,%) and
6 = (ﬁlv"wﬁn)a

F55F H G (£

In particular, let f(A1, \2) = fi(A1) (or f(A1,X2) = f2(A2)). Then
Fo s FV@) = G (F)(51) 00 Fy 5(F)@) = G (Fa) ().

(3) Let F € A% be given by equation (2.4) and let {(vm.j,Bm.;)} be a
sequence in C x C with v, ; = v; # 0 and B, ; = B; # 0 as m — oo for some
(75,8;) € Cx C,j=1,2. Then using the dominated convergence theorem, we
have

Jim 75, F@

(Y Y s Yim 21 s
lim (2> / F(Ym1Ui + Bm 101, Ym,2U2 + Bm,202)
T n JRn

m—r 00
n 2 2

uy . +us -
xexp{—§ W}duﬁd@

Jj=1

1\" . o o -
<) / f(mul + o1, yous + B2v3)
271— n JRn
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" ou?+ul
X exp{—zl’JQQ’j}du'iduE
j=1

= F. 5F ().
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